xI¥

More generally now, given a multivariable function
- d
F(z1(t), za(t),. .., zn(t), ), the total derivative -C% with respect to

one of the variables (here, t) is defined by

df Of dxy Of dxy of de, Of
it Omdt Tomat VY ama Tar

Example 4. Suppose z = z(t) = t*°, y = y(t) = arctan(t), and

% = g{f] =17,

Let f(z,y, z,1) —.tsin( )+ zcos(y) + zye* + 3. Find g{—

2Fd , Qb dy , OF dz |, of £

o% ot oy ot 2z pr ot K/( '\\‘t

({cos(x)-l—cos()-r e)(q{VSB | Y' ]

it B _ﬁ.,,,w t 4 ¢

94/

( 'xsm(ﬂ +>(e, ( l*&) (xve}(lﬂ (Sm[%) +3152.>
:;gy JV/SH 34/1 (l%f Di/{

#» You could verify that the formula works for yourself by first
subbing in the expressions for z, y, and z into f and then taking
—- as usuall This is really cumbersome, though, so it’s For You

dt
to Try.
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50, question: This is all w_ell  and g_OAL , but what does this

discussion have to do with differential equations?

Imagine the case where we are able to write a multivariable

' d
function as ¢(z,y) = C, where C is a constant. Then, taking - of
both sides, we obtain: \ | /ﬂa\

O |

dp Opdy |
=0

oz ¥ Oydr x

So, if we were given a differential equation of that form, we know
that ¢(z,y) = C will satisfy it — implicitly defining solutions to

the DE. Our main problem when it comes to exact equations will

always be i cLdean{ ing the function ¢(z,y) from looking at the

differential equation.

L

Let’s now define a new type of differential equations:

E xoet GMAS_!
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A DE in the form of:

d
M(z,y) + N(z, )72 =0

is called exact if there exists a function ¢(z,y) such that the total

derivative of ¢(z,y) is

do dy
—— = M(z,y) + N(z,9)7 -

2
M (z,y) is then equal to _’1%_ , N(z,y) is equal to jg_yajr and

the solution is given by J_(LC&,M , where _C  is a constant.

We can test to see if an equation is exact using the following:
Test for Exactness:

The above DE is exact if and only if

OM(z,y) - ON(z,y)
oy Oz
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#1 Note that since M (x,y) = 2_90 and N(z,y) = (;_go this test is
T Y

really just checking to see if

02 B 0%
Oydr  Oxdy’

It can be proven that this equality, related to C _loimult”$

TM , is all we need to show that a DE is exact.

#v You might also see such differential equations written in terms of

the differential, like this:

M(z,y)dz + N(z,y)dy = 0

MNEANS ‘i’Lﬂ.SM oS
Mlxq) + N(K,ﬂ% = 0

OK, let’s finally try an example!
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Example 5. Solve the ODE given by

d
32y + 223y - = (.
\—— "\r—’dm

M N

First, we let 3z%y* = M(z,y) and 2z%y = N(z, y), and test for

exactness.

oM (b‘;
Myﬂgy‘— 1

Ny ==—=

uoul
M, and N, are e;‘ﬁz&_ | So the equation is e xact™ |

This immediately tells us three crucial things:

e The solutions to this ODE are given by ¢(z,%) = C.

5,

o M(z,y)= ai
G,

* Nizy) =5

Our task becomes finding the relation o(z, y).
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We can find ¢(x,y) by integrating M with respect to z, and then

N with respect to ¥: - o
oo ¥

M(z,y) =3w2y2=6—¢, 80 p = 763‘12 + Cly)

o i P

. " + wwl {“‘Md'ur\_ﬂ‘{' "
o™ U Y
5 0 A . q

Ny =227 =2L 00 3Py* + Cla)

" ary fondion of v st -;v.“
Well, ¢ can only be one thing. So we must make sure that the two
expressions a.gree. with one another. Choose a ¢ that makes

both expressions true: 2

= 3
@ %
The third point said that solutions are then given by ¢(z,y) = C.

Thus, for our example, the solution is:

S 4,
X\ - C
u&c, we Cf_\_:_lt_& solade for g

7

.-3/1_
4 = «f )

<3
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Example 6. Find the solution to the IVP given by:

Ei_y_ _ —e® — ye™
dr — zew — 2yey’ — 2y
y(In(3)) = 0
Firs*,mtj'v o o fonm w\me, we con dest for Cmd‘m&‘.
¥ . -
e + \16 7-{- (X,Q_, "2\1@ oy \D 0
—— S
M
M‘1 = Ny 78t dest fr oadnese
| Y ] ™ 1
M= (Ve i A Nx = (e " + x|
Thoy ove te Somg! L HeDE B exact!
i N“dfvddy frow* N SN -
Aq.z’-lflw.IC A 01
i (P(“;‘f\ C. e solufwns (a3)0) Anke)
2 M Wm
= =N f+e3-4= C
Tie solvhun .
. §$_ N u:t:?u 1'0“H-QIVP 31
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2.6 Using Integrating Factors to Transform “Almost Exact” DEs

into Exact DEs

Let’s jump right into another example. M ll\]
—~ F]‘_A"\
Example 7. Find the general solution to 1 + vy + §wy’ =0.

1
We can see that here, M(z,y) = 1+ y while N(z,y) = 5% So,

My:_J_ andNQ,:_l/l_.

This equation is not exact! There is no hope of solving it using this

approach. Right? W cong |

If we were to multiply the whole DE by an iniﬁg% f actor

of pu(x) = x, we obtain:

New M “New N

fM - I~
£B+:I:y+5a:2y’:0
1
Now, M(z,y) = = + zy while N(z,y) = §x2. So, My = _%
and Ny = _%__ . That is, the two are now e qual !

Now the DE s exact, so we can proceed using the usual method
(FYTT)! But how did we know which p(x) to multiply by?
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More generally, suppose we have a non-exact DE:

d
 M(z,y) + Niz,y)=2 =0,

but by multiplying by an integrating factor u(x,y) we obtain an

exact DE: . 4 v
“ New M New N
— ~~ — dy
(@, y)M (@, y) + p(z, y)N(z, y) = =0

For this DE to be exact, we know from the previous section that

the following must hold: -

0 0

39 ((z, y)M(z,y)) = 9 (u(z, y)N(z,y))

Our job is to find what u(z,y) should be, but it turns out that the
above equation is very difficult to solve for p(z,y) unless ,u'depends
only onzor Oth- on y; not both. Let’s look at both cases

to try and figure out this puzzle!
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Case 1: p is a function of z only. Then, we have:

0 0

5 ()M (2,9) = = (u(z)N (z,9))

Let’s evaluate those partial derivatives. Remember on the left-hand

side that p(z) is constant as far as y is concerned; remember

product  rule  onthe right-hand side:
d
0 P M'[ = Z’i N M Nx
MSLZ N Sl_ﬁ - }AM\, _ f;( N)(

ox
9‘_#\ ) M\{ - NK>
dx i N A

That means that we need for the following to be true:

élfz . My_Nm
dz N

(L.

M, — N,

If the quantity ——yN—qi depends only on z, then we obtain a

separable and first-order linear DE that we can solve for u(z).
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Similar to the case for first-order linear equations, the solution to

this DE will always be given by:

My—Ng |
= ef N dz

p(z) (1)

Case 2: 1 is a function of y only. Then, the same calculations give

do N, —M
@Z: I yﬂ(y)
N, — M,

If the quantity —x—jw——y- depends only on ¥, then we obtain a

solution of

uly) = el St dy 2)

(Coming up with this formula is no harder than the other one. But

yes, it’s For You to Try!)
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# While it isn’t particularly hard to derive these formulas and
solve for p(z) from scratch, it is far, far easier to learn these two

formulas and be able to use them. Check to see if:

. ——————————
N
find p(z);

N — M,

depends only on z. If so, then use Formula (1) to

depends only on y. If so, then use Formula (2) to
find pu(y);

e If neither of these is true, the DE can’t be made exact using
this approach and we should probably turn to a different

method!

Finally, having found g, mnl:h'@hf; the DE by it. The DE

should now be e xaet | and solvable in the same manner as any

e xaet  DE.

Phew! Too much talk, not enough example. Let’s do an example.
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Example 8. Solve the DE gien by

M N
P, e,
Y+ (2 — ey)@ = [,

Test fir Txadness * | dzx
Mt{ - l N'K - 2—
My# No - The DE 1 net exed!

IS NK - M~1 30&1’ o. fundron o{' \17
M -

So now, wvltiply ‘H«mok #e DE:

By yel) e

“New " “New N*
Te&'?"- M\’ L

S i \‘M‘“‘J’Jj krow °
’ o Solwduns e LP(*;"{) = C

v 2= M
¢ _’Se - .
Fors+ &?-_-, ’:’-} M‘{_%(F'xxf
ox 1 .
Second, 23;_3 " 2)“1_\{&7 T
Find & (P Hod Fits botle expresSans ad set W equel to s

B

Xy - \16‘1 +g\1 = C

T2
P
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2.7 Solving DEs Using Substitutions

Back when we were first learning a _phderivedives — we

- sometimes used a substitution to convert a d _iffrewlt -

l soking  integral into an integral that is e asier  to solve.

We can do the same thing with certain differential equations! The

basic flow for using this method, no matter the substitution, is to:

e [ntroduce a new dependent variable (often w or v is used for
this purpose) that involves the original dependent variable in a,

way that will make the DE s impler

e Build the rest of the DE out of that new variable, making sure
that the original dependent variable isn guhee  to be
seew,  in the new DE. To replace a derivative in this way,

don’t you dare forget ¢ hain 1 ule |

e ['ind the general solution for the new DE;

o C onvert b otk  to the original dependent variable in

one last step.
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Any kinds of substitutions could be used, so be prepared for
anything. That being said, a couple of specific types come up more

frequently than others.

Substituting y(z) = v(z)z

Example 9. Solve

dy_:c3—|—2:z:2+y

dz s
& w=d
- dy SV +v
First, if we let y = 'UQ:_L" x, then —== dx . Now make the
T
substitution and solve!
3 i
- +2x° + vx
.é.\! x +yv * L . " L "("
dy X Divide 0
dv x 4 \ - xz + 2x -}"\(
dx
dv

—_—— = \
dx x+ 2 T, bt STOSS

= ﬁ-& 2% + C
2 Brvert bade to V-

i}’.( 8 z_+2x +C -—9['(*\ * ._.‘+2x 4—Cﬂ

#0 This is also a first-order linear DE. Try solving it using a

different approach as well, for practice!
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#» This technique is often useful for tackling DEs with r ahvna]

expressions on one side, with every term of the numerator and
denominator containing the independent or dependent variables (or
a mix), so that when we change “y” into “vz” we get things to
CM , simplifying the equation. If that cancellation is not

going to happen, this is not the technique to use, as this

substitution will just make the equation m are.
CW‘S&J&L l

That is, we'd use a substitution of y = vz for DEs like:

7'= .S

Zx ¥ 3\1
...but not DEs like these:
' i 1+ y
2x ¥ 3\/ =l

# DEs like these are sometimes called “homogeneous” but this is
very confusing, because this means something else to us already.

Pay attention to the context, and you will be OK.
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Bernoulli Equations

An interesting type of DE is a Bernoulli Equation. This is a

DE of the form;

Y +p(t)y = Q(t)y@%

e

7
”~

/
This equation can always be solved by making the substitution of

&=
-

v(t) =y \\&Ihigsubstifﬁtion always leads us to a first-order

linear DE in the new variable. To make the substitution more

straightforward, it is always easiest to d ivde _ the e gu ation,

n .
by -y asa first step.

#v» These DEs are named after Jakob Bernoulli, who was also
re.Sponsible for discovering the constant é. Jﬁst so you know, the
“Bernoulli Equation” that you might learn about in Fluid
Mechanics has nothing to do with this DE; it’s due to another
family member who was also a genius. There were MANY famous
Bernoullis who were responsible for diScovering all sorts of things in

science through the 1600s and 1700s!
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Example 10. Solve the DE given by .« .3

‘\

bt

‘[ ooyl by
pe DE

/() + 2ty(t) = y°  pivie y3.

-'—"Ei‘v' + %v = |

L
3 Tt trongforms indo o fiest ordes—
Gondord Form: llneor DE .
v - T ¥ =E
t £ . e
Tedegroding o will b f-2d  ual e
}&: e' . = e
MUHtPI" +LI'CUO"\, Lh! fle fﬁ)"cafkj'\'j ‘q‘d'"”' = -E_cr
~| -5 -b
% -4t v o= =24

TFrodvd Rule Muu—é!

() < 2

- = = e e me me me wme we wmer wer wer woR WeR WS WR WDF WD WP WO W W WP W W W W W W W W W @
]

I'd.(ﬁm '{-qV = _@_{—s Ll
| S
N
: Cphvu—"l’ botk Yo Y Jon d
e e
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