MATH 3705A Tutorial 4

1. The solution of the wave equation uz, = —uy, 0 <z < L, t > 0, which satisfies the
c

boundary conditions u(0,t) = u(L,t) = 0, t > 0, has the form

u(zx,t) = isin (?) [an cos <n7£ct> + by, sin (m;ctﬂ

n=1

1
Find the solution of u,, = 2—5%:, 0 <z < 3, t > 0, which satisfies the boundary
conditions u(0,t) = u(3,t) = 0 and the initial conditions u(z,0) = 1 and w;(z,0) =
sin <?> + 2sin(117x). Write down the complete solution.

Solution: Here ¢ =5, L = 3, so the solution
= nmwx onmt anmt
)= 2 sin () ancon (57) + busin (557) ]
u(z,t) ;sm 5 ) [ancos(—5 + by, sin 3

and its first derivative in time

. 2 (% /nmx 2 ™
we obtain a,, = — sin (—)dx = —— oS (—)
3 Jo 3 3

From another initial condition

w(x,0) = anEmTw sin (n_gx) = sin (%) + 2sin(117x),

3 2
we see that by = — and b33 = ——, while b, = 0 if n £ 1 or n # 33.
5T 551



Finally, the solution of the problem:

3 omt 2
u(z,t) = P sin (%) sin (%) + TEr sin(117x) sin(557t) +

s Z 01— 1sin (M50 cos (227,

. Find the polynomial solution of Laplace’s equation u,,; +u,, = 0,0 <z <2,0<y <3
subject to the boundary conditions: u(x,0) = 3z +2, u(x,3) =5— gx, u(0,y) = 2+y,
u(2,y) =8 —2y.

Solution: Notice that all the boundary conditions are in the linear form, so now we

need to check the corners:

w0,0) = Go+2)| =@+y| =2,
w(2,0) = (3z+2) ; — (8- 2y)y;:0 =8,
w03 = 6= =@+y| =5

w2,3) = (5- 37“") G| -2

Thus, the polynomial solution u(z,y) = ax + By + vy + § does exist. From BCs:

u(z,0) = ar+0=3rx+2=a=3,0=2

u(0,y) = Py+2=2+y=p4=1

3
Also we know, that at the right upper corner u(2,3) = 3-2+34+67+2=2= v = —5

3
Thus, the polynomial solution u(x,y) = 3z +y — 5%y + 2.



3. The solution of Laplace’s equation u,, + u,, = 0 within the rectangular region 0 <
x < L,0 <y < M, which satisfies the boundary conditions u(0,y) = 0, u(L,y) = 0,
u(x,0) =0 and u(z, M) = f(x), has the form

[e.o]

u(z,y) = Z a, sinh <%> sin <?>

n=1

Find the solution within the region 0 < z < 3, 0 < y < 2, which satisfies the boundary
conditions u(0,y) = 0, u(3,y) = 0, u(z,0) = 0 and u(z,2) = z(x — 3). Write down the
complete solution u(z,y).

Solution: With L = 3 on the edge y = 2:

- 2
u(z,2) = Zan sinh ( 7§7T> sin (m;x) = z(x — 3).
n=1

Then from the Fourier sine series theory

a, sinh (2”T7r> _ /3x(x _ 3)sin <@>dx — —ix(x ~ 3)cos (@> ’3 .
0

—1—3 (2x — 3) cos (mm:)dw =
mn Jo

_iQ/Ogsin (?)dmz (54 cos (m;x)‘ff: 543[(—1)"—1].

()

The complete solution

ulry) =3 - (2;) 1) = sind ("2 sin (27,

n=1

1 1
4. The solution of Laplace’s equation u,, + —u, + —ugp = 0 inside the circle r = 3 is
r r
given by
u(r,0) = % + g " [ay, cos(nb) + by, sin(nd)].

n=1

Find the solution u(r, ) subject to u(3,0) = 4sin®# + 3sin(46).



Solution: First, notice that 4sin® @ = 2 — 2 cos(26).

Solution on the boundary r = 3:
u(3,0) = % + Z 3"[an cos(nb) + b, sin(nd)] = 2 — 2 cos(26) + 3sin(40).
n=1

From here one by one:

Qo
9 Qg ’

2
n=2: 32a2:—2:>a2:—§, a, = 0if n # 2,

1
n==4: 34b2:3:>b4:§, b, = 0if n # 4.

The solution

u(r,0) =2 — 2(%)2 cos(26) + 3(%)4 sin(46).



