Example 2. Consider the following circuit diagram:

R T 40

il e B
1= LE ——cFeg.

Here, the circuit has inductance L =1 H, resistance R = 40 (2,
1

capacitance 500 F, and a battery that applies a voltage E(1 ) of

a constant 10 V. At time t = 0, the switch is closed (so at that

very instant, assume there is no initial voltage or current).

a) Construct an IVP that models this situation with the voltage

across the capacitor V,(t) as the dependent variable.
\/L + VR + Vc. = EU’\

-LNwJ -Hna% Well, \/R - QE("’\ , V=

. |
w derms O‘FVc,. VQ:?CJCI_\LQ P
dt dVe o i
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b) Solve your IVP.

[ (SN ‘
Nonknmoa,mzov&‘. F.‘rs+ ) ‘F“f\J ‘fh —> Ckw' E?/.'
r'L +40 v t 200 = O

r= =40 % [Ie00 - g00
—40 % J1e00 — g00

_ =
0 = =20 + loJg
= =20 +l0J2 - -
ar 20 —10Jz . ‘t_‘ -20 # IOJ—ZJ
G, 4= C e_(—-zwm)f y L S
' 2¢ Ovardemped |

Now find "\,p“- US*"\O vnddRevhined Coeffs |

Asomt, e ® Ay =y = g =% igy = O
S\Abi‘n:
200A, = 2000 — A =0

Thes ‘1? = 16 ak d \/c(:r\: Yn + My
(<20+10[3\t (20 - 10J2 )&
= Lis t(e + 0.
Mow aﬂof'f"l'(ae, ekt S '
Ve@@=0 — (C,+¥Co+10 = O
V. '()=0 = C20+08C, + (20-10/3)C; = O

Al Solving vSing substttivn, ade y we should
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One last note: If the natural frequency, w, of a system matches (or

is close to) the frequency of g(t), wild behaviour can occur!

For instance, in the undamped case, suppose that 1, possesses

sin(2t) and cos(2t), while g(t) is also cos(2t). In this case y, has a

form that would require tos(24) and A sinl) terms. As

t — 00, the solutions must grow 1 arger and lamec  in

amplitude. This is the case of r escaance

Eventually, r essnant-  frequencies will cause most realistic

systems to fail, as solutions grow unbounded. Thus, r esenance.

is an important thing to keep in mind to avoid when constructing
buildings or bridges that may twist or pull with the wind or other

forces that they may be subjected to!
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8 Laplace transforms
8.1 Definition

Laplace Transforms are an important integral transform used in

DEs. First, some definitions!

Consider a function f(¢) for ¢ > 0. Then the Laplace transform

of f(t), denoted by L{f(¢)}, is given by oz/ 0(,

Pl =40} = [ e tro,

provided that the improper integral ¢ onveraes . The following

criteria guarantee the Convtropnce, of this integral:

e f(t) must be p iecewise -C onhwhowsS "
* comduons except ot o ity e courdable )
AUMbe~ of Jump cl\%c_cvd-rnu‘:{-.ﬁs.

o We have that |f(¢)] < Ke® for t > M, where K, a, M are

constants. (Essentially, this means f(¢) can grow na_

‘ quidkly all 40 expone.nma-)
X fundians vath aa N\,\Mphk-
I these two hypotheses hold, then the Laplace Transform of F'(t)

exists for s > a.
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8.2 Laplace transforms of some basic functions

Laplace Transforms simply take one function f (t) as input, and
transform it into another function F'(s) as output. We may take
the Laplace Transform of many different functions. Here are some

examples:

Laplace transform of a constant

Let f(t) = 1for ¢ > 0. Then,

F(s) = E{l} = /Ooo(l)e_“d't |

-sb -5(0)

& | |
B e ¥
S%v\-: Se;/\l:;'
] 0 fers>0.
- S
)

# Note that this integral only converges if s is taken to be greater

than 0. As long as we can find some interval of s for which the

integral converges, we are good to gol
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Example 1. Find the Laplace transform of 1.

U

The Laplace transform is a 1 jaeor ojb.u:ndv—(‘— because it is
defined by an integral. Thus, m y\Hpltreve ¢ onSiond

can easily move inside or outside the transform!

Example 2. Find the Laplace transform of —3.
> -2 = ) = 4
T WJ &fkg = _|§(_

Laplace transform of an exponential function

e dd i il Al I A L E R R EEEEEEE EEEEERFEEEE R E E

Let f(t) = e™, where a is a constant. Then,

F(s) = L{e"} = /Ooo(eat)e"Stdt

= F la-s)t
J e
) b
I e(q-s‘;‘:
b0 P .
w B ) (a-de (270



Example 3. Find the Laplace transform of e™*

2fe3 - "

s - (-l) S+ |

Example 4. Find the Laplace transform of 1 again, but this

time by thinking of “1” as €% instead.

15 2f = = 1]

Laplace transform of trig functions

Let f(t) = cos(wt), where w is a constant. Then,

02 005(1»*)3

F(s) = }:/O (cos(wt))e % dt.

This integral requires using imkemmm_ b_lf_ pacts

twice. It is doable (For You to Try), but instead, for fun, let’s

take a different approach.
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Example 5. Derive the Laplace transforms for cos(wt) and
sin(wt) by considering the Laplace transform of a complex
exponential function and considering Euler’s Formula.

E“JQI"' e;')-l: - CDS(*)*\"SMH’\-

cti _ Cos(wt) +J‘si‘n(wt)

o LLewtil — (u{)){' 7 | (S+w‘\
So L{e“} ozz-e, S S—*‘"—"‘_ ” (———Ls_* w))

:S*w') 3 N
N O

3 9

B‘ﬁ: Z’[Q(wj\+§ = O\Z{cns(c\ﬂ:) t {sin [“ME ‘-Tuuo new formulug:

2 o‘z.{us(u’()-g =
J{Coi[wf) JJ s.n(,,.)'{:‘g
Y oZ{sm(w{')S =

7.
Thcs wnuc e ‘rk:s s s i

®

#v S0, the Laplace transform of a sin or cos function always yields a
function of s that includes an irreducible quadratic (one with |

complex roots) in the denominator! On'the other hand, the Laplace
transform of an exponential function always results in a first-degree

function of s in the denominator.
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Example 6. Find the Laplace tmnsform of sin(5t).

022’ 5 a(s—ns

5 +25

Example 7. Find the Laplace transform of cos(2t).

(;Z{cas['u’)-s = _S_l_s"‘—"-l-_

Example 8. Find the Laplace transform of
- 1 1
y(t) =4 + 5sin (Et) —3 cos(mt).
Lyl = Y(sy = % +5_ % -1_s

l
57"-1-‘/5.[. 3 s*a4T
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This next rule will be of utmost importance when we apply the

concept of Laplace transforms to differential equations!

e - . i i o i
1/ 1
5

Laplace transform of derivatives

Example 9. Given a function f (t), use integration by parts to

deriwe the Laplace transform of its derivative. That is, find
L{f'(t)}. Stwt wmwm defowhien:
' ~st
%['F (4’\3 - g e s ‘F,('P\ d’t

¥ Lot u= e—s-l' d‘ﬁ" £ltry

o Thn duy e v: £l

el = e %(”31 * SY g (4—361&

) o P P T~ N

f_:‘; !:6 f(b) =) e :C(oﬂ + s g@ £l Jd+ L sl {;MS -F(O))

Similazlv. it is s (9 VIO |
imilarly, it is not hard to prove that. So J[\C'{;,)i < SO\Z;F(-HS - £le)

L @) = S*Lfews = skl - £1q)

we need only to integrate by parts twice instead. In general,

A A A AR L NP EFEEFFFFFEEYE L E L

L{f™ ()} = s“;Z[HJr)S- ST -5 £y ~
- g-F{ —n(o) . {:{M\( 0)
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d%y
dt®

JE‘[H‘S: SBO\Zi‘{g = 51\1@3 "St[‘((ﬁ e »[“(0)

Example 10. Find the Laplace transform of

Laplace transform of powers

Let f(¢) = ¢". While the Laplace transform could again be found
using integration by parts, we take a different approach to make

things simpler.

From the last section, we have

LU @)} = sL{f(6)} — £(0).

If we substitute f(¢) = ¢ into this equation, we obtain:

QZIE = g O'ZE-GS - Ww "O)
l -
3 S ii% S ‘

= [ T34 = e

If we instead substitute f(¢) = ¢ into the equation, we obtain:

L[5 = s I

Z = sq4

S
From 4 " L = ..g-‘--
[ast (ine !, — [ 14 S’ X

L
@
@
=
e
e
s
=
i
@
=
e




6
In a similar way, £{t°} = — (For You to Try), and in general,
s

we find that

Example 11. Find the Lapldce transform of the function

Blt) = 3t°,
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Laplace transform of e®£(t)

If (%) is a function, then we know that the Laplace transform of f

L) = / e f(t)dt, = F(s) .

which defines a function of s. So, let L{f(t)} = F(s). Then, we

have that:

~(s-2)¢

F(s—a)= e £fry dt

O\—-—-—)S

But, this can be rewritten as
~ st of
F(s—a) [ e e Yt £(#) dt
0

Wthh is nothmg more than the Laplace transform for the functlon

e Pf—lr) !

Thus, we have the property that

LL"f (1)} = F(s - a),

where F(s) is the Laplace transform for f(¢).

e

1222222220029 49029299999999299999925999998888®
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This may sound a little complicated, but examples will clear things
up:

Example 12. Find the Laplace transform of the function

ft)= te( " er'w‘- 'F(H-S = F(“' *) J
oL} = whee €S

k, = Fls)y.
(s- “D o Tredaplee & (,.p(gui
bd ol = Sf“
by

Example 13. Find the Laplace transform of the function
y(t) = cos(2t)e 5. )
] £ cos (),

: L] = B T gl et

(ssg + ¢ pradt s copin

\o\f 5k ‘/'5

#n This is just scratching the surface! We can take the Laplace
transforms of many different functions, and usually people refer to a
table to keep track of them all. 1t is highly recommended, though,
that you keep these basic formulas at the forefront of your mind so

that you do not need a table!
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8.3 Inverse Laplace transforms

From the definition of Laplace transform we have that
L{f(t)} = F(s). Thus, the inverse Laplace transform is
given by

L)} = £(8).

The inverse transform is also a 1_iager Ofg.m*or— .

The idea is straightforward: If we recognize a function as being in

the form of “t e~ L aploce. t coasfov. 0 £

Smﬁ_ 7 going backward to get to that

“Somedhing 7 constitutes taking the inverse transform. We'll

do a few examples. hed T0p b

¢ V\“A'h C{-ﬂﬁ (03'
2 5s

82+4+82+1 '

li g.-n@:-? + Scﬂ(-&ﬂ

Example 14. Calculate £ {
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. 1 O

= - |

® Example 15. Calculate £ {(s ) + "7 1}

ED

-t _t

= te + 5.

g Nete! This comes G‘u{

") fle fot Hadt mefm of t

) [ _.‘.: , Han He ax\om.wh‘al

9 ST et rule applies.

E) |

| 2

2 _ 1 [ 887 —4s+12

g Example 16. Calculate £ { Y

é We need Rrtn) Frodtions h wate fais down (a6 more vgeful foom !
; Br-ds +12 - A, BHC e
2] . S (;"M\ 3 524"—\ Cover-Up : AT- 3
g Common Denoms:

8 8rodsez . Als+4) +Bs+Q)s

g 5(5 ) s(s? +4)

’ Mokh Powers in e Numerodor |
b Coffof *: §: A+B — §=3+48 —/B:5|

B ) : !_, - ,
b Coeff of § Y = C |
p T - 56 -
VRS -4s+|z} =it 15 5 B ?
s (s*+4) S s+

= %i’ksdqsm Ea {s +w’g
E 3 4 Secos(2t) -2 sin(24)
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