# Things get much more complicated for repeated eigenvalues in
higher dimensions. In the 3 x 3 case, for example, it is possible to
have algebraic mulltiplicity of 3 but be “short” either one or two
eigenvectors. Higher dimensions bring in yet more cases, such as
repeated complex eigenvalues and so on. We'll save those cases for

later math courses!

Example 5. Find the general solution to the system

[\
2 0
a = x
: 3 2
FN\AQ\ V’J“’QS'
dt(22 ° \=0 > .@NeAN=0 =222 he!
3 2, A
| Now G\&\ouy,wed*’ﬂ , solve: We need to-find « a«.uv.ﬁud “yuwvedor,
0 0 0 P! T sohdfreg:
3 0 | o 0 °>‘P =V
From R, , 3v, =0 ! ’
-3 Yy =0 -3 (0 " O)
: 3 0|1
d =S 5 €1l .
wd nzs ] % Fan, 3p, = | ~Jp = %)
So, ‘\/: (0> Only | ond P2® S|, seR.
l one '

l.ta‘uslcxbr‘. Sol 'P:' (l/3> S Ckoos.\l\j S o b"’ ZQJ'!))
84 = 2w
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s 1= 4a — B
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The solution @5 s " e B
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11 Fourier Series

- We will end the course by introducing an interesting topic that will
likely come up a lot, especially when studying signal processing or
- partial differential equations. This is conceptually very similar to

T au(:lor s&les | But before we can begin, we are going to

\
W

~ pay some old friends, the s ine.  and c 9siae.  functions, a visit.

11.1 Sine and Cosine: Periodic Functions

A function f is called p eetndic.  with p exdd T, where

T > 0, as long as

e [f x is in the domain of f, then z + T is in the domain of f

too; and

o f(z+T) = f(z) for any z in the domain of f.
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A cool fact: Suppose that f and g are both periodic functions with

period 7'. Then it is not hard to show that:
© The product (fg)(z) is also periodic with period T'; and
o Any linger  c amhinodion ¢ f(z) + cog(z) is also

periodic with period T'.

All of the basic trig functions are periodic, but they aren’t the only

periodic functions. Can you think of any others?

] ; B | FAVAY
. V4
 Congpoud Runchion’. A squace wave! A '\\mJAok wow@ .

Our sine function, f(z) = sin(z) is periodic with period _21T_ .

But it is also periodic with period 4T or 6T or cven

LT | Of course, we have that any periodic function with period
ks & posifive ;

T' is also periodic with périod kT, where k is a positive integer.

The smallest value of T for which f(x + T') = f(z) is called the

fundamental period. So for sin(z), the fundamental period is

T (e caled “prime pured )
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Back to our basic trig functions: We recall that the transformed
function, f(z) = csin(k(xz — p)) + q is periodic with period i%(_ ,
and the same thing goes for similar cosine functions. This fact will

come in very handy for us in the near future!

Example 1. Suppose that we have constants m and L such -

that m is a positive integer and L > 0 is a real number. Show

mmnx
that the functions sin (mzx) and cos ( Z ) are periodic with

period 2L, for any choice of m and L.
S.‘n(':‘—ﬂ-) md MS(V;W}) 02 pariodic with fundomerdn) pe-iod
L o

a2

———

MTT/L ™

e klwa 'ﬁmw\-ﬂ.‘. ‘N"' PYye J‘HA\"' o kfor\c}ton s P-Qn\o doe
with V""‘“L -27{? ) o+ 3 aso r-u-l‘oét‘c W\‘("\ P-’U'"‘dd

ZL (m) = 2L |, if mis oni
m (which # 5N

4 \0 PNVM'.
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11.2 Orthogonal Functions

Thed ot preduct  also called the i nner pﬂ;&k_&L ,

can be defined for vectors. To find the dot product of two vectors in

R”, we m _ultdpel Componadwse  and add up the

result. For example,

(4,2,-3) - (1,2,3) = (DB + (Y +3)B)= -

It will now be useful for us to g _emeralize.  that idea to

functions. Given two real-valued functions u(z) and-v(x), the -

i nner .pJ:nA&}_ of v and v on z € [a, ] is defined by:
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Two functions » and v are ozzﬂmn&muﬂ__ on x € |a, ] if
(u,v) = 0. A set of functions is called m udually

O ythoapna)  if each distinct pair of functions in the set is

orthogonal on z € [a, A].

Example 2. Show that the functions cos(z) and sin(x) are

orthogonal on the interval x € [—m, .
T

<c,os(x3,s.‘n(x\> : S cos(i) sin ). 9%

b

e

®

"

-

-

-

-

-

=

o

@

e

-

o

-1 _ S
: Al s =
= p A (2x . u?«am ' i
| j Z_SA(Z\ dx -Iwa&w‘:*\’ p:
..T[ _ 8
e

L

tm

b

e

=

=

&

&

L

=

b

. i
i

{

-

_[-003'(21‘( - cos('—ZTrﬂ
1 \\'3 T |

-::O\/
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In fact, we can go much further: The set of functions cos ( )

mmx

d'(
and sin L

) form a mutually orthogonal set of functions on the
interval x € [—L, L]. This is because, by integration, we can find

that:

L mmnx <n7r:1c P <07 it m #n
[_LCOS(_L )COS —L—> Tr = ’

L, ifm=n

0, ifm=#n

L . /mmxN\ . /N7 J
/ sin ( ) sin (—-—) dr =
_I L L
L, iftm=n

. |
/ sin (mmz) COS (@) dx = 0, for all m and n.
_I L / L

We just proved on the last page that these functions are periodic
with period 2L no matter what m is. Thus, the interval
x € [—L, L] constitutes a period of these functions! A consequence

is that if we integrate any such product of trig functions over their

period, we can do so GM\( e M| 1.1
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Example 3. Evaluate the following integrals without doing

' h k at all:
much work at a ¥ s.\n(MT:- o (::rd'
o) [ sin@)sin(de) do g Ol LA
T These dont modth !
. ; Sta ("‘%) i Some (deo.
=0 ,
b) | cos(@)cos(50) dd = O

c) /_11 cos(mz) sin(2nz) d:z: = 0

™
o w(’-"ﬂ’ﬁ = cos(t)
d cos’(t) dt = J f d+ L
) B (?) | cos(. \cﬁg\ I LeTr e ms
- Thase mokh'

=T
e) /_11 éinQ(Wt) dt = 1

f) /_Zsinz(wt) d = 72,
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11.3 FQurier Series

With Taylor series, our goal is to represent a function by an

infinde pAJ:tmu;mJ__ . For some interval of convergence,

we are able to say that a function f(x) is equal to its Taylor

representation, determined by a selection of ¢ sedftiedX in

front of the powers of z.

The aim of Fourier Series is Veny s imular | The difference

is that Fourier series represent a function f(z) by not an infinite
series involving powers of x, but by an infinite series involving |
sn_ and ceS functions. Since the functions making up a
Fourier series are all periodic, Féurief representations may be found

for pextdic.  functions of all sorts.
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Now, consider a function f(z) with period 2L and set it equal to an |

i_nforite s erteS _ of trig functions:
Q@ — mmnx . /mTx
flz) = ?—F; (amcos< 7 ) +bmsm( T )) :

We assume C_onvergenc®  of this series for now, though it turns
out that this is not an issue. Our goal is to determine the “a” and

“0” coeflicients that make this expression true.

To do this, consider any fized positive integer n, and first multiply

this equation by cos (——Z—-) We get

) ) + £l oot

N e

TN oun @

VUM S

M Q(:;( b ﬁ

L Then, mtegrate each side from Lt L ,___/\___i o g
j - n]f_é ) dy - yco&(nﬁx>% de + 2 Sam coS[".iTL:’f.)cos( E‘) dv 2
g - " L | =
—_—~" 'LZI! $in @) | -

=0, et ! j o w( LB ( N - =

) e oV e

u‘&(&w"\ﬁ . \ s ﬁ

Q.f&!‘ioé €03 - QVU'\-[ M\. g
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Evaluating these integrals is not that hard at all because of the

Oﬂ@%ﬁA&ﬁ%__v properties that we just discussed!

L
L)) b = 0l
L

The expression drastically reduces to the following, Bringing us to a

formula:

(1)

This gives us a way to figure out what our “a” coeflicients should

bel

We can find a formula for b, by instead multiplying the series by
sin (%) and integrating from — L to L. The process is very

similar and we get a, Slmﬂar lookmg formula! This is For You to

SiA (f‘T‘( ﬁ(x) dxX '
"b
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This leaves one last coefficient: ag! We can find aq by not

- multiplying the series by anything and just integrating both sides
between —L and L. Since all of the basic cosine and sine functions
are being integrated over entire periods, Wew; automatically know

- that the functions inside the sum must give us a result of z ego__ |

Integrating,Lwe get:

. L
S\Cma% = | %

-L

L
1 §£(X) dx
g

In the end, we obfain these three very useful formulas:

e, = %/_if(:c)cos (11?) dx
® b, = —é—/_z f(z)sin (?) dr

1 L
Q = — d
“0 L/_L fz) do
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Example 4. Find the Fourier Series for
i

0, —2<z< -1
f(ﬂ?)*—‘h, —1<z<1 >

0, 1<z<?2

\

with periodicity given by f(z) = f(z +4).

First, let’s draw the graph of f(z):

) [ - ! ) [ Y
s 2
]

Now, let L = 2 | since the period is R I hen, we must find
the coeflicients a,,,n = 0,1,2, ... and bn,m =1,2,.... Let’s use our

new formulas and some integration muscle!
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Therefore, the Fourier Series for this function is:

+ 2 cos("_\}) - ..2.;...C°5<3E’“) +..; (03{5_172‘) -Z coy 7,17)‘)
K5 2/ &y § = s 7y

-‘..o

4 In the following figures, we can easily see how taking more and

more terms in the series causes the resulting functions to approach

the shape of f(z).

H i3
77 5 £ 2

A0 ;Y |

\ I ;

'z.

/s i

\ : _ i

3“( T “\‘ X 8 —“ i 'T ;‘— 4 '::

-asj s_sj
£54 154

i
T L e T Tr—
3x -5 ix T ik R
3 3
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Example 5. Find the Fourier Series for the function

f(z) =14 cos(2z) + 3sin(5x) — 68111(201:)
TF T et o wride F(x) as o fourier Suses ©

Choostaq L =T
> fxy: = éoo (Q cosfmn) + bp 50 (mx\>
()(X - ‘z Aen ™ |

=)
b5=43J IOzot b .
and all ofar coeffunts 4o
be =0

in order- ko a,d* He end fndun
. bedt -

_.[ Can chooSe Q_7_= |t )

#» This is analogous to the case of trying to find the Taylor Series
for a function that is polynomial in the first place. You don’t need
an infinite series of powers of x if your function is made of just

powers of x to begin with!
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