
MATH 3705A Tutorial 4

1. The solution of the wave equation uxx =
1

c2
utt, 0 < x < L, t > 0, which satisfies the

boundary conditions u(0, t) = u(L, t) = 0, t > 0, has the form

u(x, t) =
∞∑
n=1

sin
(nπx
L

)[
an cos

(nπct
L

)
+ bn sin

(nπct
L

)]
.

Find the solution of uxx =
1

25
utt, 0 < x < 3, t > 0, which satisfies the boundary

conditions u(0, t) = u(3, t) = 0 and the initial conditions u(x, 0) = 1 and ut(x, 0) =

sin
(πx

3

)
+ 2 sin(11πx). Write down the complete solution.

Solution: Here c = 5, L = 3, so the solution

u(x, t) =
∞∑
n=1

sin
(nπx

3

)[
an cos

(5nπt

3

)
+ bn sin

(5nπt

3

)]
,

and its first derivative in time

ut(x, t) =
∞∑
n=1

sin
(nπx

3

)5nπ

3

[
− an sin

(5nπt

3

)
+ bn cos

(5nπt

3

)]
.

With the initial condition:

u(x, 0) =
∞∑
n=1

an sin
(nπx

3

)
= 1,

we obtain an =
2

3

∫ 3

0

sin
(nπx

3

)
dx = − 2

πn
cos
(πnx

3

)∣∣∣3
0

=
2

πn
[1− (−1)n].

From another initial condition

ut(x, 0) =
∞∑
n=1

bn
5nπ

3
sin
(nπx

3

)
= sin

(πx
3

)
+ 2 sin(11πx),

we see that b1 =
3

5π
and b33 =

2

55π
, while bn = 0 if n 6= 1 or n 6= 33.
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Finally, the solution of the problem:

u(x, t) =
3

5π
sin
(πx

3

)
sin
(5πt

3

)
+

2

55π
sin(11πx) sin(55πt) +

+
∞∑
n=1

2

πn
[1− (−1)n] sin

(nπx
3

)
cos
(5nπt

3

)
.

2. Find the polynomial solution of Laplace’s equation uxx+uyy = 0, 0 < x < 2, 0 < y < 3

subject to the boundary conditions: u(x, 0) = 3x+ 2, u(x, 3) = 5− 3

2
x, u(0, y) = 2 +y,

u(2, y) = 8− 2y.

Solution: Notice that all the boundary conditions are in the linear form, so now we

need to check the corners:

u(0, 0) = (3x+ 2)
∣∣∣
x=0

= (2 + y)
∣∣∣
y=0

= 2,

u(2, 0) = (3x+ 2)
∣∣∣
x=2

= (8− 2y)
∣∣∣
y=0

= 8,

u(0, 3) = (5− 3x

2
)
∣∣∣
x=0

= (2 + y)
∣∣∣
y=3

= 5,

u(2, 3) = (5− 3x

2
)
∣∣∣
x=2

= (8− 2y)
∣∣∣
y=3

= 2.

Thus, the polynomial solution u(x, y) = αx+ βy + γxy + δ does exist. From BCs:

u(x, 0) = αx+ δ = 3x+ 2⇒ α = 3, δ = 2

u(0, y) = βy + 2 = 2 + y ⇒ β = 1

Also we know, that at the right upper corner u(2, 3) = 3 ·2+3+6γ+2 = 2⇒ γ = −3

2
.

Thus, the polynomial solution u(x, y) = 3x+ y − 3

2
xy + 2.

2



3. The solution of Laplace’s equation uxx + uyy = 0 within the rectangular region 0 <

x < L, 0 < y < M , which satisfies the boundary conditions u(0, y) = 0, u(L, y) = 0,

u(x, 0) = 0 and u(x,M) = f(x), has the form

u(x, y) =
∞∑
n=1

an sinh
(nπy
L

)
sin
(nπx
L

)
.

Find the solution within the region 0 < x < 3, 0 < y < 2, which satisfies the boundary

conditions u(0, y) = 0, u(3, y) = 0, u(x, 0) = 0 and u(x, 2) = x(x− 3). Write down the

complete solution u(x, y).

Solution: With L = 3 on the edge y = 2:

u(x, 2) =
∞∑
n=1

an sinh
(2nπ

3

)
sin
(nπx

3

)
= x(x− 3).

Then from the Fourier sine series theory

an sinh
(2nπ

3

)
=

∫ 3

0

x(x− 3) sin
(nπx

3

)
dx = − 3

πn
x(x− 3) cos

(nπx
3

)∣∣∣3
0

+

+
3

πn

∫ 3

0

(2x− 3) cos
(nπx

3

)
dx =

9

(πn)2
(2x− 3) sin

(nπx
3

)∣∣∣3
0
−

− 18

(πn)2

∫ 3

0

sin
(nπx

3

)
dx =

54

(πn)3
cos
(nπx

3

)∣∣∣3
0

=
54

(πn)3
[(−1)n − 1].

The complete solution

u(x, y) =
∞∑
n=1

54

sinh
(
2nπ
3

)
(πn)3

[(−1)n − 1] sinh
(nπy

3

)
sin
(nπx

3

)
.

4. The solution of Laplace’s equation urr +
1

r
ur +

1

r2
uθθ = 0 inside the circle r = 3 is

given by

u(r, θ) =
a0
2

+
∞∑
n=1

rn[an cos(nθ) + bn sin(nθ)].

Find the solution u(r, θ) subject to u(3, θ) = 4 sin2 θ + 3 sin(4θ).
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Solution: First, notice that 4 sin2 θ = 2− 2 cos(2θ).

Solution on the boundary r = 3:

u(3, θ) =
a0
2

+
∞∑
n=1

3n[an cos(nθ) + bn sin(nθ)] = 2− 2 cos(2θ) + 3 sin(4θ).

From here one by one:

a0
2

= 2⇒ a0 = 4,

n = 2 : 32a2 = −2⇒ a2 = −2

9
, an = 0 if n 6= 2,

n = 4 : 34b2 = 3⇒ b4 =
1

27
, bn = 0 if n 6= 4.

The solution

u(r, θ) = 2− 2
(r

3

)2
cos(2θ) + 3

(r
3

)4
sin(4θ).
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