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As we progress through the course, we will find that strategies for
finding the solutions for ODEs are highly dependent on what
particular form the equations take. For now, we’ll focus on methods

of finding the solutions to first-order ODEs.

2.2 “Not-Really DEs”

The simplest type of ODE that we can solve are those that don’t

require any special techniques at all outside of i)l:lfﬂ_ﬂshlL .

[

These ODEs are always of the form:

To solve for the function y, we need only ig:lﬁémk b _oth.

s_ides  with respect to the independent variable.

# DON'T forget your arbitrary constants that arise due to

integration. They make up a crucial part of your solution!
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Example 3. Fiind the general solution to z'(t) =

a‘.

]
£}

i

Example 4. Find the solution to the IVP given by:

dz
dt
z() = 1

:x(-P) : f fae &

-3¢
- '6 + .:{-Q, o C, (60\&.\'& Sdltd.'ov-s

= 1—¢e™3

I\Jedwa_c

Now ap ’7 e intia) conditiont
xo)=| ¢ O+ ¢ e £

- _Q-: 2/
TMJ(‘PLC Aowb'\ 7‘3 'ﬂ‘( i 3 -3¢
x(+)= £ Ly 42/3
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In the more general, nth—order case, if we have a DE equation in the

form bf

then we can obtain the solution by integrating n times.

—2t
e (=B
m/s®. Suppose that the particle’s initial velocity is 1 m/s and

Example 5. A particle’s acceleration is given by

set the initial position equal to 0 m . Find an expression for

the particle’s position at time t.

Let 'X—(—\r} be e POSH’lbY\ ol e PN“’.‘J@ of time .
—-2%

We kaye X : =i e
x(0) = ©

x(0) = | '
We con dbdin Al soldion b\’ w&fﬂrﬂmﬂ “}u«l‘w‘

S L
:

= &) : -2 + C
(«)e,m opPlY an intidl condition here
x(0) = ( = =2 +C

S[C=3] o
‘ .. the M.Ut's?)? poS#¥0n (Y w




2.3 Linear DEs and Integrating Factors

To demonstrate the idea of how we will go about solving first-order

linear DEs, we will leap right into an exdmple.

Exémple 6. Consider the first-order linear DE
t?y 4 2ty = 2

Remember that the goal for so_lving this DE is. to find a f uuction
that we can sub into y(¢) in order to satisfy the equation. Well,

notice that if we were to let a(t) = 2, the equation is in the form:

This is significant, because we can use p_coduck  rule
b _ackwardS  in order to rewrite this as:
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Applying this notion to our example, we obtain
(tzy)’ Sl e?t
We are now able to simply integrate both sides, to get

g o
s8R

-
2

Finally, isolating for y, we obtai

This is the general solution to the ODE.

Certainly, our equation must have been p re:l‘-['tf d arn
sjguiud; if it was set up so that we could use product rule

backwards without a problem. What if we can’t do this step?

Let’s explore another example!
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Example 7. Consider the first-order linear ODE
y + 2y = 5.

Here, this equation isn’t in a form that we can readily ﬁse the
product rule backwards on: In cases like these, we search for an
ink&ahhai f actor /,L(t) that we can multiply every term
in the eqﬁation by in order to get it in a form that we can use.

That is, we want to find p(t) so that we obtain the equation

u(tyy + 2u(t)y = 5u(t),

where we want 2/.(¢) (the coefficient in front of the y), to be the
derivative of the x(t) (the coefficient in front of the y/). This would

set us up to be able to use product rule backwards like in the first

example, while pﬁ&en‘mj_. the original DE! To do this, we

need to make sure that:
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Assume that u(t) > 0 so that we can divide by it (we will soon see

that this assumption is valid). We obtain

We can rewrite this using derivative rules and then integrate both

sides to solve for p(t):

e iy
> i) s 2t eC

\eb
2,"’ +C S Z't G os'\f‘sw (“
2L aye e =
- 2t o\\(’
- @ { & i
R A o Ce L

We have found an integratirig factor! In fact, we have found a
whole bunch of them (one for each value of ¢), and we only need

one, so we have the f_reedmn  to c hooge any one that

works. Choose ¢ = 1 to make the expression as simple as possible.

4]
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We now multiply the DE by the integrating factor that we found in

order to get: ®* " 2
e, 4 + Z@ x{ = 58

Now we can see that the equation is in the form that we desire: 2¢2

is the derivative of €%, and so we can use the product rule

backwards as we did in the first example! Follow the same process

as we did for the first example in order to arrive at the general

solution: q :
2t i 2t

(@, \.{) = Se
%‘rﬁt‘ o 2

@ Y - %6 - C‘

Like . 24
Horine _ i d e
~ I g
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#v In fact, using the approach that we detailed in the previ'ous

example, as long as we have an equation in the form:

Yy +p(t)y = g(¢),

using those same steps will always allow us to find an integrating

factor u(t), yielding a formula which we will use from now on:

/

B(E) = elrlie

Example 8. Find the general solution to:

dy i First - Ovder Lingoe'!
d_ -+ SU (IRt St
’ﬁ) fnd an U\}C‘JMW 'FOO'OT‘ vie o0vr new “6%11'& .
) = ol ¥ s A0
/A 25 6 - @ e 3;_,@" 54 Cg, ;
Mokiply fhough: 4 Chosse. C = 1,0 wake
L it ¥ R pe
S AR el
N dx .l j&o\g}e for y*
Yrodues lQule‘,. Budli;nrls" ,%x‘ : "*s/s . "‘-",x‘
e vl = A 197 ¢ yg el
MM;% '%'Kg ‘ 5
‘ e' ‘1 - Qﬂ CL%
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2.4 Separable DEs

Product rule isn’t the only calculus trick we can use to solve certain
first-order DEs. Let’s take a look at another type of equation. In

this section, we will consider equations of the form:

FO)% = g0t

By using the c_hatn  rule  backwerds  we could actually

rewrite this as

Y
to ¢, we obtain

where di(F (=aT s Iﬂ%&‘%ﬁf both.s\idés with respect

If F'(y) is such that we can isolate for the dipa&&\’_.
v_aciable  , we do so to obtain an explicit solution for y(t).
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|

This process involves an integration on the left side with respect to
y (when we find the antiderivative F'(y)), and then an integration
on the right side with respect to ¢ (in the final step). To make

things seem simpler, the following notation is often used:

‘F(‘f)-f-i q(+) — iy dy = g4 dt

This resembles “multiplying up dt_” (though that is not what is

happening). This “separates the variables” and each side may then

be integrated with respect to its 0 wm_ v _artableS  :

| d = (s

# Don’t forget to add an am c_onStand  on one side

when you integrate!

# Be very careful: whenever you divide by a quantity, you are
making an assumption that this quantity is not z exe . By
making this assumption, you may be discarding valid solutions!

Often, simple constant solutions are missed this way.
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We will start by carefully applying this method to a simple DE.

Example 1. Find the general solution to the DE:

We first recognize that y(¢) =0 | the zero function; is a simple
constant solution to this DE. Putting that possibility aside for the
moment, we now assume y # 0 to use the technique we just

introduced. First, separate the variables by division:
—y' =6

Yy

Now, integrate both sides and we obtain:

Inly| = 6t + C,

where C' is any real constant.

52
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It appears as though we can isolate for ¢, so we can take the

exponential of both sides to get:

¢ ot

Gt-l—C. ze, @

ly| =e

Since €% gives us just another constant, we can let ¢ = e“ be a new

constant. The new c is, of course, pn.ﬁﬁv_(’.__ since e®*hing jg

always p_a:.ﬂ-‘_ve__ . We come to:

jy] = e,

The absolute values might seem annoying at first. But what did we
first do to tackle absolute values way back in previous courses? We

did  c.ases Il
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6t
Case 1: y > 0. Then |y| =_y_ . Our solution becomes _y=c& .

No matter what the values of C' are, these functions are always

p asitive I We can draw thbnyasﬂy on the t — y axis:

%

b
Case 2: y < 0. Then |y] =~y . Our solution becomes _= “ce

. or Rl &2
No matter what the values of C' are, these functions are ahJa,ys

n easfive I We can plot these curves too:

Ty
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Putting these graphs together, along with the very first solution we

found (y(t) = 0), we obtain the family of curves given by y = ce’,

where c is any real constant.

In practice, many people tend not to be quite so careful and/or
thorough, though this kind of mathematical background and
precision should be kept in mind. Typically, a more concise

solution to the last example might look something like this:

¥l * 2 e
\1 i C:aty \1 = 0 is o Shdion dself Lt
Ll g 6 riig g- Ce
An {‘{{ = 61+ C | e accomat He poxtility
Gt4C ' o e Siang A\I-L“‘D
- o o)
’1[ ¢ _ okt veds. end Ha

Zero Syludion Lyt found
% before!




& For many nonlinear DEs, after integration, it will be impossible
to rearrange to isolate for the dependent variable. In this case, it is

okay for the solution to be defined only IMPII_D_'H#* :

EEEEEEEERE]

Example 2. Find the general solution to the following DFEs:
¥ Fist, nole Ao x=0 7% a Soloden.

> | =
. ‘ ‘ ‘ - - -
DN dL A I - ,L_ xr \ %« C H-, o}~ C,) P

L@&f@iﬁ- =

IR
Tvvleom oo Sidq '
-3._%5 = ZJ-; + C
Tsorode for x 7€ you con’ *\@‘\"
Nl A s L
¥ ' o
| \J"’ - ,__6_{'___:3 & C. *F‘\\ }Mso"’b
b) cos(x)y —ysin(z) =0 : &
ws(x) \" - Y S;ﬂ ()(\ e ] kNﬁk \1(*3: 0 .I.S V'L 30\'-\'1-4;.\’\‘. ,)

xX=0
-Fﬂmbe-furc\

L \.{r = 5;"\("3

Tderede! i
'{n{\{! = -jﬂ}cos(x)/ +C . Y
faly] ol s : ot o
¢ = AmATC e s
ﬂnl\([ ( s . cﬁm‘ of:w 'L.S“&"“
) = e.ln /Su(x) A O GL

f\{l = @Q,Secmlﬁ
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Example 3. Solve the IVP given by

a5y
Voo
y(l) = 2
SQPN'UJ‘( Vm‘mhtesl. :
| Ye,‘féi = '6
dt

ol botls g
Tvt-l'eﬁ Sde& y e
\16 it < - '-2' . +C.
USC, ‘Hv-L “\"h..l ('_oy\di“‘l(hf\ rljb\"’ VLUUJ‘

: WL\Q/\ "' IS l/ lf (S 2

L Qe wise mon.

2

A
Je i &t ‘!Z‘“(') *C

u We leove # [ike a3 e cavse
f’( WW‘C‘ be rmpoSthle to ad‘hn}[\,
Solve for v

o7




2.5 The Total Derivative and Exact Equations

Before we introduce the next kind of DE that is relatively

straightforward to solve, we first have to jump back into some

m_u_]i__ v _grtable c_olewlu S and learn about a new

concept. Really, it is just an extension of ¢ hain  rule  so we

will use it to develop this notion!

Suppose we let 1 = z1(t) = t2 + 1, we let zo = z5(t) = sin(t), and

we let z3 = z3(t) = In(?).

Then, suppose that ' T (t) = e”“’}l(t) —I— V x3(t) + tan(t

4" H
df =2 sm["r) <1n(-ﬂ) + o “')
The task: Find 7 We get:

4 ¥l ~'e
i.’i s e 2*) o+ S—(S\'n(#ﬂq CO&(“H" é&h(*’\) ('_l?) + S€(2(+)

: ex' (24) + Slg) cosfd) + "zl,("l‘ Yz/'.:}) + fee’(4),

Here, we could have thought of f as being a multivariable function

instead, though:
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Let’s try it again. Start simply by writing: o \x\ i’
- XX
f(@1, 22, 73, ) = €™ + (22)° + /T3 + tan(t) ll l?' ;’
£k R
where 1, x9, and x5 all dgpmc\_ on t. Then:
%, x "
What is —f? e : - What is ﬁ‘? 5_767_
0xq T2
O LR e Sk 2
What is %? 3 %3 What is E? Sec¥(4)

Using this, we can rewrite our result on the previous page:

d€ . of du 4 I dw | 9 dy . OF
g B o = —

To this point, we've only known that we can use partial derivatives

~on multivariable functions. But in this example, we came up with

d
an expression for d—‘]; This is known as the t _otal

d_evivekve.  with respect to G
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