8.8 The Dirac Delta

‘Another function that is often seen in applications is an i mpulse
function, representing an i_nstentaneowsS  behaviour at a

particular moment of time. To create this function, we first define:

)
. \
51;, if —e<t<e A= /%JJ
O(t) =4 .
lo, ifjt|>e = =i
\ -£ e

Note that the area under d.(t) is always equal to _|_ | which we can

show pretty easily:

| Sely dk = S T il zl‘;*\-&
3 X
= Z‘g(& (e)}
£
26
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As e decreases, the height of the step i_ncreaies , while the

width d ecrexSeS  ; but the area underneath is always 1. We

may decrease € arbitrarily, and even speak of a limit. Let

5(t) = lim 6.(¢),

e—0

with the property that / - O(t) dt -1 Then, we call this limit
the Dirac ~ Delfa  or um'_('__ 14\_«,uls_e~ at ¢ = 0.

# [t is not quite correct to speak of the Dirac Delta as a function,
but rather it is the result of a limit involving functions. For many
applications, it will be safe for us to assume that it behaves

generally like a function, however.

For example, the Dirac delta follows the horizontal translation
property of functions: That is, 6(¢ — a) is therefore a unit impulse

at time t = a.
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Example 12. Find the Laplace transform of the Dirac Delta

d(t — a), where a > 0.

We defene * 4 Sy = I~ gz?'ie(m‘% 1)

/ ¢ -5k t
~ 5 e op(4-a)dt ot @ ot
0

§> we defone L
QZ[S(«‘—MS > e
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Dirac Deltas may also appear in DEs. If they do, use Laplace

transforms to deal with them!

Example 13. Solve the IVP given by

y' +4y = 6(t — 2m)

y(0) = 1

Toke ) = 0.
Lmr(«.‘,was\‘oms Peross?

S l{\fg - 8(1 (0) /ym 4d \(-S -?-TTS
ozm)j +‘-E{ -z1rs

NPy A >
%{13 2€ g‘#%) ’ $ed
q: _2' w[4-127) s.n(z(Jc-zrr\} + cos(2%)

X Nok s:.\(z(&—zn\} =t ()
by Ay dedidies
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9 Using power series to solve DEs

Now, we will change gears and discuss an entirely different way to

solve a DE. From first-year calculus, recall that functions like sin(x)

or e or arctan(x), among many others, can be represented by an

i nfnile po_l\arp.m‘oJ , called its T ayloe
e xpanston .
There were a few details that were left out in that first glance, like

the r ading o Conyergance. , which tells us where the

function is eoEm,L to its expansion. Some of you have now

learned more details about infinite series in Math*2200.

l sos £ 3] ssmene TasAor pobimomial




How can this concept be applied to differential equations, though?

While some solutions to DEs may be e X“'degl
d_Hxelr  or im‘wzuhlﬁi to find or to write down using

the approaches we have looked at so far, we may be able to find an

i fanile P olynomial that satisfies the DE.

131313133333 33233a8

Suppose that we're working with a DE with dependent variable

y =y(z).

-

23

We start by assuming a form for the solution: We let ¢ be an

infinite polynomial in powers of x. For a, pdlynomial centered at

&
-

x = p, this means assuming that

o

QIE:%@—pW_

n=0
The coefficients, a,, determine the shape of . Our job is to find

these a,, coeflicients that define the particular polynomial that

satisfies the DE.
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Let’s see how this works by doing an example!

Consider the second-order DE:

y'(z) +y(z) =0.

We already know from previously in this course that the general
solution to this equation is

y(z) = __Cieag(x) + Cosenlx) . For now, though, we

let y be a power series centered at z = 0:

- n

«{(X\ ¥ i. on X

n=0
The coefficients a,, are to be determined. Assuming absolute
convergerice of this series in some interval around = = 0, we

differentiate term-by-term twice and substitute into the DE. Taking

these derivatives isn’t hard!
o0

7'()(\: g, no,x

n=i

7u () = Z_Ioo h(n-) %Xn-z,

LA

=\

Sulo in .

(va)
-1 " -
E nlnoanx” T+ & oag” =0

'\'\/\/"—~/ e
y 221 y



To work forward a little more easily, it is convenient to take a step

tos ¥t the i ndex  on one of the sums so that the powers of

x that appear in the two sums match one another. We obtain:
n —>» n-Z’ ia N second Sum.,

% - n-2 = heg
2.,,1 V\(v\-l) o, X % 5_\,2' X, X = O
N> 4

Now as a single sum, factoring out the common power of x:

= -2
& [ﬂ(h'l\ an + Qh-l]'xn = 0,

N2

Notice that we still have a zero on the right-hand side. The only
way that this polynomial could possibly be a boring old “zero”
polynomial would be if each of the coefficients in front of the

powers of x are equal to zero. So, it must be that:
(n)(n —1ap, + apo=_9_

for every integer n.> 2.
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We don’t have any values of a,, figured out yet, so we must

establish a r_ecurrence. 1 _eJodion instead. This means
that we start with ar_bﬂnmf__ constonds  qg and aq, and

find the other values of a,, in terms of ag and a;. In this case,

- av\'t

ap =

V\(V\_'\\

S0, given constants ag and aq, we have;

- oo

92 = 2.()
as = - O\
3(2)
aqg = - Q2
4(3)
as = -y
()
. and so on!

= '-;:Oto‘ = —é_!qo
z --:;Q\ = "%‘. %
z "nq,, 2 '.,'_2-' -{Q%: éq% :‘,‘%%
. -_2,:,),“3 c 7%("&“") :.l;';«. : .%—'”q.

What does this mean? Well, writing out our sum from the start, we

have:

00
ne

2 3 Y v
0, +qlx -qu';( 4- G3X “'0.1)( 4—«3')( o
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Substituting in the coefficients we found:

3 | ( S
= + a,% ".l_o.'x -Lla ¥ +—Q°X YA X #ee.
\, Qo 2 0 b‘ { ‘t‘ 5‘. 1

And grouping them by their respective arbitrary constants, we

obtain:

‘1 %[[—L-x +.L!{,"x_ &, ] + ql[.{_lx *é"’x( ]'
—— ————— .

cos(x\ Sta(x)

These two series that form the solution may be familiar to you:

They are the T aylor  e_xpansionS  for the co$ and
87 functions that we knew would be the solutions. The only
difference is that we determined the solution using this very

different approach.

# We can use power series to approach maﬁy more complicated
‘DEs, however, that aren’t easy to solve using other methods. This
is a particularly useful method for linear DEs with variable

coefficients, which we haven’t dealt with much vyet!
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Example 1. Find at least the first three terms of the power

series solutions to:
y//+2y/__$yzo

Centre your power series at x = 0.

Assumae ® v . o2 e
B € ., _— Y Nna, X
7 n=0 " . - o
1 - él n (n) an X
w=2
Sub :n;O nw-2 % ne=t Sw g _ O
é h(n—hqh( + Zé n ahx % e an - )
n=2 ne| ;
M"H‘PH in e ¥ “¢ff7.: (9 n-t o L - o)
~t\ax +28, naa% -—2_ an A = 0-
ne- 24 ' hs r_l V"O
Sk;&#{SVMSthQSUN‘h«LPO\:}B oLFZ( O\MMM-J\‘
n"l"’ Y\"l V\"'( - n-z '

00 n-2 @ n-2 o y
& h(""\va,,x * zng(n-bdh_'x e ﬂ Aoy xhz = .O.

W% \ /‘ T:S r\

These fus sums have ane exha "nz2 fem thd THIS sym

doesa't hove .
I wrie Hhose two exbra fow § out {:Hmﬂ' 'H-U\ fodur Hhe Ommgn % 'a.uq-s
. ot of He rest.

Z() &, 2 (\)a, X S [ (w-Da, * 2(n-1)a,., = o, T{'xn'z =0.
~—

nZ Hm
'anv\ ‘c“rxf

Sum .
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(More space if necessary...)

We naed He coekbsod in Front of evey powes of X +o be equal fo zerv.
for 4ie xo '}'erm’ look ovtside Hhe Sum Yo Hteose ovt-€frnt terms.

[ —

2«7_ +2,ql:0 — !“Z : "‘M!

Bf‘ Oﬂ\gr F‘ma eﬂﬂb‘lkk & Mecumne N/OJ’NN/ IOokc'fg I‘I\S{& +‘~¢ Sum.

W(V""S Qh + Z[hvl) qh__‘ = 0\,,.3 - O

= a, = . =2 e, *a,-

W (n -‘l)

Az = _ZQ)“L“’ 2
3y

of
{
~

fral nZ273

q"l:l —2(3)‘13 ""_,qt. - ".‘-a

L[]
{
Nl—
o e
o
o)
[~]

[ ]
A
R
g

pﬁmtm(mrd our Soludivn was®
|

k2
400 oy + apx oK ok w.

T Fax la)x + (ot

- 1.3 _t M % 9 Y
O&o[l*z% E_X +_J *a.[:x-x + Ly '-:—fx 4—]
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Example 2. Find at least the first three terms of the power

series solutions to the IVP given by:

2" —(z—1y = 0

Centre your power series at x = 1.
o0

et e g e e Sy € e e
- ‘1“: -<<_‘.°° n(n«l\ath-'l)n-z

Sub in: e
* - e
2 S h(h"\@h (X"|3 - (x-‘)é. QV\(Y"\ - O .
n=2 n=0
2 é:o n(n-Da, (x-'l)ml - c{.‘-oo Q. (x-l)n . =0
§kf&n\3 index: o \lsn'itl - n-2

28" nlnYonfe-) . = £ ans -y = 0.

&I have one exho ‘\n=2“ -Rrw\ hoe., Write Hhodone ot ﬁ-nA*)
Thtr write e vest 05 o Sngle sum.

2(2)(t\q1(x-l)° + h{;: [Zn(n-\}ow\ = Q- ](*")h-l = 0.

Doy powe of X1 pusk hove o 2ere cocfiicnd o SodrShy oy eayodion
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(More space if necessary...)
Looking ovt frond 4o He (A=t} dem, we have:
2((Na, =0 —ay=

Vlov\‘l\t) .‘r\sf& Hee sum ; W rneed®

2(n) (n-1) oy, = Apay T 0 Hrall nh 23
A, = An-3
(Ld'% and o, be 2 n(n-1)
drb*"mrul OONN‘B
@D 2= _os 2 dag
| 2(3)(2) e
@ O(q :-i“___' = -‘—- Oy
2( () 21
' A = aq 5 (Smu Q, *
> 2(5)(4)
q, = _@ y b i ag
: u:)(s) 60 (.Z“\
‘@ Gy * ' . PS5 )y |
k 'z%% kR (24“33

Our Soludien s
o o

*1' A, +a (x*l\ +' (x-'l\s 1“1(\.(4\ + ]a°(x-'

5
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CWeked TCS y()=2, (=l

Shtems . (N2 ag) -
Ao (%)= q,[,—'z O A R

So‘“-v. So‘\ls‘hm'l'ﬂ 'be I\/P it ('H'( Some 'Kvnj b\ﬁ’ wt“’L -
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Consider the DE
A(z)y" + B(z)y' + C(x)y = 0.

where A(z), B(z), and C'(z) are polynomials with no common
factors. Any value of x for which A(z) # 0 is called an
oﬁjma.’__ point. If A(z*) = 0, however, then z* is said to be

a smﬂ‘.JL point. For example, the DE given by
(z—4)%"+(2 -2y =0

has a Singuler  point at © — Y . For series solutions about

singular points, we require techniques that can be quite a bit more

involved.

To address this possibility and more, the discussion of power series

solutions for DEs will continue in Math*3100 (Differential

Equations IT)!
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