The Wave Equation 
Equation: 
Initial Conditions: 
Boundary Conditions: Determined by the problem.
 
The Heat Equation
Equation: 
Initial Condition: 
  Boundary Conditions: Determined by the problem.
 
Laplace's Equation
Equation: 
Boundary Conditions: Determined by the problem.
 
Separation of Variables - PDE's
· Let the solution 
· Substitute the PDE with , etc.
· Separate the variables on either side of the equal sign, dividing by  or .
· Set equal to a constant, like  or .
· You'll have two separate ODEs. Move the ODE around into something you recognize.
· Solve the ODEs.
· Plug into  .
· Solve for the variables using initial/boundary conditions.
 
Functions
Orthogonal - Two functions are orthogonal if   
Orthonormal - Two functions are orthonormal if they are orthogonal and  for all .
Scalar Product - The scalar product of two functions  and  is 
Norm - The norm of a function  is .
 
Series
Orthogonal - Two series are orthogonal if   
Orthonormal - Two series are orthonormal if they are orthogonal and  for all .
Theorem: Let  be a sequence of orthogonal functions on  and suppose a function f(x) admits the convergent expansion , then the expansion is unique and , or, equivalently,  for all .

Solving a Wave Problem in One Dimension
Fixed Ends
You're given:
· Equation: 
· (1D) Initial Conditions: 
· Boundary Conditions: 
· An interval .
Determine your , , .
Plug  and  into the general solution
 where:
·  
· 
Note:  only exists when  and   only exists when . Also, Solve   first, because if it's 0, taking the derivative  is a lot easier when you're solving 
Determine the coefficients  and using the initial conditions and plug into the general solution.
 
Free Ends
The difference is the boundary conditions. You're going to have to go through the whole solving process since there is no cookie-cutter formula.
You're given:
· Equation: 
· Initial Conditions: 
· Boundary Conditions: Determined by the problem. (They involve a  somewhere, which is a hint of free ends.)
· An interval .
Separate the variables.
Solve the ODE in the same way as an SLP, using the boundary conditions.
Superpose the Eigenfunctions.
Determine the coefficients  and using the initial conditions and plug into the general solution.
 
 
Heat Problems in One Dimension
One Temperature
You're given:
· Equation: 
· Initial Condition: 
· Boundary Conditions: 
Determine your  and .
Plug them into the general solution
where:
· 
Solve for  and plug into the general solution.
 
Different Temperatures
If the ends of the rods are kept at different temperatures, then we have the problem
· Equation: 
· Initial Condition: 
· Boundary Conditions: 
 
The general solution is
where:
· 
·  where:
· 
Solve, and plug into the general solution.
 
Wave Problems in Two Dimensions
You're given:
· Equation: 
· Initial Conditions: 
· Boundary Conditions: 
· 
Find your , , , , and , and plug them into the general solution:
 where:
· 
· 
· 
Note:  only exists when  and   only exists when .
Solve for , , and  and plug them into the general solution.
 
Heat Problems in Two Dimensions
You're given:
· Equation: 
· Initial Conditions: 
· Boundary Conditions: 
· 
Find your , ,  and  and plug them into the general solution:
 where:
· 
· 
Solve for  and  and plug into the general solution.
 
Potential Problems for a Rectangular Region
You're given:
· Equation: 
· 
· Initial Conditions: 
Find your a, b, and functions for initial conditions. Plug them into the general solution  where:
· 
· 
· 
· 
· 
· 
Solve for the coefficients using the initial conditions and plug into the general solution.

Problems in Polar Coordinates
You're given:
· Equation: 
· Initial Conditions: 
· Boundary Conditions:
Determine your , , , and .
Plug  and  into the general solution
 where:
· 
· 
Note: only exists when  and   only exists when . 
Using your initial conditions, solve for  and .

Fourier Series
	Period 
	Formula:
	Where:

	Some Function 
	
	 


	Even Function 
Fourier Cosine Series
	
	 

	Odd Function
Fourier Sine Series
	
	

	Euler's Form
Complex Form
	
	



 
Fourier Transform
	Computing the Fourier Transform
	Computing the Inverse Fourier Transform

	
	


 
Fourier Transform Properties ( are constants)


 
Analytic - if it has a power series expansion.
Legendre Equation - 
Legendre polynomials are orthogonal to each other, meaning  if  and  if .
Rodrigues' formula - 
 
 Frobenius Method
 when the two functions are not analytic, we must put them in   format. We then use the Frobenius method.
Find the value of . Then, plug them into the indication equation  and solve for the two  roots, where .
Then, the first solution of the ODE is:

If the first solution is a nice solution that can be worked with algebraically and the ODE is linear, you can find the other solution the old-fashioned way:

Otherwise, you use the different cases to identify how to calculate the second solution.
Case I - : 
Case II - : 
Case III -  : 
Finally, the general solution is 

Gamma Function
The gamma function is defined by the integral .
Properties of the gamma function:
· 
· 
· 
 
Bessel Equations
Bessel functions are solutions of Bessel equations.
A Bessel equation is 
· If  is an integer, then the solution is 
· If  is not an integer, then the solution is 
Note:  and  
 
Identities of Bessel Functions:
· 
· 

Sturm Liouville Problems
The Eigenfunctions of a SLP are orthogonal. 
A Sturm-Liouville problem looks like the following equation:  with some boundary conditions:   where ( and (  .
If you have an ODE in the form , you need to put it into  .
 and  
Then,  and . Note:   is called the weight function.
The goal is to find the nontrivial eigenfunctions  and eigenvalues .
 
 on 
First option, 
	Eigenfunctions

	Eigenvalues
 


Second option, 
	Eigenfunctions

	Eigenvalues
 


Need to test the three possible cases:  in order to find which case it falls under. By using these cases, you find what the two roots of the characteristic equation are. Then find the general solution of the ODE (MAT2324) and apply the boundary conditions. If , then that is not the right case, and move on until you find the right one.
Depending on whether or not  are zero or not, we have four cases of SL problems.
Case I - Regular SLPs are when  and 
Case II - Singular SLP (either  or , singularity at either  or , respectively. Boundedness: 
 and 
Case III - Singular SLP () In this case, there are no boundary conditions, only boundedness on a and b. , , , and 
Case IV - Periodic SLP (). We use periodic boundary conditions,  and .
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