The Method of Undetermined Coefficients can deal with
multiplicative combinations of functions in the forcing term, too.

To deal with these:

e If g(x) has a term that is a product of an exponential and a sin

or cos function, add two terms to your y, with the exponential

multiplied by each trig function. For example, if e® cos(x)

appears on the RHS, add A;e® sin(z) + Age® cos(z) to y,.

e If g(z) has a polynomial of degree n multiplied by an
- exponential function h(z), add n + 1 terms to y,: the
exponential multiplied by each subsequent lower power of z

starting with n.

e If g(z) has a polynomial of degree n multiplied by a sin or cos
function, do the same thing as the last point, but once each for

the appropriate sin function and cos function.

Phew! Generally, you will simply want to use these “rules” only as
a guideline. Mostly, it comes down to practice and common sense

rather than memorization!
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Example 2. Find the general solution to .

Fiest, dnd g Y’y =a’e”
Chorederie B2 2 4 [ =

o * So ® co & . .‘
Now find Yo ) E Cyeosfy) + Cys @J

2w 2x 2x
v Ax'e + Agxe + Aye

Then YP' = A (2xe, t 2% 2") t A-;(ezx + 2xe2x> ¥ ZA-JQH

\‘[p“ - A.(Z.e ¥ "fxez‘ + ’-{xe + ‘-fxl z;«) + Az(Zeu 5 Zezx + ‘-{xeu)
gul. N t L{Aaezw

A(%;*th “\{,f:f-j:) +A (Lle -l"-fxe )*;lﬁ%%

(1’4

ASSVMQ,"

2 e Zz X
Fhote thaxe vhe T = e
th‘olo ﬁnd‘rav\.T'-’pa

Zx

o (th +h) *+ xe (Fh viAy s ) e lom s+t o)

Mminéo‘ A Sysler’ | o oy e
SA| -'"l —

2A, *4A7 ¥ SAL =0 7 B
' 3 % - Ty vSAIT0 = |2 :A3I

2y 2
Sa, LIT-"‘KQGZK B e 422,
P= 5 27 12y

and Fhe a_wzrm) Solwtan 30 Y(’(\ -
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The final twist: What happens if part of your assumed form for ¥,

a ]rtmt!\{ o_ceurs  in y,7? In this case, yﬁ is not adding

anything new to the solution that does not already exist.

If, after applying all of the rules from the past few pages, any part
of your ¥, occurs in yp, the strategy is to multiply that piece of yp
by a just-high-enough power of = so that the resulting expression

canno | enge— be f ouad  in yp. Then, proceed!

Example 3. Find the general solution to

y" +y = cos(t) + ¢
Fregt Find . -
'7*‘% Esql crel=0 = p=2° ‘f[‘é’)" C{ cos(¥) + G, sin(+)
T:) fond _7P , We aSSvmg *

b’p: A'tCoS(H ¥ AZ-tS'm(-I') + A3-{ + Aq{ + AS

’Tﬁue e e becaux-e. coslt) ond SmE) by Mm are
"\erélt (7 b{h

o' A (mm - ’cs:nuﬁ *A;(sm@r) reas(8) + 208 + Ay

‘1?“ =A;('Sm(&) - (scn(&) & Jccas(ﬂ)) +Az(c%(ﬂ ' (“"'M - ts:nm\) ¥2A3
i
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Here’s some more space...

Sub ia
A (‘Zs caly = CoS(*\) * Ay (Zc.os(-‘c\ —t 5 l\(’r)} T ZA-b
+ A {CoS(-k) "‘A '('S.‘n[-i) +A?‘{ +A._l-(' "'AS = cos(4)  # {

uee —_—

Grong
S\A(J)[ZA + C°5(HEA2] + WA +{’S-r\(+ ~Kq +A2:l

[Tk [A] (2 0As) = s e
We madth +°a-d' O Systom

24, w0 —[&=0]
24, = | '_a
43"'!

JAy = 0] |
2Ay #Ag T0 = 2(1) +Ag =0 —e.

b€ howe \{i (

CONTEVIRCT! P
Y= Yn ¥ Yy
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6.3 The Method of Variation of Parameters

Unlike the method of undetermined coeflicients, this is a general

method of finding ¥, that can a_lwey$  be used in theory, no

matter what the form of the DE is - this includes DEs with variable

coefficients. The drawback is that this method requires us to

perform i mlegrmdions  that may be messy or downright

impmi-'b"ei . Here is a rough sketch for how this method

works:

Consider the general n*"-order linear DE .

Y™ (@) + P2y V(@) + .+ pa(@)y () + po(a)y(2) = 9(=).

Let {y1,...,Yn} be a f wndssented 5 _aludien seJ  to

the corresponding homogeneous equation:

y™(@) + pac1(@)y™ V(@) + ... + pi(2)y (x) + po(z)y(x) = 0.

Then, a particular solution is given by

e} = vy (m) < - - 002 Js2),
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It turns out that the functions U1, - .., Up, unknown initially, can be

determined solving the system

vy eyl = g(x) -

Y S VA T\ S

vy . vy =0
viy1+...+v?’z n = 0
Luckily, there is an algebra trick to solve this quickly. Using
C_romer’S Rule  we obtain that

Wil
! W(yla: “ :y?’b)

where W(y1, ..., y,) is the W roaskian  of Yly -y Yn, and

Wi(y1, ..., un) is the W pgaskida  of Y1y ., Yn except with the

i column replaced with (0,0, . . . ,g(z))T.

We can then i:df.amﬂv each of the v] functions we get to obtain

each of the unknown functions v;, thus yielding y,,.
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Example 4. Find the general solution to

Y’ + 1y = sec’(z).
el =0 r= f) n® Creosl) + Caymt).
MUW"‘"O 'Flkl \1PJ we Sd" Il"’l’“ 'Y'I. o

Fl‘f‘gf f fond Yh :

f199999199494%

o= iy, * Vaya = v, cos(x) +v2 sin(x), our job W% o fqure ovt

)

wk’d' e vaknown fondions e

Lg's Find e Wronsiunns we need !, v, ond ¥ anel, z
~sinl) - cos(x) = costx) + sm‘(x\ ﬁ

For Wh , replect, the 15t catumn. by oll zuwes, wit bottom extry .
W= det[ 0O sen(x) - equal o fte 'R"S of +the DE -
- - Sin(x) i |

Sec{x)  cos(x) S fire L Cns'b(a ﬁ

-

W, - clU'(cosM 0 \\ = cosbses (A = sect |

—son(x)  gecd(x S

Mt{ “v ) funGiony are 3?ve\ buf J

: . n) N -3
v ! - [_A)_L = :ﬁﬂ@ iy Vv, = - § r\(ﬁ\ (JX = =Sin (x) (COS(X\B (:1\(
' cov?(x) >
= (cos (x\) Yy

‘X
- (AN
VZ' =t Lf)_L s Sec’(w) — V, © sec?(x) dx 2 twe&é e
> “ 5 Sec CX\ G
s .

= <o (%) we

o0 | Wy

.TL\“S, (Vg VP is ‘E)"W\ L"

= (=1 gec? (%) 4 tn 1 in" Ox
fo () « (Dot <[t + 22

Vi M Va Y2 —

ond e amm’ &‘oll;g'hw\ i$ %L{(x\: ‘1\/\7 U['OJ
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7 Vibrations: An Application of Second-Order DEs

Second-order Linear DEs are useful because they model many

important physical process“‘involving o Scilladons , such as:

e Motion of a pendulum
e Mass-Spring systems
e LRC electrical circuits

e ... Much more!

Analyzing the solutions of second-order linear DEs and attaching
meaning is not hard to do! We will start from the simplest situation

and work our way to more complicated ones.
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7.1 The Simple Harmonic Oscillator

The simple harmonic oscillator is an “ideal  ” or

unrealistic.  system that retains all of its energy for all time.

The simple harmonic oscillator models such cases as:
e A pendulum swinging with zero friction

e A spring that retains all of its energy when set into motion

without dissipating
e An LC circuit that contains absolutely zero resistance

All of these situations can be modeled by the DE:
u”(t) + wu(t) =0
where w > 0 represents the natural frequency of the system.

4 Here, we will only show how/why this model makes a lot of
sense. The textbook gives a more detailed derivation for this DE
using concepts from mechanics. See Page 192 Of Boyce and

DiPrima for more!
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Indeed, so'lving this equation can be .easily done: A characteristic

equation is given by r2+rwi=0
- e
- r = % j(.o
: + < :
with roots of r =___ = J . This leads to a general

solution of

w(4) = C,as(wt) *Qsah(ﬁk}. L

In fact, given a solution of this form, it is always possible to rewrite
this solution as:

u(t) = Rcos(wt — 6)

)

where w, 0, and R are constants. Let’s rovaMwi-w
Start wity u(4) = T cos (w{- —e). @—B\: o3 (A) cos (B) + Sin(A)sn ().

=R (wsw\ cos(6) + sonfut) m(é\)
= 'RCOS(B) c,o;(w{) + '\E_s‘\‘nr(i) S t)- CDN'MN with ¥

Thwelet C = Reos(e) md Cy = Ksn(e), we 9o bock to

: - hd&% '

USM,J “H\fs C,|L 4 Cz"-'-‘; 'El(,osz(e) 4 ’Ez‘sl\hl(e) L
’ z ik

: - ’El(t:osz(e\ +Sq‘n‘(9)> =R () =% .

— e

_';]P: JC 467 |

TR i posihve )

b Co B ), g

o el /ﬁ
. 1 154 (CG

~ - @ O S i it ) . { ..- ‘-l ,




The point is that solutions are always given by a simple trig

function that continues to oscillate with ¢ _onstenY

a Mplf-luc\t for all time. This represents the motion of
whatever system our DE may be modeling, which continues for all

time in the absence of any resistive force.

7.2 Damped Harmonic Oscillators

Of course, in reality, no system is ideal Ma.ss—spring-systems
and pendulums will face a dissipative  force due to factors
such as friction or air resistance, and electric circuits cannot truly
have zero resistance. Resistance to motion means that we must
introduce a term involving A(_ to our model (representing

velocity or current). The model becomes a little more complicated:
u(t) + 20 () + wiu(t) =0,

where A > 0 is another constant.
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# This formulation may be written in various ways depending on
the situation, grouping the constants differently for what is most

convenient. Be ready to be flexible!

Here, the characteristic equation is given by:

&+ 2hr T =0

with roots of:

r=  =2A 2 42 —yuw®
Z ‘

Now, depending on the size of A (think: the amount of friction, etc)
in comparison to w(the natural frequency of the system), we get a

few different cases.
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Case 1: A < w

(Y

In this case, we have that the stuff under the root is n_es_v\ﬁvt_ .

Thus, we obtain ¢ emyplex roots to the characteristic equation,
\A H - I 9, -
and hence a general solution of roots A = \JW -+ )

t) = e (G cas (V=) 1) + Cosin (VP =) 1))

We obtain oscillation for all time, but notice that the

a Mpln'h& includes an exponential function e **, where

A > 0. This means that the a W\Plﬂv& ‘must decrease .

exponentially over time, ensuring that the long-term behaviour of

the solution approaches z eqo . This is the case of dm‘agi

vibration, and is a very intuitive model for how dissipative forces

(friction, etc) act to “slow oscillations to a stop”.

T\ A~
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Case 2: A\ > w

In this case, we have that the stuff under the root is pgjiud._ .
The characteristic equation has r eal  roots, and we obtain a

general solution of
U(t) e Cle(—/\—l-\/)W)t + Cze(—/\—\/m_)t.
Now, v/ A% — w? is not as big in size as A itself. Thus, in both

exponential functions, the values in front of the ¢ are negative. So,

the motion similarly dies off over time, but oscillation n ever—

2977117977173117111111112111

o _CemrS  due to the relatively heavy dissipative force; it may pass

through the equilibrium position at most once, approaching

equilibrium thereafter. This is the case of om‘au&; motion.

\\_/”
L
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When A is equal to w exactly, it is often called c_rificel l\‘l
dm{)ﬁ.ot_ , representing the exact value at which the behaviour of

the motion changes dramatically.

7.3 Forced Vibrations

When an external force is applied to a system, we can model it by

including a f ora‘:\j term  to our DE. This gives us a

nonhomogeneous DE of the form:

-]

u(t) + 20/ () + wiu(t) = g(t),
| bet,;f‘ﬁm

As we know, the solution to any DE of this form is given by

Yn + Yp, where gy, is the solution to the corresponding homogeneous
equation and y, is a particular solution. y,, however, represents the
solutions we just described in the previous section, in the absence of

any applied force!
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e 1y, is thus often referred to as the f ree response of the
system, and is t ronsiell”  in that it always dies out in these

models, since tlim yp, =_0  in every case. After some time
—C0

has passed, y5, becomes negligible in its contribution to the

solution, leaving only vp.

1119111111194%

VL

b

1

e 1, is often called the f arced responsé. If, as t — o0, the

_____

solution continues to possess a steady oscillation or constant

behaviour, that behaviour is often called the s 4644'_1 :

W USRS W SR

s_dude  s_olutvn  of the system.

Let’s see how these concepts might turn up quite naturally with a

couple of examples.
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Example 1. The motion of a pendulum is governed by the DE
" + ax’ + 4= g(t).

where x = x(t) represents distance in cm away from the
equilibrium (resting) position at time t in seconds; a €R s
unknown. Assﬁme that displacement to the right is positive.
The pendurlum is held 1 cm to the left of equilibrium initially,

and giwen an initial push to the right at a velocity of 2 cm/s.

a) Set up an IVP modeling this situation.
x"+ o' +Hx 33(“")-
o) = —|
x() =2
b) Which term in the DE represents the damping term? Which

term represents the forcing term?

tc A% Y . & L
:Dcw'\‘ou‘f\&" +oex' F’Or‘ur\st , 3(""3
¢) For what value(s) of o does the motion of the pendulum
fox "‘h
exhibit oscillation that decays over time? S comflet
(mom“‘w a.,&-“ "
Tmp [ies we need (sﬁ\ and as) - ¥ Hn
w'&ht &uk}mv\

) Compkxmhu‘\lhoc<|(: -s.,qéqz.l-{' ond
"roar+4 =0 f

Niaod‘m.mml fm"'r £ o >0




