DISCRETE MATHEMATICS FOR COMPUTING PROFESSOR: PHILIP SCOTT

MAT1348A — Test 3 — Tuesday, February 28, 2017

INSTRUCTIONS
o Clearly write your name and student number on this test, and sign it below to confirm that you
will read and follow these instructions:
o This is a 75-minute closed-book test. No notes. No calculators.
o Put away everything except a few pens or pencils, an eraser, and your student id. card.
o The exam consists of 9 questions on 10 pages (including this cover page). Total = 37 points.

o Questions 1-3 are short-answer. Write the final answer in the appropriate answer box. You do
not need to show any other work.

o Questions 4-6 are true-or-false. In each question, you must select the correct response. You do
not need to justify your answers.

o Questions 7-9 are long-answer. To receive full marks, your solution/proof must be complete,
correct, and show all relevant details.

o Read all questions carefully and be sure to follow the instructions for the individual problems.
You may ask for clarification.

o For rough work or additional work space, you may use the backs of pages.
The last page (Page 10) contains a Table of Set Identities. You may detach Page 10.
Do not use any of your own scrap paper.

o You must use proper mathematical notation and terminology.

Cellular phones, unauthorized electronic devices, or course notes are not allowed
during this test. Phones and devices must be turned off and put away in your bag.
Do not keep them in your possession such as in your pockets. If caught with such a
device or document, academic fraud allegations may be filed which may result in you
obtaining zero for this test.

' By signing below, you acknowledge that you have read, understand, and will comply
with the above instructions.

Famiy Nave: ANSWERS STUDENT NUMBER:

FIRST NAME: TSIGNATURE:

DGD (circle): HGN  LPR  MRT Prof (If not Scott)




Please rewrite your name and student number here:  (do not write in the table of points below)

FAMILY NAME: FIRST NAME:

STUDENT NUMBER:

Table of Points for marking purposes.

Question QL | Q2| Q3 1 MC| Q7| Q8 | Q9 Total

Maximum points | 4 pts | 6 pts | 4 pts | 9 pts | 5 pts | 4 pts | 5 pts | 37 points

Marks obtained

SHORT-ANSWER QUESTIONS.

Write your final answer in the answer box. No justification is needed.

(4 pts) Q1. Let A be the following set: A= {1, {2}, {1, {2}}}

Determine each of the following cardinalities:

= 3
Pal- 2°=9
AxAl= %> =9

AnP@A)= | S ?\,i;ﬂé A(\?(A\) e 2\,{233§-A




(6 pts) Q2. Complete each of the following definitions. Be precise.

The power set of a set S is

P(sYy = 3| XeS]

The Cartesian product of sets A and B is

Av B = ?cam\aé AybeBt

A function f: X — Y is called injective if

VaeX Vea'eX [{-Lﬂ=1ﬁ(a') —> a=a'] =
Vae)X Ve'el [0~=I=a' — {—Ca)#{l{a)]

A function f: A — B is called surjective if

\/ye® xehA [F=1]
.2 for all ‘fé'B Thete ex 1<l xehd sudn M'\' -F(x):y’ .




(4 pts) Q3. Finish the following sentences, by choosing one answer from the list of possible answers below. As
usual, P(X) is the powerset of X.

e A¢B is equivalent to C A i% = A# P (B}
e B¢P(A) isequivalent to A B é P(A\) = B ¢ A

e AZ P(B) isequivalent to G A i ‘P@) = 3 o (aeA A ai B}
o P(B)Z A is equivalent to Iy ?BQLF A BS(SSB A S¢‘A)

Choose your answer from among these possible answers to the 4 questions above
(a) There exists some element of A that is not a subset of B.
(

b) There exists some subset of A which is not an element of B.

)
(c) A¢P(B).
(d) There exists some element of B that is not an element of A.
)
)

e) There exists some element of B that is not a subset of A.

f) There exists some subset of B that is not an element of A.

(
(



(3 pts)

(3 pts)

TRUE-OR-FALSE QQUESTIONS.

Circle the correct responses. No justification is needed.

Q4. Let A and B be finite sets.

(a) If f: A— B is an injective (1-1) function, then |A| < |B|.

(b) If |A| < |B|, then every function f: A — B is injective (1-1).

(c) If |A| < |B|, then there exists an injective (1-1) function f: A — B.
(d) If f: A— B is a surjective (onto) function, then |A| < |B|.

(e) If [A| < |B|, then there exists a surjective (onto) function f: A — B.
T rypo- We'll couml either amowen -
(F i \WW<1Bl T [AI=1BID

(f) If |A| < |BJ, then no function f : A — B is surjective.

ONORNOIENO.

q@@@@m

Q5. Let U be a universal set U with || > 2.
Which of the following statements are true for all subsets A and B of U ?

(a) TAxB=0,then A=0 or B=0.

(b) AxB=BxA.

(c) If AC B, then P(A) C P(B).

(d) A BC AUB.

(e) AeP(A).

300 -0

(f) If AC B, then AC B.




(3 pts) Q6. Let f, g, and h be three functions defined as follows:

f:Z— (Zx7) g: (Q* xQ%) —» Q"
f(z) = (z,5—x) g(r,s) =rs

Note. Q' denotes the set of positive rational numbers.

h:7Z— NN
h(n) =2n* 4+ 1

Which of the following statements are true regarding the above functions? Circle the correct response.

(a) f is injective (1-1).

(b) f is surjective (onto).

£ 50 = (wV) = (%579

“M™TMevn wwW=5S. . ° (O>D) ¢ rM\j/Q ('F>

(c) g is injective (1-1).

gl =13=2a1=3( "

(d) g is surjective (onto).
Given 96 d)*’, & (r,9)= (l,%}-
Then 4 (6,9) = §(1, %)~ 50

(e) h is injective (1-1).

WO = a1t = WED

(f) h is surjective (onto).

W) Z ), V. o O & ranye (W




LONG-ANSWER QUESTIONS.

Detailed solutions are required.

(5 pts) Q7. Let X, Y, and Z be subsets of the universal set 4. Prove the identity below using only the
set identities listed on Page 10. Justify each step by giving the name or number of the

corresponding identity.

Do not skip steps or combine several distinct identities into a single step. You may apply the same
identity multiple times in one single step, but never use more than one distinct Law per step. Do

not omit necessary parentheses.

Note. Your solution should only need 6 to 12 steps, assuming each step makes use of exactly one Law.

(X-2)u(Y-2Z)=ZUu(XnY)

-V F-2) =X2nT2 U (e Mngai)
(D EFeronce Lawd)

-

* ¥nt a Jnz ¥
= GoD)n(Toz) \5 DaMagens

= Gu)a(® ) F  Dodde Covf\?\ew‘j—
- (zu% a\ @_U\O g Commnutalive Lawr

2 U (XNnY) 12 Distadrdive Lauwr



(4pts) Q8. Let f: (R" xR") — (R" x R") be the function defined by f(r,s) = (2r,rs).

Note. R" denotes the set of positive real numbers.

Q8a. Prove that f is injective (one-to-one).

Swppose F(6,9) =§(r, s, Then (2r,0e) = <2r') 's')
2w = At se =0, dloo

fs=rv's!,

S, vs=vs! sine o =c

Yoo ¥S _ ys!
= —

Sinnecae € >0
=

S-S =gl \o\]CMQ,U,u}\éTLQ C.

Q8b. Prove that f is surjective (onto). (Be sure to check your answer is well-defined and solves the
problem).

LY W,V) € R« RT, We vt shew ! 3('-,5)61\2*“\{4'
Suln YAl £(6,8) = (u,V) . e Moams

B(f,S\éR*XR‘- swelw Pl (2(,%‘5);(\/()\/3 .

So we vl have © 2v=uw - [e=uz]

MAO) S =V l S='\//\I" = i(v/ux\. This s
Wﬁ‘dﬂ-%'\mé swee We R . wvo

Onedt: Givan @,V) ao aloowa , Lt =% <=a(h)
Than

£ = (and = (R, (9)-2(L)) = (w) V]
ao /\g%uirc_c\.



Q9. Let A and B be subsets of the universal set.
(5 pts) Prove each of the following two theorems, starting your proofs as indicated.

Q9a. Theorem 1. If (AUB) C A, then BC (Aﬂ B).
Proof of Theorem 1. (complete this proof)

Assume (AU B) C A. Our goal is to prove that B g (A N B>

To achieve our goal, we will take an arbitrary element x € B, and we will prove

that X & A ﬂB

Let x € B be an arbitrary element of B. Then...
Xe AVUB | sine R< AUR .
B wa qaowmed AURS A .. XeA . S [XeA)alke]
coxe AnB .

(complete this proof)

N\

Q9b. Theorem 2. If B C (Aﬁ B), then (AUB) C A.
Proof of Theorem 2. (complete this proof)

Assume B C (AN B). Our goal is to prove that A U% - A

To achieve our goal, we will take an arbitrary element z € (AU B), and we will prove

that xe A

Let z € (A U B) be an arbitrary element of A U B. Then...
<Mwn xe A or xeB® .
Caza 1l . f )\éA )U\)O'/Ul ADV\O v .

Caae2 . \f xeBR Mo Sive S ANB CQ\’\TC\’\
We aaswwmed) | FThen xe AnB . . xe A V7

(complete this proof)

SO = QmJALm‘MS-QL Xe A .

Q9c. What have you proved in Q9a. and Q9b. ? Give a single statement that combines Theorem 1
and Theorem 2 using appropriate connective words such as and, or, if, only if, if and only if, etc.

The overall Theorem proved in Q9:

(AUB) €A 1§ and ovx\\{ F B Q(AQB)




Table of Set Identities

You may detach this page

1. AU =A Identity Laws

2. ANU=A

3. Auld=U Domination Laws

4. ANO =0

5. AUA=A Idempotent Laws

6. ANA=A

7. (A)=A (Double) Complementation Law

8. AUuB=BUA Commutative Laws

9. ANB=BNA
10. AUu(BUuC)=(AUuB)UC Associative Laws
11. AN(BNnC)=(AnB)nC
12.|AN(BUC)=(ANB)U(ANC Distributive Laws
13. | Au(BNnC)=(AuB)N(AUC
14. AUB=ANB

De Morgan’s Laws
15. ANB=AUB
16. AUA=U
Complement Laws

17. ANA=0
18. A—B=ANB Difference Law

10

(end of Test 3)




