4 Introduction to Higher-Order DEs

To this point, we have only discussed methods of solving f festr
-0 rder DEs, but higher-order DEs are very important too.

Before we get into discussing how to solve them, we need to develop
SOIMeE N eyy tm‘_ .

4.1 Functional Notation

A functional is an operator or map whose d _6uega  and

I' sage. are in the space of f wnckanS . Think of them like-
“functions of functions” : L.e., they transform functions into other
functions. For example, we could write [f]=gif £ and o

are functions with B transforming £ into 4 .

A linear operator L is a functional for which the following

property holds: Given functions /1, f2, and constants C1, C9, then

Lietfi+ef) = ¢, L[\ct ¥ c L[‘F2
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This is not a new concept for you, believe it or not! You already
know of some functionals. For example, when you take the
d eevehive  of a function, you are really applying a functional

to it! We can see that the act of taking a d _€eivahive

transforms a d _iffereatralbole. function into another function.

The iﬁk&ad_ operator is another.

Assume that y and = are the dependent and independent variables

respectively. We introduce the following differential operator

Iiotation, which we will use occasionally for the coming section:

d
Dy = Dlg} ==,

where z is the independent variable. The notation D™[y| or D™y

may be used to represent the n'* derivative of y with respect to z.

The differential operator is a 1 iaear 0 pera®r | which is

easy to show using our derivative rules.

# [n fact, our earlier definition of “linear DE” is in fact more solidly

defined using linear operators. We just didn’t have the tools yet!
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Example 1. Write the following DFs using operator notation:

a) ym : Sin(t) D'S L’ - S:n (.|'\

b) v’ 4+ 5u 4 6u =0 qu + 8Du + bu = O
(’qu—S'D -\'(o)u. = 0
(‘D+2)(‘D+3>UL =0

#v [t is true that linear operators can dJsinbA'l“&_ , just like
variables éan — and in fact, we can go a step further and “factor”
expressions containing them in a familiar way. Nevertheless, be
careful: they are not variables and do not represent any kind of

quantity on their own.

Jo® o iaet D =Te & g = 0
CD'J'--Z'D1 +l)'x =0

GDQ"'\Y.X =0

(D-0Y(D+ ) x=0.
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4.2 Second-Order Linear DEs Theory

Second order linear DEs can always be arranged into the form

¥ +pt)y +qt)y = g(t)

where p, g, and g are ¢ owMauewS - on at least some open

interval. If we use operator notation, and let
L=D?+pD +yq,

then we can rewrite our DE very simply as

L is a linear operator due to the linear form of the DE and linearity

of the differential operator.

For now, we consider hgmayxj-" owS second-order linear DEs;

that is, the case where g(g) =0 .
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Theorem. (Superposition Principle of Solutions to Linear
Homogeneous ODEs)

Suppose that y = 11(t) and y = yo(t) are two solutions to th(.i DE
' euw\.lou-i L=D + PD"' 9,

Lly] = 0. (3"' YU tey 944" 03

where p and ¢ are continuous on an open interval I, and L is

defined as on the previous page. Then,

y = c1(t) + copo(t)

isa]se  asolution to the DE, where ¢; and ¢y are

a;:b_i'_’m_mf_ C onstonds
Proof: \{,('0 iy o Soludion to L[ﬂ] =0. Su‘, L[‘ﬁ-] =0.
ng.'lM7 / L[‘u:\ =0.
BJI"H'-'U\) ""‘“‘h‘f’"t'\g L)\l MYy Bnin G- gives
Ci L[tf,] s 0 and C, L[ﬁ] 2140
A:,Hr,\j Hase foydler gives®

& L[.“'] ¥ Cz L[‘ﬂ] : 0
ond because of e ln‘m{-h] of- LJ MJ&:

22222222 RRRRAAS

k [c,\,, ¥ cuyy | = Ocl s it o 5
gm0 CY +°""Lu1w o
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This theorem extends to the case where we have n solutions to an
n'" order DE! Any linear combination of those n solutions will also

be a solution to the DE.
But let’s play for a bit. If
y(t) = cryn(t) + caya(t)

is a solution to a 2™-order DE, then suppose we had 2 initial

conditions to go with this DE. These would be

Sonal O'HNJ‘ C‘“M'
7 P an)
y(to) = v, ¥ (to) = ¥}
R

Somt congton]

where typ € I. We can easily apply these initial conditions to our

hypothetical solution:

Cayi(to) + caya(to) = yo

a1y (to) + cop(to) = ¥

This looks an awful lot like a system of equations, and so we can

represent it by a medrix |
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Our goal in solving [VPs is always to solve for the constants, so
rewriting this using m adeiges  in a format that captures this,

we obtain:

r— — p— — e -

yi(to) v2(to)| | Yo

_yi (to) va(to) | e Yo

From 1ingeg 'ajge,]ch‘ , this system has a solution as long as
the d _eRmminant  of this matrix isnon -z evo !
We call this determinant the Wronskian, denoted W (yy,v9). It is

hore, it i evalwaded oF €= Yo
always possible to choose the constants c;, ¢y to satsify the IVP if

and only if the Wronskian W (yy, y2) is non-zero at #.

Example 2. Find the Wronskian W (f1, f2) evaluated at z = 0

if fi(z) = sin(2z) and fo(x) = zsin(2x).

N (s?:\ (24 |, xsin (ZKS) s det/ sin(2x) % stn(2x )
' ) cos(Z’() Sin (Zx) + 2% u:s(Zx)

2 5.‘n(2>c)[sm(2x\ ¥ MZJ.{ - 2&%}{9&:&

- S'l'nz(zﬁ)
S, evalasted od = 0, we 3!&:{'
S';nz(o) e E)
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#1 The definition of the Wronskian can easily be extended to
greater than two functions. In order to take the Wronskian of three
functions, simply take the derivative of the functions that are

involved t _wice  to fill in the third row.

Example 3. Find the Wronskian W (f1, fo, f3) if fi(z) = e 2,

fol) = € and fu() = <.

x 3«

x 3x -
" & e e X
W (e, ;& X ) = det N -
~-e 3e l
eJ-—Y q 9/31 O

= Q:{[(M) ) (‘)(%3,‘)] |
B 63‘ 90 -(l)(e'x)]
" x [Le)ae) - (Ve ™)

2x 2% 2% 2%
= =% te¢ “Iye = 3we

‘-____,,,-.-‘—-—"'"' ) ZK
t -8 — 12xe
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For there to be a solution to the IVP, we need that the Wronskian

determinant is now _ -z exo__ for any £ in the open interval I. In
fact, if y; and 9 are solutions to the DE, then it can be shown that
the Wronskian s either zero for every ¢ in the interval or it is never

zero there. This leads to a new theorem.

Theorem. Suppose y” + p(t)y" + q(t)y = g(t). If p(t), ¢(t), and
g(t) are continuous on an open interval 7, if the functions y; and Y2
are solutions to this DE, and if the Wronskian W (yy, y5) is nonzero
for at least one value of ¢y € I, then every solution of the DE is

given by a linear combination of y; and ys.

This theorem tells us a way of determining if we’ve found the
“w hele " golution to a DE. It looks like for a second-order linear
DE, we need t we  solutions for which this W yonskan

d _odermonand is non-zero. That’s a little awkward, though, so

we're going to relate this to a m are.  f omiling— concept!
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Linear Dependence and Independence

While this is probably review from 1 taear aJﬂwbm_. , we'll

quickly recall a simple concept:

e Two functions f; and f, are called linearly independent if,

for constants ¢y, cp, we have that ¢ fi +cofyo =0i%t and
O_p_ll’f ii 6126220.

e T'wo functions f; and fs5 are linearly dependent otherwise;
that is, if there exists some selection of ¢; and ¢y that satisfies

c1f1 + cofs = 0 such that at least one of ¢; and ¢y are nonzero.

As a quick example, suppose fi(z) =z and fo(x) = 4. Then f
and fo are linearly dependent, because ¢;z + co(4z) = 0 could be

satisfied using ¢; ==M_ and ¢y =_1

On the other hand, if fi(z) = 2 and f2(z) = cos(x), then f and fo
are linearly independent. This is because there is no way to choose
c1 and ¢y to satisfy the equation ¢z + cy(cos(x)) = 0 except to

make both ¢; and ¢y equal to Q|
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So, putting everything together from the last few pages, to find the
general solution to a second-order linear DE we must always find
two l_imdq____ iAAr_quAa'_V solutions, each of which
satisfy the DE; the general solution is then a linear combination of

both of them. Our challenge is finding these solutions!

# If we find two linearly independent solutions to a second-order

DE, the set of solutions is sometimes referred to as a

fgmzhma‘.llL, S olution s et

#1 We can prove everything from the last several pages in a very
similar way for n*-order linear DEs. It turns out that for an
nt"-order DE, we require _A_ linearly independent solutions! So,

the general solution would include n_ aibiimnf_

Cconstonds .
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