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Solution to Assignment 3
MAT1322D, Fall 2016
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1. (2 marks) Find the limit of the sequence {a,, n=1,2,3,...},a, = PErE
+

. . 2"+ 3" . (2"/13M+1 1
Solution. Ilmﬁ: im———~2 — =_,
oo M 4 3T o0 2(27/3")+3 3

2. (not marked) Consider series Za where a, = In(1+ 1)
n

n=1

(@) Show that lima, = 0.

Solution. lim In(l+%) = In(lim[u%n =In1=0.

k
(b) Find the partial sum S, = Zan . Then show that this series diverges.

n=1

Solution. Since 1+l=n—+1, In(1+l]= nn_+1 In(n+1)—Inn.
n n n n

ThenS=(n2-In1)+(n3-In2)+(Ind—In3)+ ... +(In(k+1)—Ink)=In(k +1).

Since II(im S, = Lim In(k +1) = oo, this series diverges.

3. (2 marks) Find the sum of the series Z 2" 5_ 3

0 n

0 2n _an 2n
Solution. )’ 2 -3 Z 2 Z;’M . The right-hand side is the difference of two geometric

- 5n+1 5n+l

n=0 n=0

series. The fist has first term a=1/5,and common ratio r; =4 /5, and the second has first term
b=1/5and common ratio r» =3 /5. The sum of this series is

_ 15 15
1-4/5 1-3/5

1.1
22

4. Consider series Z
“~1+n’
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(@) (3 marks) Use integral test to show that this series is convergent. State the conditions why
integral test applies.

10

(b) (not marked) The partial sum Syo = 21 !
n=0 + n

bound of the sum of this series. Then find the average of the upper bound and the lower bound

to be an estimate of the sum of this series.

> ~1.9818. Find an upper bound and a lower

Solution. (a) Since f(x)= > Is continuous, decreasing and positive, integral test can be

used.

J' ~dx =lim dx_llm[arctan x] —limarctanb =2~
0 1+X b—w 1+X b—ow b—w 2

Since the improper integral converges, this series is convergent.

(b) _[ dx—Ilm dx—Ilm[arctan x] -2 _arctana.
b— 1+ X b—o0 =a 2
T
When a = 10, j =~ _arctan10 ~ 0.1000.
01+ x° 2

dx = % —arctan1l = 0.0907.

The sum S of this series is between 1.9818 + 0.0907 and 1.9818 + 0.1000, i.e.,
2.0725 <S<2.0818.

Taking the middle point of the upper and lower bound to be an estimate of the sum, we have

S~ 2'0725; 2.0818 =2.0771. (For your information: A more accurate result is S =

2.076674... . The error is approximately 0.0004).

0

. . n+sinn . .
5. (3 marks) Determine whether the series Z—converges or diverges by an appropriate
2 42n°—n

test method.

Solution. When n > 1, this series is positive, we can use the comparison test.
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. . 2 . .
Sincen+sinn<2n,and 2n°~n=n’+(n°-n) >n, <> =—5>. Since the series

\/2n5 _n "2 n
= 2 = n+sinn

Z— converges, this series ZS— converges.

=N n1 4% +n

6. (not marked) Determine whether each of the following series is convergent of divergent.

@ S

0) Y (D"

Solution. (a) This series diverges because the general term does not approach zero.

(b) This is an alternating series. Since ,[— 1 decreases and approaches zero when n
n+

approaches zero, by the alternating series test, this series converges.

To show that ,/ 2n Is decreasing,
n“+1

2
f'(x) = —X—l When x > 1, f'(x) < 0. This function decreases when x > 1.

(x* +1)°

2X 1 The derivative of this function is



