10 An Introduction to Systems of First-Order ODEs

~ We have tackled differential equations in all sorts of ways. What

could we possibly still have yet to explore?

Of course: Solving m eay DEs, including m ore. t hon

o_ne dependent variable, at the same time!

10.1 Writing Systems of Equations in Matrix Form

Consider the system of n equations given by

a1 Ty + a1y + ...+ A1pTy = by

Ao1T1 + ATy + ... + ATy = bg

ap1T1 + Qp1To + ...+ GppTn, = by
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Recall that we can always write such systems in a form that
includes v_ecforsS  and m ofneeS  instead, using the laws of

linear algebra and matrix multiplication:

ay Ay — A Xy
Ay %q \ b Qan | Xq | = /
3 | 3 j
Qny &g, i Bn7 | ¥
W e Yand
A L,

Further, given the constants {a;;} and {b;}, we can use r ow

r_educton _ to_solve for the vector components {x;} that satisfy
this matrix equation, and thus the system of n equations. If we call
the matrix A, the vector on the right—hanci side b, and the Sélution

vector x, then we can write this equation in a compact form:

Az=b
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10.2 Eigenvalues and Eigenvectors

Eigenvalues and eigenvectors are extremely important in a

huge number of applications, like solving systems of DEs.

Recall that if we have a matrix A, and multiply on the right by a

nonzero vector V., V gets transformed into a nothtr v edv™

/2 50\ (—2\ (l\

1-100 1 |=1]2

P3N, )
If V, however, is an eigenvector of A, then it is the very
sju.zml.~ c age. where it is transformed into the

For example, -

Some_ Vedder  multiplied by a constant. The constant is

called an eigenvalue of A, with the associated eigenvector V. For

(o s o) (o) (o)

100]llol=10|;

PR

example,
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T
That is, the vector (0 0 1)7 is transformed into ( 00 Z\J ,

- which is simply _Z__ times the original. Thus, (0 0 1) is an

eigenvector of this matrix, and the eigenvalue it is associated to is

2

So, given a matrix, how can we find its eigenvalues and

eigenvectors?

Let A be an n X n matrix. If we have that
Ax = \x,

then, as we just recalled, A an eigenvalue of A; non-zero solution
vectors are then called eigenvectors. Manipulating this

definition, we obtain

Ax - Xx=0 .
or factoring: (A- I >2¢ = 0
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From linear algebra, this equation has n.on -z _eyn  solutions if

and only if
det(A - I\) =0 .

Why is this so? If the determinant is equal to z &¥® _  then at

least one of the rows of the. matrix can be made from a 1 iagor

c ombination “of the other rows. Thus, row reduction of the

(A-L\]O)

always results in a row . 0F 7z eryes , allowing for non-zero

augmented matrix:

solution vectors.

So, in summary, the values of A\ that make that determinant of the

matrix A — I\ equal to zero are the eigeavalues  of 4; we

can then find those non-zero solution vectors, which are the

eJ‘amLLm‘ of Al
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Example 1. Find the eigenvalues and eigenvectors for the

matrix

T con find eonvedues \m( A=

Saling  det(A-12) = 0.

o
- 8

6 (v] é'a

(1-2)(4=2) (e-2) = ©

2 A= i, 7\:‘{) A=6-

o378 fiad eigaayedurs.

Associded to X =1, we moust slve:

(A-Ta)V = 0
0 2 3|0
o 3 §5]0
o 0] 5|0
L RLW
o~ C? % 0 \0 )Q;-Qs
o 0 5 10

of

From €3, 5Va = O = [y =0

Fom €y, 3Va =0 '%L!V 7.‘:0!

(12 3)

045
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\0 0 6) o i,
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Ir 5=\ IF s=2

wlfw-e, geﬂZ .
[.Akod’ ‘Hnbh'&;wtd-w- ch en]-l e € aboyt
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10.3 Solving Linear Systems of DEs

| Consider n DEs of the form:

z1(t) = au()z1(t) + ara(t)z2(t) + . .. + an(t)zn(t) + o1(t)

zo(t) = an(t)z1(t) + an(t)za(t) + . gt a2n(t)__?5.n(t) + g2(t)

2 (1) = ap(D)z(t) + analt)aal ot G (D) + gal?)

We may write this in matrix form, as

X(t) = A(t)x(t) + (t)

™ T
where X(t)_ = (x (4} x; (). x (\'3 , g(t) :M%.ﬁ) and
) Qi
T
e 0&,;,,\ /

A(t) _ (t

-
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For this course, we will be concerned only with the case where all
the entries of A are c ondtant | and where the system is

h , so that g = 0. Hence, our focus will be on

systems with the form x'(t) = Ax(¢). Or, writing it out:

(37’1\ (a.n apz ... aln\ (5131\

/
Ty a1 A ... Qo | |-To %' % Ay

\2n)  \@nt Guz ... Gmn) \2n)

Much like we did for the case of solving a single DE, we search for a

solution in the form of an e_&eowﬂ

) Vs o

\&n / \MJ

where all of the V; are constants. We could also write:

x = Ve,
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Assuming that this is a solution, let’s substitute it into our system
of DEs! To do this, we need the derivative of the vector

X = (z1(t), 22(t), . . ., zn(t))" with respect to the independent
variable (here, ). We can do this by taking the derivative of each

component. We obtain:

(37’1\ AV,
o %] *Wt At
: e
) |
or
x' = \Ve.

Substituting x and x’ into our system x’ = Ax, we obtain:

?\\/eu = AVe #
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- - ...v--v""“““““wa@@aaggaii

This is very reminiscent of our previous discussion about

eigenvalues and eigenvectors! Since the exponential is nonzero, we

can divide by it to obtain

AV = AV
Rearranging,
AV = \V :%
or (A-1A)V = 0

This should look familiar! Now, this equation only has a nonzero

solution if:

det(A—F\)=_0

This equation is always an n**-order polynomial, called the
q )

c_haracientic e quadion _ (sound familiar?) that can be

solved for A to give n (possibly repeated) values A;.
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The A; values that satisfy this equation are indeed the

e_d wes of A, and their nature determines the form of
the solution. The associated e_ia.gAth'orS V; then appear in

the various solution forms.

There are three cases for A, and they are generally analogous to the
cases for single DEs. We won't focus much on the derivation of the
solution forms in this course, but there is much, much more detail

to come in Math*3100 (Differential Equations IT)!

Case 1: )\; are real and distinct

where V* is the eigenvector corresponding to \;. The general

solution is then made up of a linear combination of each of these

pieces with an aLbjimar& c_anstont  in front of each.
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Example 2. Find the general solution to the system

Q

()
3 1 °

12 —1

d&(A-m): 46(3-7\ \ = (3A)(--2)-12 =0
L ) D Y -la-3-12 =0

= A'-2x~-(§=0

* @A-5)(en)=0

"@E , b3l

For ZFS, Glve: For A= '3J solve

b l 0
12 2.'[0§
ozl i (| o
. 0 o o

Lt [v= s, se®@. Let v, = g, serR,
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Case 2: Two A\, come as a complex pair o & 73

In this case, the pair of complex eigenvalues will have two
corresponding eigenvectors V! and V2 that are a_ISD_ complex
conjugates of one another; that is, the eigenvectors will be in the

form

V2=V 1 V"

where V7 is a vector made up of the r eal parts of V! and V2,

AR EESEEEEEEEEEEEET E F B

and V¢ is a vector made up of the im«.tjmgc&,_ parts. We obtain

two solutions, of the form
e® (V" cos(Bt) — VEsin(ft)),

and

e (V" sin(Bt) + V¢ cos(Bt)).

The reasoning behind this relates to E yler’S  formula, perhaps

not-so-surprisingly!
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Case 3: \; is repeated

Suppose that \; has algebraic multiplicity 7, meaning that it is

r opesed n t_imes . There are a few possibilities for this

a) n linearly independent, eigenvectors V... V" associated to the

eigenvalue are found when solving

(A _ 1),

o)..

In this case, we proceed as before and obtain 7 solutions:

VleAit

V2€)\it

V’ne/\z‘t
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Example 4. Find the general solution to the system -

§ ]
30 - X F Bx,
} — [}
xr = €. -xz - 3)‘1
0 3 &
EIB(/\VG‘MS . c\ecouplté “
o der(3 0\ =0 Syt
© 30\3
= (32)(3) =0
-3 A=A (‘f‘w-’& ‘)
E:auwed'ofs assouoded b A *
Dlvye | '
0 0 0
(2 o10)
T hove two free vorrables!
-—- GU\U!L‘ Solud'lon

Ld V.'-'- < W\é Vz =T .' . 3{
*(+)s Cx(')e“ X Cz(owe
ey
0 |

I g W t\Ip. |
+_u_,l_o e?a,wndor's'.
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b) But it can also happen that f ewt™  than n eigenvectors are
found. This is problematic. Assume for the moment that our
matrix is just 2 x 2. In that case, we would have had z;lgebraic
multiplicity of two but only found one regular eigenvector, V. This

gives us one solution as usual:
x; = Ve,

Everything has been parallel to-the single-DE situation so far. So,

let’s search for a second solution of the form & o)

If we substitute this into the original equation X' = Ax, we obtain:
\ v’ i & s At At At

; ait + i+ . R p Ak
&b?zAx'- Ve' ! + Ve v xRN = A[VJ“' + Te ]

Rearranging and grouping by function type, we obtain

act Ak |
{o” | Va; -AV = e |AP =AP -V
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Remernloas V was on h‘&nvednr. 'B\f defwdcdn ,

AV=a.V = xVv-Av:=0.

Continuing, So the LHS s equsl to 2aro!
Q = QA“{— [AP -:P "\/1
> AP -a;P-V =0
=% (A o J.;IYP = V

We finally come to:
(A= NP =V.

We can solve for P by Gaussian elimination! We call P a

g enurmlized clgevecdor . If we need one
g enprolized é_c’a.uvcd-or (i.e. if we have repeated

roots of multiplicity two but find only one regular eigenvector V),

we obtain one solution of the form:
Ve’\it.
with a second solution of

Vitehit + Peli,
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Case 2: Two )\; come as a complex pair a + j3

In this case, the pair of complex eigenvalues will have two
corresponding eigenvectors V! and V2 that are a Isa_ complex
conjugates of one another; that is, the eigenvectors will be in the

form

V=V £V,

where V7 is a vector made up of the rmj; parts of V1 and V2,
and V¢ is a vector made up of the i% parts. We obtain

two solutions, of the form
e® (V" cos(Bt) — VCsin(ft)),

and

e (V" sin(Bt) + V¢ cos(Bt)).

The reasoning behind this relates to E wulers formula, perhaps

not-so-surprisingly!
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o ox'= ( [ 7—\'x o) = ( o)
Fnd epenvolunes’

L= =2ax) = A" +3p+2+4=0

=t D+ zo0.

1= -3t Ja-40)(6)
o uy

 Fdegauedves®

~ solver




. [H 0\
‘&c«ll" (Extra room, if necessary...) V' (-—l 4 = |i

Our eyenvalues vt =2 + JIs -
IR R Ve V.

S"J'}L‘(&QMIDJ Solodion @5

AR K‘t) s () - ( J%\ g;,..(J_ju)l
‘et [(ﬂ B ([%J‘) + ( \%s) o (‘.’.—fﬂ

(T) . C\(_ﬂ + Cz(\ﬁ;\ - e T

C, =0,
From T se cond uludfonl

"\m"Cz

. -52 C,y J\ﬂﬂ
So e sohidion o o TP i

x(+) = 'Jr‘? e’%*[m'w{{ry) " (&) - (_E:Jﬂ
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Case 3: \; is repeated

Suppose that A; has algebraic multiplicity 7, meaning that it is

PM N timeS . There are a few possibilities for this

case:

a) n linearly independent, eigenvectors V... V™ associated to the

eigenvalue are found when solving

(A 5y

0).‘

In this case, we proceed as before and obtain n solutions:

Vle)\it

V2e/\it

Vne)\it

249



Example 4. Find the general solution to the system -

Meon s

Ay = 00 . 'X.,! ® 3%
: 0 3 7"1' o 3)(2_
E\Bﬂ;\vmjuﬁ 3 ‘\Jtc“‘olié .
Ad—(?,-a 0 ) =0 S
0 T-A

> (3a) =0
- 21=3 (-lwice,‘.)
Ettonvecnrs assocaded o 2=

O)
o

o] 0
0 0

T hove oo 'Frtzw-‘ublul.

Let vi=s , v
V{3
r “ 10 1
\ 4
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b) But it can also happen that f ewer  than n eigenvectors are

found. This is problematic. Assume for the moment that our
matrix is just 2 x 2. In that case, we would have had algebraic
multiplicity of two but only found one regular eigenvector, V. This

gives us one solution as usual:

PP IIIPISIOY 5

x; = Vel

Liverything has been parallel to-the single-DE situation so far. So,

let’s search for a second solution of the form o
h ; ey Jtd"’
W e

Xy = Vitelit + Peld,

If we substitute this into the original equation x’ = Ax, we obtain:
2 L need o dative. So, it foke e desivedive

! o+ Act DAt
Xy < V[e,'a‘ +)te ] + A Pe

b ido myDE Ak Ak At At o Ak
Su ' r_ 1 . 4 VQ, + v/'lt-[»e, +—;{;P€ = A[\/JCQ 'f'?@

X =hx: V€ . . :

Rearranging and grouping by function type, we obtain

At e At _ |
e [\/?u —AV—] " e }:AP = Al V]
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'Ea.«mmhr V was an eiguwedor-, Btf definition
| AV= 2V — V- AV=o.
Contﬂm:& 0 = &P -P-V]
= 0= AP -3;P -V
AP -;P =V
(A-aTVP =V

We finally come to:
(A=NI)P=V.

We can solve for P by Gaussian elimination! We call P a

g _epnerolized eja.umthr_ . If we need one
g ontrolized éi*a nnJecSov™ (i.e. if we have repeated

roots of multiplicity two but find only one regular eigenvector V'),

we obtain one solution of the form:
Ve)‘it- |
with a second solution of

Vitehit + Pelid,
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