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3 Applications of First-Order ODEs

Now that we can identify and solve many different types of

first-order ODEs, we can use them to model various situations.

3.1 Orthogonal Trajectories

T'wo intersecting curves are orthogonal if their tangent lines are

perpndicwlar™ at the point of intersection. This can be

applied to a number of real-life scenarios:

e In electrostatics: Equipotential surfaces connecting points with
the same electrical potential are orthogonal to the lines of an

electric field.

e In meteorology: Weather maps feature isobars along which the
air pressure is constant. Orthogonal trajectories to these lines
connect areas of high pressure to low pressure, giving wind

direction.
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Remember that, given a slope m, the perpendicular slope is the

| 3
nﬁgxﬁL r_exigmL , glven by _m_ . So to solve these

problems, isolate for the d esivahive. (which represents slope),

find the H%M recspeocal ) and then solve the

resulting DE!

Example 1. Find the orthogonal trajectories to the family of

curves given by
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3.2 Exponential Growth and Decay

Some simple DEs arise very naturally from observing that the
role of CJDM5£_ of particular quantities over time may be
directly proportional to the amowd _ of the quantity itself. That

is, supposing that y(¢) is a quantity, we have that:

y(t) o y(t),

or as an equation:

y'(t) = ky(t),

where k is a pﬂpnﬁimml.}_‘,’?; constant.

This is a first-order linear (and separable) DE and easily solvable

using a variety of methods. Solving, we get:

l“f::k‘f
A
fn}yl - k4 +C
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Thus, this DE is used to model the case of exponential g routls_
(if & > 0) or djLC,LY_ (if £ < 0), and is often used for simple

population models, for anything that dissipates over time (heat in
an object, one-directional motion with friction involved, etc), and

much more.

Example 2. The growth rate of a population of émctem'a 18
-' found to be directly proportional to its size. Suppose the
population of bacteria is estimated to be 100,000 cells at an
initial time and 1,200, 000 éells after 24 hours’ time.

a) Find a function b(t) that models the gmiuth of the population

: We, hove conditions®
¢ !
over wme b =kb L (6)= Joo 000

| Qb & C6K+ ‘ b(24) = 1200000
Appk, g Hee it comddion k(o)

: _
loo 000 = CE& s

Also, wr hove: Nz
| 200 000 = /oo oooed

2. = &) &AGZ:;;F; 5
e "e"(m) - QL“( b(#)= lo0 000 .
-3 r k= —-ﬂn(!z
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b) use your function to estimate the size of the population after

- another 24 hours. Mo anefie, 24 hours, we are of +=-4g.

e wang 5(483‘. (;}{Qn[lzﬁ"’w
JO("‘WB t [00000 ¢
2 212\
= 06000

E |, Hoo, oao:(

# Such DEs are usually iﬁsufﬁcient for modeling population growth
past an initial phase. This makes sense: Populations can only grow
within the constraints of their environments, and are subject to
challenges such as competition for resources. The basic DE model

can be modified to take things like these into consideration.

# We can construct other simple DEs that model different
situations by using other proportionalities as well. For example, if a
known quantity y(t) has a rate of change that is proportional to the

amount of the quantity squared — that is, if ¥’ oc 4> — we obtain

i oy
a DE of _u =k\1
|
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3.3 Mixing Problems

Mixing problems usually involve a mass of substance M (),

dissolved in a solution, which is in a tank.

e Solution typically flows into the tank at a particular

concentration, i nfl Woncino, the concentration of what is

already in the tank;

e At the same time, solution may leave the tank at that

m_ixed  concentration.

o An i el c_onditvn  may be given or may be

calculated using given information.

We can construct a DE using the following intuitive rule: The rate
of change of the mass of substance w_ithin _ the tank is equal to
the rate that the mass of substance e _nders  the tank minus the

rate at which it e %8 . That is, the DE will look like:

dM _ Fate in = Kade ot 7

75 = (of chare (of changg J
dt (o 057 :-:?:S) o{:ﬁ!s) E« (t;remch -!trm Q
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Example 3. A 300 L vat initially contains 100 L of vinegar to
be made into 300 L of brine by adding salt. A 100 g/L salt
solution is added to the tank at a rate of 2 L/sec, but there is
an unknown leak in the bottom of the tank; liquid escapes at 10

mL/sec. (Assume that the liquids instantly miz uniformly in

segonas be given by s(t).)

loo q/L
a) How much liquid is in the tank at time t? What is gheouﬂ Skxk,
0.
concentration of salt in the tank at\t\zme t? o\,,,_‘:{:: C;{ . o
Amaufc)- of l-u\u.cl = Joo 42% -0. b!lc‘\ 277 T Concemdiong
So, voleme Tz Joo #1.99€ | (Lites) of Solt in fhe ok
Conardvatm of = mass (o St4) @w
S in Aok volumg, [00 + [.49¢ Lire

b) Oonstmct an IVP for thzs problem.

“ o ds s RaeIn  — Rode Out
**'c‘MQ, C['e /
ds - ( ) 0.0/ L/g 4 9 L
9T \ZH ('003/" ( loo +1.49¢ |
0wy gne » cdl?
e N | s i 0“35 Conc g

0.0ls ‘\ Taill Coadilones
1

loo +1499 No Sekt intinlly '
s() = 0
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c¢) What is the mass of salt in the brine at the instant the vat is
VOV YN N
fU”ﬁ{- how wuch fumu pesses ot Hhe vad s full? N

<d' He expressiun for vilume we found  equal o 500 ond Solve for t }

i ik f o e e -ka ! g g g@
.‘ :a_ i i @"ﬁ;sjs"@‘:ia"'ﬁa""“‘ 4& \t i M i s
s ik i i il ol ey ke s ik e e

e NP
. e /oo +1).99¢ = 300 "\/‘“-’\/kv =
Ld's selve. e TuP: - 200 -{) o~ e\
ds 0.0l /.49 - w}
T+ S = 200\ 4 T Qol
¥ foortan I il V] i ;omm el
Multopt, Hurough : AT e .
P7 "ﬁ -1y, 0—9-'5-—!-33""" .
il -
- ZOO(IaMM‘l{— T"iql,.]roos*l.“l‘if[ -I’C,v

Foduer Pole Backunrls ® ¥ e :
Yia J "4 %qq

((loo + },fm.) hs g) = Zoo(loo +I.‘H{) " B (too 4—!.‘!‘1-&)

le-tjnd-c | 20

(/oo +1qq{') g = 260 (looﬂqq Be,v c@\c\,l
U a9 2 faq * C i el
M‘l '
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s()= O = t00(10d) + Clloo) ™' —» (C-- -lo 234.114
% -SOIUJWS‘\ -"0 'Hﬁ(. IVP "/,qq
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3.4 Simple Electric Circuits

DEs can be used to model an electric circuit that contains resistors,

inductors, and/or capacitors. What should the d ependent™

v ariable  for such a DE be?

With an independent variable ¢ representing time, the dependent,

variable for the DE could be:
e the charge on the capacitor ¢(t), measured in c_aulombs _;

d
e the flow of electric current () = d_g’ inampeed  or

e the electric potential difference V' (¢) (in v eltS- ) across a

capacitor.

Resistance (R, in O lms__ ), inductance (L, in Henries ) and
capacitance (C, in F _aradl ) are all positive constants that will

appear in our DEs.
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Resistor Tnductov— Copoutor
From fundamental electricity laws, we have that the voltage drops

across these elements in a circuit are given by the following.

e The voltage drop across a resistor: Vi = i(t)R;

. g(t) 1 [
‘@ across a capacitor: Vo = —~=— [ (1) dr;
p =TTl (7)
. di
e across an inductor: Vi, = LE'

We can also have voltage r iseS | or sources, which are typically

b ofbenes in our circuits. The voltage provided by such a

source can be given as a function F(t): For example, E(t) = 10

represents a source that provides a constant 10 volts. E(t) = e™9%

represents a source where voltage decreases as time goes on.

With all of this, recall K irchef’s v oltege 1 ow  (KVL),
which says: “The sum of the electrical potential differences

(voltage drops or rises) around any loop is zero.”

This is the rule which we will use to construct all of the

circuits-related DEs in this course!
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Example 4. Consider the following circuit diagram:
R =50

Here, the circuilt has a resistance of R =50 2, an inductance of
L =1 H, and a battery that applies a voltage E(t) of a constant
5 V. At time t = 0, the switch is closed (so at that very instant,

assume there is no initial current).

a) Construct an IVP that models this situation with the current

i(t) as the dependent variable.

KVL says that all voltage rises and drops should sum to zero (or
equivalently, the sum of the rises Should equal the sum of the
drops). Here, Vi, + Vi = E(t), or subbing in for each:
Ly + % =5
= (l) Eli.(: + 500 =8
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Our initial condition is given in the problem: i(0) =0 !

b) Solve your IVP

. i +C
-’e
€ ; /o
t

~S0
Apply EC (#) = 7:3' + Ce
iy

=0 = L4 € =g

¢ [

04

.




Example 5. Consider the following circuit diagram.:
R = 80

44%

S I
—— ¢ = Awo
X Yoo €
E(t) =

Suppose the baltery applies o voltage of E(t) = e_T%ﬁt, the

: | - . 1
resistance 15 R = 80 €1, and the capacitance is C = 100 F.

a) Construct an IVP that models this situation with the voltage
across the capacitor Vi(t) as the dependent variable, using an

arbitrary initial voltage Vi(0) = V4, .
Ve + Vo = EM

Developing a DE in terms of Vi isn’t quite as straightforward, but
it isn't bad if you remember some calculus tricks. Our voltage

drops will be

t
Ve=1it)R, and V= é—/ i() dr.
0
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We use the integral form of Viz because it contains the current i(t),

just like Vg does. This allows us to relate the two, so that we can

write Vg in terms of V.

Taking the derivative of the second equation, we obtain

dv. _ L i)
dt C
or isolating for current,
ity= G d.l./e.
dt

This means that Ve =1i(t)R = C %‘R | We now have our two

voltage drops in terms of V¢ and we can use KVL to make our DE:

Ve + Vo = E(t)

Or subbing in what we know for Vg and & (1),
CR %V{-E + Vo = EH)

Yoo t
L ()de +Ve = o
Hoo d4

"

Our initial condition is given by V'(0) :L .
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b) Solve your IVP. Vit
Ldle 4 Ve = e
5 a s
0o
St Frmt Ve 4 EVe = Se A~
i —~— T
O‘V g s.(.v 5 ‘-H‘%oot Twl o S‘S’J-{v \)
e S € C-= A )A"; e,
' 3 |
of [ mq/wo'{' - P.J'
(eﬂ V) - Ge - o =
3 |
499, €
eS-F VC _ ?;9- 100 + C
499
V O C =8
- §S00 g
¢ 4qq e | \
M I“H""J CS’V\CL:"‘;U»\ . |
V() =V, 8. . )
— $0o
s00. : S0
on ve:
G Calfin ML TR, oo g — =
'VC(&): s_'_QQ__ 4 (Vo ":f-;>c
4qq q
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Example 6. Consider the following circuit diagram.:
R

E(t)

Suppose the applied voltage is E(t) = 10sin(nt), the inductance

is L =0.5 H, the resistance is R =40 Q, and the capacitance s

1
C' = —— F. Construct an IVP, using an arbitrary initial

1000
charge q(0) = qo, that models this situation with the charge on

the capacitor q(t) as the dependent variable.

Putting together a DE in terms of charge is actually very

straightforward! Use KVL: Ve + Ve + VL © E(+)
v — R di =
il £ j}, s o q'/c_ + (R + L'&i E(+)
 di. d% 9, ¢ d_ﬁ.p + chg, - El+)
A SN

0. gc_l_g, + l-lo dg, 4 Ioaoz = [0 sin(mé),

But this DE is s e.cond O—F&L We don’t have an approach
0 - 0
for how to solve these... yet. (T o be&_ ¢ ontinued ) ci "%
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