1.7 - Solutions to DEs

Finally, after all of this setup, we're ready to talk about solving these

DEs. But what does “solving” mean exactly?

Consider the equation 2z + 3 = 5. Using grade-school algebra, we

would use basic arithmetic to solve the equation.

2x = 2
G
The solution to this equation is a n_uwber * which, when substi-

tuted in for x, makes the left side equal to the right side.

The some ¢ (A-‘% goes  for differential equations! The
only difference is that, rather than a n umber . our solutions will

typically be f unctons

So, if we are able to find a f unetionn  that we can substitute in for
the dependent variable in the DE so that left side is equal to right

side, then that f wndiow s a solution to the DE!
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Consider the second-order linear ODE

y"(t) +y(t) =0

For this equation, it happens to be the case that y(t) = cos(t) is
a solution. To see this, let’s substitute this solution into the DE.

To substitute into the y” part, take the necessary derivatives of the

solution: 7(-}) = cos{¥) S o i1,

= y'W)= sl Ls- (ep_cos(*\)*(cos(*\) =0 =gg”

- t.["(-H: — Cos (+)

For this DE, y(t) = cos(t) is not the only solution: y(¢) = sin(t)
is a solution too. So is any constant times sin(¢) or cos(t), or any
Combination of these. So that means that y(t) = 2sin(¢) + 3 cos(t)
and y(t) =_“4_ sin(t) o cos(t) are both also solutions! You

can verify them all (For You to Try).

But how can this be?

15



In fact, the general solution of this DE is

y(t) = Cyeos(t) + Cysin(t).

where C and Cy are am{_ constds  at all | The general

solution of a DE encompasses all possible solutions; in this case, there

are an i_nfwne number of them! AAT‘ choice of C] and Cy in |

the general solution gives us a solution to the DE. General solutions
of DEs almost always include an infinite number of solutions that

include constants like the ones in this example, which are often called
arhﬂﬂnf_ C_onstondS

# The function y(¢) might be a “solution,” but what does that actu-
ally mean? y(t) can represent all sorts of different things, depending
on the equation: It could be a population that changes over time; a
mass of a substance as it dissolves over time; the position of a moving
object as time goes on, or many other things. By solving the DE and
finding y(t), you are actually determining what the behaviour of that

quantity is, whatever it might represent.
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1.8 Initial Value Problems (IVPs)

An Initial Value Problem is a d_iereahn) e qlud-‘on

that is paired with a set of i mittal Cc_onditnsg . The effect of

adding these ¢ _ondifions is to narrow down the general solution,

encompassing an infiait€  number of possible solutions, to just

one . This gives a solution that can be represented by a single

solution curve, sometimes called a solution tjz%e.sinn{_ :

Consider the IVP:

The general solution to the DE, as we saw before, is

y(t) = Chcos(t) + Cysin(t) (though we still don’t know how to ac-
tually go about finding this ourselves!). Now, we can use the initial
conditions to narrow down this general solution to just a single solu-

tion.

17



First, we can use the y(0) condition:

y(0) =2 = Cicos(0) + Cysin(0)

/

To deal with the second condition, take the derivative of the solution

first:
y’(t) - C| (—- an(ﬂ\ + C), c.os(-l")
Then, substitute in as we did with the first condition.

y'(0) =0 = ‘-/gl/s:ﬂ'[gf + Cy m\_@ _

=
|
Thus, the solution to our IVP is:

7(‘\'3 - ZCOSG\ 4+ ’QS?A(*\A

= L({'H i 2(08(“'\

- ez
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Let’s quickly sketch the graph of y(¢) = 2 cos(t):

11
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We can see that this function is very special because not only does

itsg:l:.}ﬁ_ the DE, but it a_lse  has a h_eigd  of 2 and
aslgfz_; of Datt=0.

In other words, it is the unique curve that fits the i aitvl

c_ondddns  given in the IVP!
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1.9 Existence and Uniqueness of Solutions to IVPs

Before we jump into trying to solve DEs and IVPs, we should be
concerned with whether there are even solutions to be found in

the firt  place. |

That is, given a particular IVP, does a solution e_xis¥  ? There is

no guarantee that every equation has a solution to begin with.

As we saw in the example in the last section, specifying an initial
condition narrows down the infinite number of solutions in the
general solution to a siA&L solution curve. But how do we know

that we will always get a S_haaLe_ answer? This is the question of
Uniqueness .

We will state (without proof - this requires some heavier math!) an

Existence and Uniqueness theorem for linear, n-order

ODEs.

20
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Theorem.

Consider the n'*-order linear equation:

YO+ Oy V@) A ROy (ALY )+ folt)y () = g(0),

N P
with n mitial conditions . k.r"“ﬁ b
5 o "
y(to) = wo
y(t) = yo
(D ()
Y ( () = Yo
where yo, 4{, - . - ,y(gn) are constants. If the functions fy, fi1, ..., fn_1

and g are continuous functions of ¢ on an open interval (a, b), then
there exists exactly one (unique) solution y = () of the DE that
also satisfies the set of initial conditions; moreover the solution

exists throughout the interval (a, b).

So, existence and uniqueness depend entirely on the c ovdinuiw

of the different functions found in a given DE!

21



& A consequénce of this theorem is that for first-order equations, it
1s guaranteed that ohllf, oye. solution curve can possibly pass
through any given point (¢,%). In other words, solution curves for
first-order equations ¢ ananat  c_mss  one another when

graphed. This will come in handy soon!

# While this existence and uniqueness theorem guarantees unique
solutions for linear equations only, this doés not mean that
nonlinear equations cannot have unique solutions too; rather, they
may not, and we may still be able to find solutions to particular
problems. In fact, there are more existence and uniqueness
theorems that deal specifically with nonlinear ODEs, at the expense

of requiring additional more complicated hypotheses.
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Example 5. Determine the largest interval on which a unique

solution is guaranteed to exist for the IVP:

1
" —tan(t)z' + ’r = ——
x an(t)x + 'z =
z(0) = 1
#(0) = 500

To answer this, first look for when “time starts” (here, the initial
time is ¢ = O ). Then search for the interval of ¢, that includes
that start time, on which all the functions involved in the DE are

continuous! Here: ' .0

e tan(t) is continuous on (-7 ,Vz:) : ,5:')

e ¢° is continuous on M ! : =) L/

1, :
° T8 continuous on M .

t

Considering all three, a unique solution to this IVP is guaranteed to

exist on @’Hl) :
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Example 6. Determine the interval on which a unique

solution is guaranteed to exist for the IVP:

($2-|—335+2)§—Z+u =0

u(4) =1
R DE in stondod form:

du ¥ w = 0
- d-x % 43w+

Qw:k Covd]‘nuﬂ\? ot funddians:

. _TLM, INXS 4«; conthuX ¢S N\M{\LW' beHom= 0 .
e X+ 3x+2 =0

(’X*ZJ(‘X 4_[) =0

- x ® -»2 xX* '-'[ .
R Hoy with, ove shrtig e

1 e - EER

"\. T"\Q ?lﬁ'ef\ﬁ\] on u“d\' & UA;‘T_M_, SOIUdTW\'U(rS"'S :(_.
€ (—-l, oo) .

24

3991

2999999999999992992900

<
e
=
s
=
&
e
&
e
£




Al ddd A A A A A A X X R R R E R R R R R R R R R ERRRRY R

2 Solutions to First-Order DEs
2.1 Autonomous DEs énd Direction Fields

Sometimes, ODEs are in a form that makes it very easy to

determine the q ualietive. b _¢ haviour of solutions
without having to actually do any work to solve anything.
Especially easy to work with are a_ulsnomeus equations,

which have the form:

where the rate of change of y depends only upon y itself.
From the last section, we remember that as long as the DE satisfies

the requirements for existence and uni(jueﬁess, we know that the

different solutions composing the general solution of the DE can

ney  cyosSS | since it is first-order. We can use this to aid

in drawing a graph called a d _irtetdn  fidd |

29



Helptul to us while drawing such graphs are:

d
e Lines along which o 0. This tells us where solutions have

dt
h orizadd  tonged

d
e Areas where ~2 < 0 (or > 0). This tells us when 7 values are

dt
d ecreatine, (or i neressias ) with increasing ¢.

An e quilibrium v alue  for a DE is a value of y (a height!)
such that if a solution starts at that height at-the initial t-value, to,
it stays there for all £ > ¢;. For autonomous equations, these can

d ' _
always be found by setting % to z exn  and solving for y.
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Example 1. Find the equilibria for the DE given by

Draw a direction field for the DE and draw in some

representative solution curves.

Finding the equilibrium value is simple! The DE is autonomous, so

set 4/(t) to zero and solve for y:

0‘-‘—‘\1-—3

[173)

Now, use some calculus muscle! We can see that:

o fory > 23 ¢(t)isp ost-h‘_ue, ; hence solution curves are
o ory <3 | ¢/(t)is neadiv_@_ , 80 solution curves are

d
coreasme . Y
F & 7
s >

\g \\% \,ﬁﬁ +
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How can we get the Cuevedurt,  of the different lines correct?

This, of course, relates to ¢ oncavi‘[ﬂ? , which is related to the

Sond  derivaive . Tf we consider autonomous equations

d
only for the moment, then if E‘g = f(v), we can take the derivative

of both sides with respect to ¢ by carefully using the chain rule:

dzy_ ( cl\( ‘
2 'F (‘1) :\;

o
' &%Y de
If f'(y)is n @godive, , then the second derivative ( ?EQ-) will be

| d
the OP{ML&L sign of the first derivative (Etg) . This

corresponds to slowing growth or decline. /’ or \

If f'(y) is p _ositive, , then the second and first derivatives will
Same, '
be the SE¥&.  sign, corresponding to quickening growth or

decline. . J o .\

In our example, f (¥) =y — 3, which means that F(y) =1
This is positive everywhere, so we obtain quickening growth
wherever the graph is increasing, and quickening decline wherever

the graph is decreasing.

32

J@im%@ﬂﬂ@@@&mmmmmmmmmmmmm@mn-




Putting everything together, we (finally!) come up with our

direction field:

# [n this example, ¥ = 3 is called an unstable eﬁuilibrium point,
because nearby solution trajectories are repelled from it as time
goes forward. An equilibrium point that attracts nearby solutions
(i.e. they become infinitely close as ¢ — 00) is often called

asymptotically stable. There are other kinds of stability too!

# “What solutions do as ¢ — c0” is an important notion that will

e A A d 4 a2 22 2 R R R E R TR R SR RN R R RN N

be revisited in this course and in others. Be prepared to answer this

question, either by carefully analyzing a graph or by taking a limit!
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Example 2. Find the equilibria Jor the DE given by

‘ dy B 2 ; “ ? _ .
7=V w6 = (42 (y-3)
Draw a direction field for the DE and draw in some

representative solution curves.

E%&(fﬁt‘ia are found b\.{ .Sd‘h‘rj '-’lﬁ =0 — LIQ—S-\.{ +6:=0

dy . e P : >3 or ('1‘2'\ (\{ -3) * B
Alao, -c-:(-% 3 post'l'ﬂ/c oF* oY ‘/“'2 | L“T:Z , .1-.-3 ore, botl
- U{w'"bn‘um '

ond negative if 24\143’;

Now, corvodure * Y
T neel -F’(ﬂ ;
{ — -
i Tyt . .
%:2.'5 .-

We se ot 2y-5 2-
75 ‘aosi'h‘vc for Y >S/2 > @‘Mﬁj 1

niur.u'l"u; (/ / / 1
6ad Ndﬂd"‘& for* \/45/2" SIOMAj /

GM/D&JJ‘N. -
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