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Componantwise Scaalar mulh’Plfcqh'or)

[23]+058) - [#3
2ad) = [6d)
C}‘?QO}Q qx{oms R an IS dOOQ

in ExqulQ T (P.’-f-"}>
€) |et [axl={xeR l QSXfE% .

= Flae] e e
B (£9)6) = $69+90
(cf) ()= < (§60)

Mention Founer Sepes ...

BV=-FR)-{2 1 2. R-RT



5 Svukseaces

\ Iy 8s.1 Definition and
vector  space cabspace Tosh

W<V a subset

Definibon (4 is called a Subspace of V. wsv
I? i %A\(&\'LH is endowed ity the adduihon and Sealar
rultiplication o V, it is a vector Space. }d‘.sz(?

Note

122> I xe R] < R?
)
with  standard operations

Theotem (Subspace Test)

le¥ V be a veclor Space . B subset WeV & « Subspace
Og. N "W e %\\ow\n% \hold:

) oew
GY Yu,veld: u+veld (“closed under qofdjh'ona)

(i) VeeR,YueW: cueld (" closed under Sealac
multiplicehion >

|deo oﬂof the ‘onog
(1), (D, (i) enswe axiems @, ©,®. Axioms O-®
are inheated &om \ , as seen ot the beainnins O%*\—Q_LLS
\eckuse . And s yields () on discussed in Lxercise klbb.

S )

becauge :
0 =(0t0):r= OV ¥ O -
= O0=0-ar




8§S$.2 Exom ples

C \nooSQ W, =

Q) Plones ‘\\Wou%h e oﬁf&m \n Rg g wbs‘*ﬂaoﬂ
1 Veckolr
T=1 uelR® | u-f)\=°§ = K
tgixeot yormal (\)Q.C%"OF n %o

proo% HPP\S 'HI\Q SLBSPO.CE “Qsjr
() 0OeT becouse O-n=0.

() let uyveT. Then, W+v) 0 = W +v-N =o.
So, wtweT.
(%) Lot ceR,ueT. Then, (cw)'n =c (wn)=c-0=0.
W, Cuel.
=

Note lf o ?\cmc doen not g0 Wfou%hﬂz

or\%m () is vot sqh3$@l omo(’ J{' 1S %*e%“e'
Dot & subspace. d



26
LECTURE 7T U

Recall the subspace test:

V' wechor space , WSV Subset. Wis a Subspace o? V fﬁP:

() cew &) VuwveW : urvrel (i) VceR,ueld: cuell).

We have seen :

ln R3 . any plane Jr’nrouah (GYoTo) === Su’osfbaee

any plane  not ‘Hnrough (0,0,0) — no Subsl::ace,

Nouw> :

-

[ Rn= any  line ‘H\fbu%\w (@509
Proof

——= SubSPOLCQ
Let deR | d+o. be a direction vector.
L={td [teRT .

() (0,s0) = 0.0 el .

@) £+ ko = (babddel

() - Ga) = ) ol el . ul

any line  not ‘H‘)fOl&SH (®,-,0) — o Subspace



@

S N= F(R) ol "¥and " on betor

P = {'Fo\ﬂncmio\\ ?Ulhi:‘\'ions P_,Rj < F(’R}
——
con be astiffen an
POO= O XD o TAX +Ae

d) Definitien
The Hanspese of an mxn matsix B s the
hxm mokax QY adwse rows ae o columns og R.

s 5T o Ya c
d b al a b
- el iy
Definihon 7
Re ™M, (R) Samme}n'c e RT=P

\=M__(R) oith *+" and ™" a» before
S = {neV | Rsgometse § = faev | aT=n§<V

(\:’(001’i on '\> Sé ,,V

S¢ THE SPAN oF VECTORS W A

| —

_\LEO,TDR SPhce

Two avowe o? o\escﬁb\n% Subspaces:
O w={ thina/a | conditions on 'H'Winﬁs 3
Zelie {(&3&36ng | x -24+2 =0 g



@)  u-= {’c\nin%{a with parameters |
param elss ave tea §

eq {[13] | abdeR]

/
o e] o] 4 37]
N

3 basic In%reoliedﬁ

§G.l Convex-\-ina %om ) (?)

Example :

W = {(x,ﬁ,z)eﬁ?g’ X-2y +2 =0 }
{ G | XgeR, 2= -x+247
= { G0y x429) | xyeR ]

s
= % (1,0,1) + g-(o,1,2)

\ /
2 agic ingrﬁo\ieﬁ‘\:

862 Definithon of Span
Vysos s O €V
Defhimbhon
() § anomelR | then av+etanvy is called
o lnear combinalyon o? W2 2y00e Vi o




(W) span e 'Lfm'&
== {ot,fu, t ... taAmVny \ a.,.%qmerﬁ}
= se} of all [inear combinations of W yuue, Uny

We Sow: @, . Spans Sf:an-{ﬁvu...,vmg

M S a SPanfn% Set g’f
Span S, .\.)ft}m%

(%) B wector Space | or SuESPQC€.> L) is M

bg Ve 0 fF w=SPqn~(v.,..., M'ZS,
Exqu\QS'-
° In §6| e had U):SPQD{(‘=°°‘|B><°°"23?S'
° |n the ?ve\\‘m\nqdes to §6 we haok u={[},‘21,[?;] [gﬂ?g

Note  gpan f(l,o),(o,l)g = Re
Spany (1.2), (3,6)1 4 B2

/ A spao f(l,Z),(&,é)%
Gy [

= span § (1,2)§
= {x-(112) \xeRY

T = {20 \xeR]

We know Haig Space
%om lecture 6 |

{a (2)+b-(86) | abeRS
={o(12)+ b-3-(1,2) | a,béﬁg
= {@+31) - (1,2) | q\beRg
=§x-(2) | xeRK



§ 6.3 Spamned sets ar Subspaces

Theotem et V be a Vects Space, (o ombe Vs
Uu:= Spqﬂi‘\f.,"')%’“}' Then,

() U s @ sibspaee o V

@) 1§ Wis a subspace of V unth {’l’.w-ﬂfm’ggw)
bhen USW). Hence, U (s #e “smallest”
Subspace coﬂ‘mim.in% T gy Vi §

B
() Apply the subspace dest:
O o =0 VU, +... +O VU, € L
@ ©w= Vit Om Vm, Umh et b,V
Than, a+v = (0,76, v+ + (amtbm) Uy € U.
® ceR y U=V, 4o tAmVUm. lhen,
cw= (cap) v, +...t(camvm @ WU .

(ia‘) cleac |

Exomple W= {(x)t:B)x_tD \ X.%G}Q}
=4 x-(1,0,1) + u ~(0,1,~1) ,x,aefR&
= SchZC\,o,l))(o,l,—l)j
> Subspoce O? Rs,




LECTURE ® @

Bt the be%ﬂn‘ﬂ%) show Slides o i”usjrmk;
and re—QQPH’M\OU\‘Q the. notion o? oL SPO(D,

Then %ive_ the PFOOf From Page (29).

(i) Since {fu.,...,vm} c W and Since (W,
\aejn% a vector Spqce. [ closeol unde(
addihon and Scalas mu\‘nP\lcod-lon
It must contain Span for, . umd = UL

|
§6.U Subspaces of R, R: R3

a) R : {F, R.

Y
4

1? W isla subspace of R with oxuell,
then every xeR s in W:

X= (X)-uw e S\mﬂ(?u}) G
Hence. | w=K.



b) mz‘ s gor& : Lines H’\rough O, Rm- @

ldea: =
A Y. _ @

Bithee W={o] o 0O+ uely

In_which case Span {u}gw.

Then, eithecWis line thiough 0, or spanfif 3 el

10 ohich case span {u,v} ¢ Ly,

Then, W=R

3 -
C) R> - {0  Lires H’\foua\y O, P\anes Hﬁrouﬁ\ﬁ O, RS.
ﬂnodo%ous\3~

(«'\
Exploin Wt'ﬂua ]
N 006 and




6.5 Final Remark.

The theorem Qefom §6% does also allow ws
Yo check i’f two Spans  are 81/‘40,[:

SP“‘{H.;«--)“M% = Span {'u,,...,v,,}

=> {u,,...)umg Q qun {’(U];\'-.)vn%
and {q}\a"wvng < SPOLQ {u”'“’umz :
Exo\mg\e
Spon { (1,0), (0,1} = span LQs09s QO
‘becaw:ei

C= 3 ()=40) )= 20)- S et e,
()= E)+(7), (Y= ()-(3) | so*2"

\\) ”

Hence, “ =" | Q

s _LINEAR UN)DEFENDENCE

S % DifPiculties gaith Spans
Re call Ywo P\r\n_nomco,hl %Om §6 "
a) pan % (\,o),(o,\)k = SPQ”%W(MI))(IJ—I)}
It is oot obvious 1€ o subspaces
A equoal just bﬁ (OO\R;Y\% ok Woair
SPANUNY  Sokg




b) As seen on the slides J?or Lecture B : @
Span {(1.2),2,1] = span {25}
The number of’ elements in . spanning set

O\O% Not necegqﬂ'\j tell 30&4 how “bl\s ”*

e Su&quce IS

Problem ¢

(1,2) | and  (2,4)  oare colf
A /

near.

Tj@(g ﬂna\oaouslé 5 (l,o,o)) (o.1,0) 3 (l,\,O) eﬂ?g

| R coplanar | e all ‘
e 49 @ plane |

<pan % (1,0,0Y, (o, 1,09, @O g

= Span %(\,0,03 » (0,150) %
o) Plome, ‘H\rouah e “

\\

—

1.2 Collineqrf{j in algebraic ferms y

U.; \' CO“\“QQ( S enouah)
= U= h'\)‘ %o\‘ Some lgeﬁa 4 |mo\5me v=oY

or W :K-\,\ %0\‘ Nolygl-} \QGQ
& FJabelR | not beth 0, such that:

T S R G
w



Examples @

a) (1,2) and (2#0 ove collinear becoune :

2-(V52) - |- (2,4) = (0,0)
In parheular, lineac combinahons ave. not unigue :
2-(1L,D) = 1- (W) = o (L,2) + 0-(2.%)

b) (2,1) and (0,0) are collinear becaune:

0-(3,1) +17-(0,0) = (o,0)

§?‘~3 Co‘:\a.naﬁt\i in Q\%Q.{)\‘Oﬁq Jerms

U, v, W coP\anar
<= w=hv+lw For some k,LeR
of v=ku+lw PLor Some R, LeR
of w=ku+dy & some k lep
S da,b,ceR | not all 0, such tiat:

ow + b +cw =0
\ 3_.
n-~|
Examg\e
(1,0,0), (0,1,0) , (1,1,0) ove Coplanar because:

Jo (CllCOV s a6, (@) = 0a(lll; [0 e (56,0

§ +.4 :‘)Q%' nihon

De Bimilon
V  arechor space , Vs Um eV. Then {7},,...,&),,,75
s linearly dependent (LD) if there are
Q\).._1QMGR3 not all O, such that o, 13+t BmUn=0.




[SERGRH .
i RE 1 Test 2 on ok @
Mondow , October |1
Qeca“ %om losh time - ’Du(‘aﬁ:fg: 3S mins
Confent: upto and including &9
Definition

V wvector space , v, ., wu, eV,

G S
) {Vu.-.,'\)m} linearly dePeno(QnJr @ LD")
& Fa,,..,a.€R  not all O, such that
Vv t...taanY, =0

(i) {'\)\ Sy linearly independent (ML 9
S {'\)\)“,)'Um} Nnot LD
& The Oﬁ\3 Soluhon 1o QU e FOMVUpn =0,

|S a|='-~=am=0.

Hence :

w, > cellinear <> {u,vl LD

w, Vv, W CoP\Othr & Ju,vwl LD
\
Somehmes {..¢ ig
omi tteol
8§31.S Examples

See pages 8o and Bl in VSF. Hiblights:
o) {(nod. Nt LI

becouge s

()b 0)= () & 30




&
A Il B Ul e Ma®y Lo

be cause :
s (ze]-e ] = [e2]

C) {XZ+L\-X+4)XZDX+ISQE LD

\:ecou,uae-.
(PR L) - 1 (3) -4 (xxt) =
d> Exeteise:  {(4),(#)} c R® L

{ 73-’ . %» g\)t‘] <K LD
§ 3.6 Observahons

O {0l L1 e v#o

Proof  First, observe that forall ceR |, c.o=0.
lndeed | €O = ¢-(0t0) = €O +c-0, => o=c-O.
Now, \f w=0, then 4.4 =0, Wwhence Tv§ LD.
2 v %0, then consider the @qruqﬁon Rer=0.

£ Hare 1wan a ko Soluing it then:

=ih.h.v=—:;-o=o é

So, e can't be any Such k., = {'b{ls Ll . a

{‘U\:.,.)‘\)‘m} LD = am:& ser Ccm’ra‘m'mj {v.,u-;vm?y LD

{'U\,m ,\)m'& LI = ony Subset o? {v\,...)ﬂ)mz, L

Sketch @ and @ Y

®© @



® {0} LD Special cone of @ ¥
@ Hms get Coﬂ{'qining io} LO SPeciq\ Cage 0? @y

{ @ {u,vg LD & One weckor 18 a mu\\‘ip\e o$
+Hhe other.

Proog: YS" auwsby=0 (a and b not beth O)

--5
Crioge S N _» R aso, then we-o.

a;% \f bto,Hun v =-2u.
=, \\éll \€ w=aqs, Mn “LL—Q.‘Q)“:O: {LL,'\}} LD.

\§f v=auw, then a-u-|v=0,{uv]LD.

D
@ A sebt wth more Haan 3 veclors can be LD
even '\—hou%‘ﬂ Yo two o mu\HP\es oﬁl each oflor.
Consider: ExaMP\Q B ov
{(L)\;-—‘:q)‘m(k LD & J ke{l,,...,m} such that
V, € Span {m,‘.\,ﬂ)k_l,\)k“;...,'\}m}
M R a, U, too. ¥ Ay Uy, =0 (ﬁO\' all Q-‘=0)
Choose R such that o 0. Then,
= -2-'. o _Qk-l
(\)k a, D i I\: = ‘-—-o::‘ "U;“\‘...‘%\—T"Um

” :
Hence fuk e Spcm {’v\ 5693 bW W s o 5 '\fm-g .

\ /]
& =
(l}b\ OL\‘U*‘ t... +qk-\ Q}k-‘ +o\k*\‘\)‘k+‘+.u+q"\q}m
=0 (not all Coe%: =0) 0

\n 8§89 e Wil be ‘Oohmﬁ %r
|| SPonmna Setg V



§8 LI 9ND SPANNING SETS

§g.\ REDUCING LD Spanning seis

Recox\\ : SPCm {(\52),(?-,4)} = Span {(\,2)}

A\
%

To prove. WS | we observed hat

a-(h2)+ b-(2,4)
= a-(12) + b-2-(1,2)
= (a+2b) - (1,2)

Thig can be %szra\ized:

Theorem

Consider spantv,.,vm{. 1F v e Spanfu, . o] | then:

SPQ‘“{”\V")‘\)M% = SPch:vz,... ,rum}

Broo "2" is clear . We @ive an argument %)r Vet
Q)“ = Q2'l)'z+.-.'\'am(0'm a NOU)) ’ee'\' LUGSPCU\ {%,...;q}m'k.

So, w=hay+..tb_wv,. We can rewnte that,
TR b\ ’ (sz}.*‘ o t A v'rr\> + bz'l)z +... '\‘lbmv‘m
= (bz‘l‘b‘al\) vy + ...+ (Bm'f- b|qm) Ak

= Span {'u“,,_) (Um% o

Me_ssa%e: We can feduce any LD S\)ommng Set.

USe Obsesvahion and the above theorem V



linear combinahen
O? +the RA‘houn\ng
ones

w=span§’(u‘,v“vg,qf Ve, VY, Vs '&

=ASPQW‘{'U“)(U’2> q}q,") fu, v’g

a mbinahon
= SPQD S;q}\‘t&z>vq,'v§,'lfg \\ne_qr combi

L

o'? ;\&o_;w remaim'rg_

even{—uql\j L



LLECTURE lo

Show glides fo %{ve students an overview
over the tests FI4-TQ | WIS-TR, FIS-TY
and {o recapiflate gz fom |ast hime_,

'Do‘m% So, obsetve.:

©) O v, + O v, tO v + | v, tOv. =©

Z Uy T 0w, + 0w, + O+ O g € Spaniv, v, U}
b) O v + 2 t0v, - v, =0

> Vg = Ov, =20, +Ov,; € span {v,,v, v, 1
C) Ly = Wy = {ay = ©

= U, = LV, + f’ljg € Span ‘S”\;Uz}

&

§ 32 lncreou.sing L] sets

Theovem:

et %qyw__,, Vm‘& LI omol consider qun%,,...,omfg.
Then,

-{'q}) Ve, U § L S 0¢ Spanﬁv,,...g\)‘m}

Proof
0o BA Obseryahon ) none o‘? V, D, ey Om
?S Qoh\‘ot‘\ﬁeo\ e MSPQQ o? {—&_demou‘ﬂm%

ones. [n Pq(’deulqr, o s pot.




\
\

= vespan {U, ., Vm§. This is het PQSS'IHQ

So a=0. BRut, since T e i e (s also

q\:...=qm=0.

Consider av+a, +..4 AnVm =© -

|$ a*o, then v=-Za-.. - F On,

0



MeSSQﬂe‘ We can incease any LI se- an

long an it does not odreadts span the
vector Space.

S’rraﬁé Y

¢ %0\3’1}2} L‘
bub span {u,, 4, % + (0
F=— (s
N {v.,vz,vsg U & Spanu ul
but spap + ()

US\Aot\\\\)> , we. consioler T
e
w‘.\,\n SPQni—.w t P 1)])’1}0'-1);;
{ § 8.3 Examples

£ ;,Q) 1P1, : {‘XL, f+2x\§ L[ “Slnou\O\ be
?{fS\' )) 2Rro0 everuwheye_”

O
\.QQES:T\“% =dody ) @ a%0 , then 'P(x) could have at most

%Y Po\ﬁhom(a\gv ﬂoo foots. So) a=0 . Moreover° P(o)gb.
’ So, k:)'—‘-o . ‘

1Y

= ax+ 2by 4 | SIS <

X* & Span {x, |+2x]

Similoac qv%umen\'.

Hence | {xix’“) \+2x% {1



b) ™M, (R): {[‘Og])[g;]g L)
= S e

= [ b l Qo
O 0 == o 0

This s Onl:S POSKUQ ?or az=b=o0.

[lo ﬂ ¢ span 5[32], g;]}

Similae arg,umen‘f :

Hence { [(‘)‘ﬂ | E)g]) [201]3 5

<) TQ\L\ : {(I,M,\.) , (135,6)T Ly
(1,0,0,0) § Span {(!;23\,\), (\,3,5,6)§

becouse
‘ | ) [ =a+b
<g> = ? +.|3(§. & 0 =2a+3b
o i : SR

O=Q+6b

Hence . 1 (1,2,1), (1,3,5,6), (1,0,0,00§ LT.

tb\\eg{culté:: —F(ﬂoun% & SPom {} ]



89 "Basis and o\.(me_nsiol @

§ q.l| /Recq‘b.l"“laﬁon O? § ® m
o =

04— T Lo —,
@ 0O ¢—— ® «— 4
\Ho

® > 0 > O
i

—t

—» # elements
in the set

"o L el s‘laannirﬁ V

OutloR  The # elements in e set “o” does not olepenel
on Which set 2ve starled and inko which
dxrec\-ion we  awent

( outook

It s a P(oPeﬂ\j oe \/, and s calledl
the “dimension” o? V. 905 Sebto”

, I.e. any
L sPanninﬁ Set , is called o basis” 019 V.,

§92 Example in R*

/’a) g — {(50)} — I[(l,o),(o,l)t(

—~. LT
%‘S¥ ) 5 sLP‘q:::lﬂg
Sidexemark.

Coudd we %o %v\"ﬂer maih\ﬁ(\ﬁiﬁ% LT % = No!

lndeed | ¥ veR® then = a-(L0)+b-(o,1),
> (o) +be(o) ~lw =0, = {(1,0),(e,1),v% LD.



b) {(\)23,(3,'-0,(5‘,6)} —
LD and

Sparmin%
5\ _ | 3 E=at+23} e L a=-l
(6)--—0(2)*-]9(”) ~b> B 55 S I da. ™D 5"‘2

So, (&)= -Gy~ 2(3) .

0= {(“2))(30"03

L\ and
S‘mmM n%

Sideremarik,

Could we ge @u%er ma‘m’tqin}n\c‘ SPaﬂm‘j 2 — No [

Indeed |, both span {(1,2)§ and span {(3,4)5
e |ines ‘\'\m“oush O and *f&areﬁ:re +R*.

Hence

e dim (‘/R2> = 2

° {(‘,O),(O)Og and g(i,?-),(fé,"})z( ate bots
bases of R*.

§9.3 R general theorem

TheowkM l? o cvectol Space V can be SPanned
bﬁ n veators , Hun omH LI subset has at
most  vechors,



Mescages

Size cm? any Ll set in V

< size of any spanning Set of V

Examples
) R* = span {(1.0.0), ¢0,1,0Y, (0,0,1) 3
—— 9n3 Ll set in K2 has aof most S 'uecforSJ
any set in R* with at leagh b4 wvectors is LD,

D M (R) = span {[12] 1] oot

= By LI set in Mer () Gravs at most Y weetors
3

an‘j Sef n Mzz(@) 743')'“‘1 el /QQS"' S'UQQ{'OES (s LD, |
) U={Q)|xyeR] - speo {(8), ()} < R®

= fny LI set in W has ot most 9 ruec\"DFS)

Qven %ou%h thee are [ sets awoith 2
veetols in Ho Suvrounoh‘nj quce TRs.



|l ECTURE ||

B nnouncement

For the test on Morvdcis > You must bn'ns Cour
cludent cord . You may be asRed %r .

Hink &0 +he fest ...
\? L(ou wWant -\-o Prove qu’r Some. sbkmamF

s coffect %(Ve. & general argqument . IF You
nwont to Pfove that some SwLa\lemenJr (S fwrohg,

COWS'\TUC\' an e_xP\rC{)r Qoumlerexamf)le (wH-h
humbers,...)_ 7

Yo show that
the slalemaont

ot certain axoms

gl !

QQCQ\\ ?rom last fme. :

Size of any LI set in V
< Size of any SPanﬂinj set in V

§3-4 Time for defimifions

et V be o Vechor Space and fv,)...,fum% A Sek
O? wRtOrS N V {q}|>~~~>®m% Is CanQOK L LDQSIS

o-%V i? i+ s L| and it spans V.




b, what it o basis:

° LI spanning set of V

° b183e5+ oboss(lole | set inV
e Smallest Possible Squnm‘nj Set in V

EXamP\es

Q) 3(0),(0,10§ ond {("7-5.(3,4)3 ot both bases O% R*
l)) X SR i} VS o basis o? = <Pfoo$,2,’)

) L)} and {(MO),(O,IX(\,!)g are nNot bases of R

Theovrem

ke {'\)l,...,’\/‘mz anol {w.,...,wn} are Two bases
for o asechor Space V| Hun m=n.

ng 5;'0\>-~‘>“5m73 Ll €wl>“‘>%"} Spans V|

= m<n . ﬂn&loaouslﬂ, n<m. So, m=n, x|

Definifion
£ V hon a %mk basis {'\},)...,'\}m%, on
the dimension of \ is n | dim(V)=n. £
V doenn't have o Piwite bonis, Hen if is
in%V\,&*\-Q,OL‘:MvL%QOﬂQL.



§c1-§ Exa.mp\es
oy dim (R*) = 2

because {(l,o),(o,t)& s abasig 01‘3 R

b) dim (R*) =23 , dim (R =n (see Example 6%

&) dim (M, (RY) = 4 _ dim O () =

(see. E)mmP\e 6Cf>
d) dim (R) =2, dim (B) = n+]

(cee Example 6%)
e) [P and F(R) are infle dimensional.

(See EmmPIes Jo —?L\\)

£ L={[2 5] [ ab.ceR]
v s RS 0T o e

whance  dum (L) = 2

m;&) B { (x+4, x+y , 2) \x)j,%eRg

= 3pan {(1)\,05) (O)O)[>§
Hence , oim (L) =2, \,\

h) L={(x,3)-x> lx\%eR}/@
= SPQO{' (1,0,-1), (o, l)O>i

Hence , im (L> = )



_§ \o Dimension theorems

The crowning 019 Pqﬁ i 0€ the. Coursey
Net Poﬂ' of tfest 2 ...
We already Rnow:
Size Og any LI set in VYV
< dim (V)
< S\ o? any SPamihs Set o? V
Just recall Yuat ane Moy unk 0? = b%fs e

‘Di%@g\— Fossib\e, Ll sefr n V and as smallest
Poss\\ole S\Danﬂ} VLQ Set o? V.

So.1  Obtaining bases )

Recall +hat

‘ O Evéﬂﬁ \{neoﬂ\:s wndependent sutget o? V can
be exlerded. fo o asis 0? V-

{(\,Oﬂ P, %(\30) 3(\ y | \).g

(23 E\/e_ca gPomrﬁYlﬁ Set oﬁ V' can be reofucea(
o a basis of V:

[0, (@0, (1,0 ~> {(1,0),¢0,1)]



If we Roow Hhak dim (V) <o ang v |
%Qﬁ'\' +O %‘QO{ &N bQSlS %)r a SUbSPQCQ u)

wWe could ether slact toRI\NG.  Non-2¢ (o
Vv<cfors %am U ‘%ofmiﬂj \QFSQ(‘ and. lafaﬂr

Ll sefts or slart anth a sPamag Sef

o‘% L omoL @ & d.omﬁ. @5\;

o '//\

N \' |
rf‘ o
) €D, /
( /'/V

g 1
E



LECTURE 12

S l0.2 Checking %\- bases and dim of subspaces

Theoremn | et V be o vector Space. Wt
A (VY=n <o, Then,

() any LI sef {v,,,..,vn} 's abasis o?\/.

(iv) any Spanning set {'u,,...)rvn} s a
basls of V.

) \§ {'u,w.,q}n'} '+ Span W Fich

& span {'U.,...)(vn}_ Then, {'U, q}u.”)'\)nf&
VS B Contradichon 4o

Size @? any L} set nV < oUm(v>_

Gf) \? {v,,...,f\)ﬁfzg Loa L:D) Mmove one.
elevwiemky qofout Anoruging e Spao,
Then | Lo, Vpars > Vn § is shll
Spenting Ve o co ntraclichion) ol

oim (V) £ Size 0€ any Sf:qnnins
Set o? Wi



Theorem Let V be o aveckor space. wnth

djm(\l\ =n <o, let U be a subquce og V.,
Then,

() O < dim (W) = dim (V)
() dim (U) = dim (V) < U=V
(&)  dim (U) =0 <> U={o}

Compldc Ptoo$ on ’P.\OS o? V'SFZ For e_xamp|Q:

(i) =" ek dim (W) = obim (V) = < oo . Suppose.
that W g V. Piek any véV anth w4,
12 {uisssunl e & basis of U, then
3V, UpseesUn § e a LI seb in V, by §8.2.
In contradichon fo-
Size og any LI set in V £ dim (V)=n .
()
Note: £ Y is a subspace of; Vo, olim(U)=m.
Then ; oy Subspace c? V' achich is contained

i s T glsel o subSPQCQ 0? U and | an such,

hors  dimension < m.




—

Q103 Tise examples | @

W) {(‘:2%(3:"‘)} N L' becouune Nong oF Ha two WC"OTS
is o multiple of the other, But, dim(R*)=2. So

$0.2), 3T Ts a kasis by the List thoovem.

\:} 905 gubquce Uef M,, (R) haw O< dim(u)<
becawse dim (Mu(“?)>='+. \? olim (b(3=’+3 then U
s the Fu“ Veckor space M, (R).

Sio.4 The cfomning‘_-—- Coordd naks

e RO R HESHE
B el Vmi/'\*e-
bosis : %\;}“&d‘ =

Bes % (5\) 2 (3%) } " using ®,




Why is that useful 2

(f) R UHO(Q\_SJ(Q(\O(A‘Q%” PFQS(A W}CLQ)’S o MP[ \'Codsegl SFQ( cesS .
Tt

basis: {x?x, lg =B

@3

Fx"-3x+ 5

e [2] _ idenkify : <4>
5 B .
8

S

((\') Choos‘mg “otﬁbfoeﬁai-ﬁ” Ceordinate SaS\lQMSf

/

\ Qe,?&dw’on al Ls-axis
e
ry S

EE & = G
"\/" %

A Refleckion ot axis
Spanned by (5,2)

e Nl

Y

We. maﬂ olve. this \05 choos'mﬁ a pew

basis R:= -2(5.23,(2>"S>}3
{‘;]& > [—ﬂg

Now, we only needd Yo magler the tfranslation !



$10.S Final Yheorem

whg s the addvwess un{%ue?*

Theorem

Let B=$wv ;%5 be an omlewl kasis for
o ector Space V. Then | %or every vel/,
thare are ‘*“(QYUU’- Ay 5ees An €K Such k-

a
V= a,V, t.-t ApVy = , 5‘]
B

g

Pmog S\?ﬁc\‘\

Exialence O? QA 5aeay Ry @V\Q s clear because
B spans W, Suppose there were two
addwesses a .. aneR and b, . b elk.
Thon
O\ V) + . ¥ 0V, = b v ..+ b U

=) (Q\_b\\ 23 S S -\-(qn~bf,§run =

= Vi o«;-—b|~=o ( because Bi‘su)

= Vi: a. =b;

. I : . [
Tha 1S umc;ruu\ass, O

End of ottt T, now it is @oih% +o ke

MmMuch  YMofe exp\ioijt..-



:§_rll So\ving snskms o£ lineas eiuqh'ons @

R %md QFM'SHOQ %Om last aveeR : “ Howy 4o
detect LI i€ Hhe numbers are mot that QQSJ?-”

S Il.l Mohvating exam?le

R ORONO

>

We oare \nterented in <olubons kot

e ef) -

Rewnte , but now each lina SeParq{.e\tS;
a + bbb + Fc

homo ceneous
200 + §b + Bc = Ninear” system *

that is ¢ all
30 + 6b + 9c¢ = RS-
\m/’w/

This s a "linear sis\Lem with m=2 eguations
oandk 0 =3 unknowns / vanables .

We are inlerested 0 K set S R all
solubiens  (a,b,¢) that Sqﬁs]% the above
e,e‘,uaHons simutaneously . The set S s

calledl o “%G)/\.QXCL\ solubon” {6 tho [ineor
S\axokm.




LECTURE 13

1.2 Three eagy examples and

Re CQP{ {'U‘CHLQ

S 1.1 woith
- s\i’;\oesz "-\Lu ,
important anbu\a.\'%_ includlin
voarb ary
Q) ar 2b =T b) a+2b=17 <) a+2b=7%
da-b =Y —a-2b=| Ba+bb =21
a +2b =13 a+2b=7F a+2b_=-¥
B LS -5b = -lo O =92 4-\/» i O =0
fer b=t
b= 2 é %‘_{Q. patame
o= 3 a = :I"'" Q‘t
= 8= {(E))] > S={}=¢ = S={(3-2t,4) |
Y4 teR}
@ﬁﬁ'l 2 . o = S= { (#o)+ -(-2.1) \
a lh\')omoaeneoug :
Vinoac syStem” t6R§
thot is: not all Y et
RHSs are 2ero Q)

one. sSoluhon

A\

> m
congistent

HQ,VQ—> AQOe. AarNe QOthﬂ% 6N mu\'\'\‘b\e_ O? onNne Tow ‘\“0

inconsiglent :
linear Sg{ﬂem

lingar gag{em" ¥~ that is: at least

ea{,uqh”o ns"

no slutieon

60 many Solubions

one seWhon

avother, R, -2R, = R, . This slep does rot
Chamge the agneral selufion S. Details later |



§1.3  Observatkions

Q) Hoﬂ')oaeneous [lnear Sds(-ems are qlwwa/;
Consistent because (o,..,0)eS.

b) RAny linear syskmaoith o olegenera#e inhomo&ene_ous
Qc?,‘,whon IS Inconsislent.

~ Leaminﬁ vooa‘)“ﬁmj is important at eus point Y

Theorem ﬂn‘:& \ineac S%{)\Qm han eithier no, one, or

‘m%mk\ﬂ Mosiy solutions .

Nele that x2=64 , with ifs two solubions, is not . a linear

Syntem !

SilL Elemen’fqu row oprfationg

In out three casy examples | (e added multiples
Oﬁ one tow to ancHaer 20ithout chanaff)j ‘Hu_a,@wqmﬁ
Sluhon . This allowed us 4o s«‘mpu‘% S ga/y}em

So ik we  coulol, %na“i obtain  the 8;znzml
oluhon.

Similar moves :

@ Rdd o muHiPIe o{i ong row to anclier
@ Inferdhange. 4o rows.

@ MuH%P(tS a ow (33 A NoN-2fo Scalar.



{

These moves are called “e(emen{a:j row
oPeraHons”,

© finy solution befork an ERo will shl

Note that :

be a Soluhon Otﬁ-er an ERo,
C E\/er:j ERo is reversible.

Thereﬁore, EROs don't c/;anje 7‘@18,@@:4 Soluhon .

Example in shorthand notabion

Ly
S
6

;

[ 1
2 80
3 q9 | o
—_—

'Coegic‘(eﬂs'
o knax”
"Tow-
eauivalent’
\ (L
=~ @ & 6
@) —6 "2 O

free pajameter c=t

b= ~-2¢

. cwﬂmenkol

R.-2R, => R,
R.-3R, = R,

o= —hb-Ft -gE-Tt=¢

&P



&11.5  What aw we aimin3 at: REF & RREF

Def A matix Camamented of not Y is in row
echelon ?orm (“REF") ,‘F._
() Al <0 rows are at He botfom |
(i) The &t non-zero enfry in each row 18 a |,
(i) Each leading | s 4o Huo n*aw. of the

leading I’s in Hu rows above. .

It is in  reduced row- echelon form (“RREF”) 2
iﬁ ado“'\'ioﬂ>

(CV) Fach lequnS | s +he on'\lj Non -2ero

en{vx in its column |

whs is RREF even befer
lwhon: ReF

RO \ 0} C/R@
c - Y
~ e ) 2 | = «

. © © o© O

Golumn without
|qul£na [

~> Pree Pamma\-er C=t

agolumng
Wi h laqob'nﬁ |
~» No choice

¢ We can readl oﬁF a Senﬂa\



| ECTURE &

What are. we. CMW@H3 O‘O“”S :

%

defermine. if fead off SJ

S has O, 1, or
ing\'n\*els Many
elemenis

How o do 'H0q+ 2’

© Copy coefPicients and solubion. vedior.
D¥® GowR eliminadion

L\ wamen’reo\ Makrix

Fack

Eve,rj matnx
is quud\/q\eﬂ\'
o oL unigua.
maimx i(i
RREF.

®E® Now.. L /
Slicles ¥

P

Lecall 3\069\’
honded out
L,QS\' LQC\"U'Q’Z




1.6 Reqo\inﬂ oF.? o. genefa| solubion

. [o — :
( Note - P2 q] s in KEF but not in KReF

S

Q\reoml\d See.
‘H/\a‘\' *Hwe S {.Qm

\S Congia nt¥

(28 %121 s in Reeg

P N Selubion

15 neas ¥

> “non-PiVo'\'” = Column oithout |eadir8 |
~> Lee pPorametes v

P =" P{Vo'}": co(uMn ’\,J"l'l'\h \QC\OUDS \

“~N No choice V
0

Cheooge
=S > \X?.'\' 3{: =0
= — xa: -g‘: — -S
"#\9 X3= 2 ? Xe= 2 = s:{(it JS,'CGE
S
Rnother example:
(‘ : GRS aRN
Ca\l vanables \v4
>(l 3”'>X’-I o

@qO\:
co () e
© O O

o

d
b
K}

) %*O = g“€%=¢

b) 9q=0 = X,+a-g +b-t =d
X3+ et =R

X‘ = ol—QS‘\:t
X5= ?—Qt

d-ag-bt
=D <=
e Sgw}



Yet  anothec example :

@ O Q Xi=Q Q
O@ b => X2=13 => S= (B)
R S X, =cC F

N
@ Qow o? QPE “O Q-0 \ % " Z (“olegenera{rt
‘{es o \"nhomoaeneous

Cquotion ")

No: Go on..

@ Each column 'o? the cOef%'c(eﬂ\' Mo x
han o \eqo\ing - &

Yes - S hor | element

No: S hon \h?\mk\\j MO‘()\S Q\Qmentg

@ and @ work with Rer andl RREF, From
onWaras, 1oe a.duod% neeal RRET: ._

@ 1f S hen lelement siubon s e AR

@ £ S o m%mmﬂ many elomentg
the vanables cor(%PohOuV\% to columns
IntHoul (eqouﬂi I’s  become. %QQ
'?QVQMQ‘\‘QVS . The yemaiv\mj vaiables

Con fhow be exprensed in derme o‘? )
%ee patameters .



‘ Sgsjrem with &4 equahons in 3 vanables

that hag:
@ © [
O soluhons (inconsiskn+> [D I o ?-J S b
oo 1 |3
© 0 o |j§
[ Soluhon (‘)O o '2
|
°o o CI) S] 3 £
Co o |o
infimbely many Solubions [::C\) & ;] 2, 9
O oo o o o~
o 0 O 0
Homojeneous Sustem ity L}eqruqﬁons n 3
vanables et haw:
O soluhons (inconsfskﬂ+> -
| 2oluhon | © &0 e
!
[3 ® 2] >3
© Q0 0o O
ik, l o o
, infinidel W 20 © |5 9 L
mosk of Soluhonsg © oo %
‘;;\1‘:?1&9 © oo always:

t -s(('—ﬁ
§12 conthinues 3‘\ Example @@\r@
'De%n\\—{oﬁ The rank o? o tahny ﬁj denpled b

\_Cmaa\(a)h \s e viumber 0? 'EQOU‘“’\‘X I’s (‘Pivoﬁ)
N any REF O‘% R.




Theorem

et [H ( IO] be an mgmgrﬂ‘eo( mCth’fx. Then:

a‘] O Soluhonsg S Fan\"\(ﬂ> < ranh(ﬂl\o)
(inconsistent)

Ly | soluhon S cank(Q) = rank(Alb)
andh. ranR(R) = # cols of A
in@intely many <« fanR (A) = rank (Alb)
c> somH03n5 anol rank(g) < # cols o@ B

812 fAppli cations

This had been addressed oN the Read Qnd?rqo%‘og
Sheet and il be recalled here on &fides. .

l[n particular:

a) TQSHV@ Scenanos

b} TFQ%O \C_ %ow

pages 63 - €%
o’% \ase notesY




§ |3 ﬂpe\'\ cations

> o i e s (2) ecpunf (1)) ()]

Y W,

J

-

vV
This means:

- ()ee()rel?) e o

|dea : Translate into a lineor sjglfemY




R,-R, >R, =2k 2
Re+R, >R, c 3 4 3
~ | O Q& R+b 8
[ -2y 2
Ra=2R,2R: | o 1 3 | }
o 0O O k2|6

k=2: No soclukon !

k+2: There is a soluhon|




Rq_m ow\R/

£ e wont to descnbe the aenerq\ seluhon
we need the RREF. Here is our linear
éﬂskm ?or h=L¥ H

-2 4
o | R
© o 22

R,"3R, >R, '\\ -2 O

R’\ —Ll'RsﬁR\




Fow in  Flow our

Q_O = X|+x2_

A
/ X, R XatXy = Xy
—3 e X3 xg .D C: Xixg = [0FXg¥X,
\/ Dr o Xyaxg = lotxg
X
6
C.
lio
\: s t
— i & &
L1 o o o |20] Do-rot -t o]
ol | -l o o|o ~oav OO ot o
o=l O { -1 | o 0o oWt
[ 000 | -1ty |l ceoeoeto




\0o+c -S4+t
\0-r+s8-t
S = C
\0+s-t
S
t

r.s,t el

Our constrainds;

X|>'" >X6 € IN U{O}

Now | Suppose CD is closed) in both d‘\ved’ior)s.l
That s, s=t=0. Then we ootain :

relR

\is‘mﬁ our conshaints,
we obtain:

© FG[NU{OR

« Osv 5 |0

So,the maximal %louo a\ong H_C s 207



LECTURE 5

_:_5;\\-\- Matvix Mulhplcobion 14

We Rnow that  M.q (R) is a vector gpace . In parkcdan
we Can addk any two mxn matices and we can

mutiply any mxn maltix by a scalar.

HQYQ, IS QﬂO\'her OPQ‘*C\HOD .

mxp matix e Pxﬂ matx =  mMmxn mahn X
\
E\zg .chig‘ _&[—lz'sﬂ;\
L g l DS £ RO 0‘°+ sodwet :
=W =0 Pro»o
<— 0N —> Sfd column

\\

Geneml rule_: fow times column "

(8141 Definition Ale Mo R), A=[ay], Be Mpn(R), B[]
Then, A- %E an(R) with HB [cJ %/Nen bﬁ

‘\& g:l OL‘k K| & F"OOLUC"”>

" Further examp\es :

S ][ e of e

Co\umnSofﬂ
; I IRERIRFA]

'\\ -
each column 1S &
F.rs‘r b)YV linear combinaton
oﬁ e columns o? R



(63
For o matix A ond a maknix %=[b‘\bz\"'“°“] '
We mowy Huw> say that :

AR - [Hb,‘ ﬂ\;z} \an]

b\) " Relahon to \\near s&s\rems -
Problem Trg to solve Y‘S %\] : [:'l = [f] Y

l?q‘;\é‘e*fgéz X.-('3>+xz'(%{> g (g>

\n linear Xy £ 2%, =5
SlAS{-Qm‘S! 5)(\ +L\ X, = 6

oluhon \ 92 |\ 5 tz i s ~ i 8—]
[quw""""‘ el

o~ l O
o |

e oA
Ky = ~4
X2=3/z

)

4 Afos G bisen

= ; lineac combinahon
b4 of ¥ rows of




,-"*-\I

814.2 S’cm-n%v_ Pr

OL) H=[‘3‘% ) [230

(2} 6 F1% sy
of A

B-A  not def\‘neoe HI,

BRI Bl

Interpretation ¥
& 9 linear
[3 = 2 I o 3 L\_ C mb\ ~
A-R Lfs} ) B-A = 17_] ombingtion

Moatax Mu\HP\iQQHoD IS thon-commUtathve )| (*\
2 T IR
C) Q [ ] B {} Nnx! mamces

(= column vecto vs}

T .
g e (= R.B ~dot procluet of ‘DQC}O\‘S) < Commuiahive
TR =28 (=88 dt produck of wrcors’)

- " hotn-
O£ ~ectors )

\wu¥qﬁve



! gz[_‘, —ll] > Bz_—\l i]

F}.Bz[oo = 0o

OOJ 22

Note: We con read AR am %ollobos The %rﬂ
colwmn of the Frooluc’r IS (‘)H )

Second one s )+-2 ) <>
o) 9{?‘.‘],@{43]) c=[£%]
<o)

W 7\
(Zompuk N %foups '

("F*} Me_“qhon Even %Oqjh C%Ozxz

814.3  Pleasant propedies

(3), the

We shall be us“w\a e %uowina S‘\oﬁl-hqnck nokation :

T[O:”O | N
Obpn, = @ & 5 =[S
b A ]

el oo |
2 S5

\ Qo L
250 Mam X 3
“\'deﬂh Jr:&

Mmatnx "



Theorem

Let R,B,C be mahcen anol kelR be
a scalar Then , adhenever de‘%ned :

@) (AB)c = A (R

)  A(R+c) = AR+AC

<)  (B+C)R = RA +CAH

%) R-(AR) = (kA)B - A (k&)
©) (RBY - BT AT

\

Two sheets o? PqPQ_r 5

turn \~ each
A r\over L8 N  tuned
‘._‘ over

£) 1.8 s mxn, fon T, & =R avgl Al,=R .
%) \ H ‘ LI =
% ISMIDIc then R Oan - Ome and omﬂ

me? 0? OD ‘

A =Tayl | B=(ey], C=[ el .
i R4 Px¢
[ ety of  (AB)C :

P P /0
2T ey - 25 suba)eey

iR
enty of AB
i&t\" entry of 0 (B C,) 3
n

@

q,xf\ =



LECTURE IG @

Kecall from last +me.

With  modnx ﬂ’MH{P\iQO«‘HOﬂ wWe can oo mogt si

mPlQ

alagbraic operakions but ave shall keep in
mind : ]

° Max mulh‘P\quHon IS ot Commutakve .

" 10 geneml , e Cancellation is possible .
Example

—
(a+b) - (a-b) (R+R)-(A-B)
= o% —\2

= AR -AB+BA -RR
= f* ‘HBi—BF)QBz

§\4.4 A bitef magi

ic
Present the Q%K-Ham‘a\hn Theorem
(p.16C . 1-18 o2 VSF) on slides ¥

‘ § 4.5 Bl mu.\‘\'iP\fequq

W -
Treat submatnces o numbers 7"

1 oo !061 h
Olo:o»o ‘8 'O- (,O\H)
= oo\ ! == 4| I 7
H = ““"‘0‘2 + lf) LcJ B‘-‘[O?Co{[ C=[O‘J
c0o | O | } Sy oo
OOO|ooJ

padaEliee bRl
olc| Lo C o C e



§14.6 Malmces and linear syslems @

The ffo\low\n% oue all eg{,uivden%:
Q) lineacr Sg,())\kemz

X, + Rx, 4+ 3x, =l
X, — K T X =2
Xz -?)Xs-:‘ o

l,) mochnx eqrquHoﬁ 3

bl Bl
) o () () )

The‘ix all can be solved US?W& Gouu@ eliminahon.
Let!'s have anoter ook at b) V

MRZNS X b X
]t
Sy

T aliadi
N =3

= X C + X, Cp + X0y
;\/ J

Wnear cembinabion oﬁ.
o colitmng o% §




Hence :

HX LS a (Ianr Qombmqhon oF

the columns O%’ e

This is o great perspechve on finear Systems,
which allows us to Eak:

() Ax=b consislent &> b is q linear
Combinahion of e columng £ R

n) Hx =0 hon OLU.T“H%LLQ SoU&hoTL (x=0)
<> the columns o Pf are. |inga r{g
LHOLLPQ_QC(OJ\.‘\' <~ \"O\ﬂh<93 # columns O€ A

Si41 Definihon of column space

easb ‘o See
ec.f«uiva lence. 4o

“"Bx =0 has a
uniq{ue Solution’

Nice check %ﬂ‘ linear indapendl‘ﬂce
O Wite yeckors in columns o? A.
® Run Gou@ elimimation,

@ Count \QOdAﬂS ones: \-f a \equnﬁ one
in each column , =5 |, otherwise, = |LD.

16.0.05 i5-Ex]~

REF

~ then Co((ﬁ)
|S a ace.

o? R™,

ranik (FD < #columns O? R
= LD.

We may aorile. Col(R) = {Hx | x e R ? RO
also known an Hp \ma%a o-F R, im (R).



§\S‘ Further Spaces associaleodl to mafnces

S1S.\ 'De.%‘niﬁons

a) et R = {;‘"_"-] . thad is the matix wnth rows [N S o
F*S

Then, Row(A) = span (i, .., [ s the row Space
@? Al Tip\caus, we. ﬁﬂﬂspose Ha rows to olmlcm)

column qectore in IRT .

Y Let AeMy, (R) . Then, Null (R : -{xe@ | S

15 e nullspace or kerpel £ A. In tu |after case,
i+ Is +%P\cal\(j abbrevigleot (93 ber(ﬂ}

EXQmp\e
ﬂ""‘[\ Z 3] Not
23] s 10, 0,00 /C:@

= Span {('o)} ’{ (5) | teRE
o (B) = spa { (1) (247 = span )

= {@*) \ %eﬁlg < net nicessary|
Null () = {() 23 H [oj}
(jz %t)‘ teﬂig

3 skeﬂ}
>(°?> 3

R
e (¢



LECTURE |3 @)
$15.2 Subspace fest

. n
Lemma.  Null(R) IS O\Substzace. 6? R .

Proof  We run He Subspace {est.
@ OeNull(R) ¥ — f.0=-0, so OeNul(R).
@ closed under addibon 2 — | et X,4 e Null (R),
Then RA(x+y) = Ax +P;3 =0+0 =0, => x+y e Null(g)

@) closed under Scalar Mulbiplicabon 2 — |et x € Null ()
and ke fR Then

R (kx) = k{Ax)=k.0 = O, = kxeNull(p).
_ a
Si53 Basis anot dimension

A - [(‘)7; 3; -_32] We want 4o ?.no( Qa
I O |

basis of Null(R) !
m\be ski
o] e c:r&npuhh‘o v
)

(o)

= Sch T(Z:> (%')’% {\::;:’I\:b
:) 3\ zrd and Ut enhj l
/

This s already a basis !

.<

Hee | dim (NuMl (R)) =2 . Note . ank(R) =2 .



Since. dim (Nult(R)) = # Columns aoithout |€adx'nj one.
Qnok Fahk(ﬂ} =“-H='CO‘UmnS 'LQ"H'h leao&‘n\j one . que Ob{'Ql‘ﬂ:

Ranh-‘\)u\\‘\\;j Theorem
dim (Null (A)) + ranR (B) = # columns Ofpf
§is.y \nhomoameou)) lineac Susiems

Now , use. from 8153 and let b= [%:] Solve 9X=b,

that s [é =5 :i] F‘z)z[g:}
o Xs :

Xy 4

s,telR
0
A\ ~ J
pacticular @l Solwiong o
Soluhion

Bx = O
(= Nuli(ay )



1€ Ax=b is consiskent and » is a pachicular Selubion
that is Rv=b, then the aenﬁa! solution is:

S= v+ Null R .

Theotem

815.5 Summqu<9$ facts

@) Consiskncu of linear systems

L€+ A = an (R) and be Qm

linear System RAx=k is consislent

> beGl(R) <— recall slidles ')
= Fom\?,(ﬂ)rromk(g]b)

More over,

linear gg\,\gkm Bx=b is congiglent —for every bemm
> Bvery beR™ i iy Col ()

<> o\ |) =R"™

< Tank@) = (%)

f

B oo€ She* ch: N

=Sk0 £ mnl’-’k(ﬂ)<m) the last raw of the RREF 0? A s %o

Choose b=(0,...,0,1) . Do the elemem‘qnj row operations
backward , and. you oblain on Inconsisfent syslem Rx =b.

\\<___l/ ‘f \—th(ﬂ) =m, then 'e,VQ\'ﬂ Tow o"? +he RREF hQJ)
a \aaouns one. So, the 83Skm must be congisient.




Let ReM UR) and beR"™ g that Ax=b is consistent.

k) Number o% sc\whions

lineas Syotem Ax =b has aum‘?up, soluhon
< no ?ree, Parqmekxs n the %pw\uov\ Soluhon

<> EBveny column of the RREF of A has o
\-eooh‘n3 one.
C = lineor s«éskm Ax=0 has the uni?uﬂ_ Soluttion x=o
&  columns of A are linequ\t‘ i ndePeoo(en+
< Null(f) = fol «— see S5y
& dim (Null(8)) =0
&  rank(R) = n ()

CS@.& \‘omk nu\\ﬂ’g +theowe
Messao\e:

We can Solve Ayx=b for Qverts\:, \?? rank (A)=m _
Suc\—uasoluh'on IS um‘gru.a_ lﬂe mnh(ﬁ)=ﬂ.

816 Finding bases

Le\' m = S\DOKQ{’U, 5 U 5 soog ’L}h’% X :anok o ‘DQSES C)? Ld!
§16.1 Row space algorthm

O Wdte vectors as rows into matny .
@ T(oms%\vm i any REF (or into RREF £ You liRe) .
@ Non-%&to ows -€0rm a basis o? .



S16.2 EX*‘eno\;r\% Ll sets +o o basis o? ]R" <~ postponed

{o next
lecture ¥

(D (A)ri’re vqck)rs an  ows Nk matnx.

) Transform into any REF (o into RREF [-F You m?e)

€ £ the R-th column hos o leading one | add the
vector (o

{ \in the k*fh(‘_n\‘lj Yo the LI sef, Thls =
o} yrelds a basis of R".

Exa mP\z Pom aloove.

D&D ar above @) panis o2 R™:

19,0607
$16.3 ReduciiLSpqnn\nﬂ Set to a basis o$ L

There ie a Jrivvg litle. blemish in Si6.1 7 The basis does
not involve ownw of Ve inibal vectors | 10hat j=

we [iRed tham and Just 2oanked Yo redice o
SPQ‘WT\\\V\-OX Set wnk) e ebhain CL‘OQS;S,Z
That's aohat e Column  Space. a\gori‘rh‘m does |




@ tonle. vectors 1N columns o? mafmx , ‘

@ Transform into any ReF (or into RREF iFt‘tm hike).
® Keep the wectors Hhat COrresPonol o columns

noth \e.aobing ones .

Examg\e. & o e
v 4+l
> e o ® @ 2 1o
-2
2304 ~ o @ % -4
5‘-}[, S O (] -
© 0 © o
@%S.(SO$N:

Corollas :
:“q_é._ dim (Row(ﬂw = rcmk’(ﬂ} \05 S 16.|
dim (Col (8)) = rank () by §16.3

Se , cim (Row(ﬁ>> = cum (Col (9)) -

Why does the fouw -Space ql/qcm'”ﬁm work ¢

(Consider the problem on (PQSQSU\:{.L,. T
OUS *ex%‘ooo\'{, anol  the proof on page \36.

WNext Hme
N more delail V




LECTURE 13 '

both acth

/ alides
Evaluation /

Warm up with WIS-TH #1 and FI5S-T3 #2
6
§ 6.4 Why does the column Space algerithm work 2

“Lead - {006 0]

We would |ike 4o have a bagig !/

Basis {%r the column space : {l@;) (:l})}
When we avant o solve 4he e

f-ouowma problem :

\ 2 ~{]
w9 ) fd) on (1) -6)
We obtain +he ?ol\ouo‘ma Solubion :

V2 =Ly
5 lo -4 19
-2 8

O
o
@)
{ -zs 3t>

Chooge <:=-| and t

)

QOD
/pm
\___/

"
/__\
+aoh

v



Choose. <:=0 andl ﬁ== -|

-8

> - () - )

SO @y (o the second and the %ur’fh

vector
wn Fhout c\nan%"n% the Span . The remodn%va Veckors are.
Ll . becouge :

|

) ()3
alg] 33k ~[%8

ot[ 5
© F
2 25 RE

M

15 ard 8% column
cﬁ%&x&m&JREF
816.5 About 4he won e defing W nul) Space

Lzt () o Ao o R Fom §16.4 |

Null (Q> = {xeﬂ?" \ A x =o} — Using this deﬁnih‘om,

We can easil,g

check \? a weclor 1S in Nq”(ﬂ> of Nof.
(1;0,0,0) ¢ Null (/) (2,-1,0,0) e Null(8)
becouge:

because
2 - L" ! | - 2
[?; © -4 1q .g=[é-]4=[3] [sii-'ﬁi A7l =Te
2 W |2 S




That's by %ox eogietr o fuer\{&j {,’haﬂ.cons\‘o(edns o
&pomnins SeY and ous\%kn% i? a wecker is o (inear

combinehon of the veclors in He Spa nm‘rﬂ Set...

Let us desenbe SpPams an  null spaces!

%Pom { ('2

3

|t

).

5

\ S@ +t~(:o> - (§> P T s,{eR}

E ﬂ -[2) "‘&é} for Some. leceR}

11| X
ilo 5} s consistent }
312




§ 16-6 Extending LI sels to a basis o R
Let A be the mabix fom Siey !
Ouc Compuﬂlh’ons show HHat B has RREF :
2883

0O O o

So, a basis ?or the. row Space is {(% ()8')} ' \? WEe.
Wont to exlend this bagis of ROM(Q) to a bomig

of ﬁ'?\", We have {o ado tve more Vectors, The
eoniest way is to add veetors (o010 ...

the 1 is in a column in which the RREF ol

- In our cage .

dn't have

R 16.1 Final Ramadk.

e (Row (R)) = rank (A) im (Null(8))

= # columns of A
dim (Col (R)) = rank (A) = rank(f:;?




811 Bases and invedible matvices

$13.| Finding boses in ggnemll wector spaces
Problem Find o bagig d€ the Su63pace W o‘{? ?Pg :

W= SPom{3+x+'+xz+2xg<) 2,+‘+x+éxz+6>x3’
| + 3x 4 L\xz+6><3) *l+-2X+X2+L|-X3}

Choose an ordered basis 0'3? Pg 3 qu B=§ \,X,xz, ng
QhO\ DR (w\'\'h ‘H\a CoorOL(‘ﬂCU!-Q ‘\)QQ"C)TS,J 'Lo‘?wab (ive in R‘f

SRR

Ran Hha row Space O'Qazoﬁ{'\nm‘

P& S % g 2 4 g Il 3 46
Z 4 6% o -2 2 -4 ° | 1 2
= -8 -8 -l | 7 © © o

I 3 4 6 OFSEIES 2
-2 Y OF GRS o gierese)
L -

® o 1 o]

NOK“D,'Z RREF
@) & @ &
© © o o

Read c{f o. banis and tanslale back to Ps

{ngsg ¥l {'+x2>x+x2+gx3}
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§13.2 Extending L| sely to bases in
ggnecal necker Spaces

Extend {H—xz . x+x2+2,x3} to o basis c:rg A

ﬂ%oin , work wWwith the respechive coordinate.
nyectors ¢

Al e
C‘> | ~~b O V2
O ‘Z‘ : ° » .
R > 8 L .T. 5
We need o add.:
ol @ ®)

OOO@

This means 1n ferms a'g Po\.anom;a\s..

2 7L 2 2 2
{\+x)x+x+2x)x)x§

Con e ski ﬁ)eci_ :

hons a,\reaotts been oliscussecl
atthe end ofi leckwe (8 V




§13.2 \*/h:h‘vo&c-i[%r invertible malnces

From the tow and column SPQQ@
o&%ori\/hm, we con eqasi ":S Seo :

Adim (Rouj (R)) = # \ead(ng ones In

any REF of R . l‘an<9>
dimm (Col (A)) = # leadung ones in
iy ( 2B >> any REFof ® = W”kG}T> Z

Moreover, in § IS.S7, we cstated some ?OLC\LS.
[etls vecall ome atf $oom :

M let B ke an mxn mainx,
Ax =b censistent %)\' every \oe@m
& Col CH) = (‘Rm ‘“‘*—m could,
= (Yhe columns span Yird @ toad beR™
all of R™ ") ST ‘
< raokR(A)=m \ 5

@ Now, lek beR™ such that Ax=b is consisknt.

Bx=b hon qunic{,u_q Se lubon
& the columns o? H are LI ”,.

&> ronkR (A)=n -
No FQQ_R
1
Now , we consider S

MsPee?Q\ cane ok B 3 an n xn matix.



®

fank(R) £ n
&> “the columns of A Form a basis of R

@ Qx :.b 1S ConS\\S\\e_n"' omok hOJ) o uvuie],ua
Solutien (“precigely ono geludion”)

~: B " invedible”.

E‘xamp\&
belowdt

BHEE
o [u)-f ][4
& (a3
)

SCaNE Y

[dea.  (Me can conshuct an

» tnverse R so Yat
Aix=b & R'Ax=RA"k

& x=f"b

818 Malvix_inverses

'De?iﬂ{'\‘ion (? B is an axn mamx and B is

an nxn modrx such that AR =T and RH=I)
then B is called an Inverse of R, wilen R=g".
In Hus case, { is called inverdible

Bavle  A-[33] 8-[37] -] -[1¢]

SHES B

318-1 Finding he inverse of a 242 mahix

Lemma  [et A = [‘23 _ then: A,
£ ad-bec 40 , theq A=l [o\ _bl

~ adl-be |-¢ o .

\@ adk-bc =0, then A i3 not inverhble (n)



we Wont %,i\/e, Qa PYOO? becouse ave w—\\\
obtain o move qemnerol. %rmu\o\ lqermeé;!

[emma Suppose, B is an nverdible nxn

mabtnx . Then any \ineac System Ax=b It

consgleat and. han o um‘ea[uQ Solwbon .

Proof  Consislest B~ (A™0) = (A )b = Ib = b
\.._\(___J
Soluhon

Urigue (2 Ax=b and H&zb;‘rhen

X=A'fAx =A% =RAy =y- a

The converse 1s also tue . Whenever on

Bx=b s consistent anel hons a uni
we can conshuet el

Y linea System

Qe So(.M'HQ())

Re?ore_ o‘oing H\QJF) we. (Qcom\ Some more h?ee

Sacts alout inverhibly matvices.
§18.2 Magbraic properties a{? inverses

Lemma— [ et kR+o be a Scalac 3 ‘3 an inJ;QSQF)

A.C nverhble nxn matnces. Then, the %ﬂowihj
Mmamees arve. also inverhble :

O /7 @' -n
N GO RGN
Gi) & . @) - (g



Sock and shoe
Tule

Let's prove. (v) :
® (ac)- @8} = R(ce) @’ -azm
- AN =T

@ (c'A™)-(Ac) ¢ (A'AYC = C'TI C
= C"C = T Q

H

§18.3 Finding the inverse

Llet B be on nxn mahix. Let us assume
that any linear Sgs{-em Ax=b is consistent and
han a umigr\,u; olution . We avsuld like to

construct an nxn wmatix B such $hat.

? D= S S | © © O
Q,h"" = O\O--_
S = 5 0c° |0

© © o |

«— n—>

B



\n order to F“vw\ e %rs'r column  of
P:.) Solve Hx=[«\‘g] becouse [é] is e %fg{-

Q

column of T. In arder to gx‘no{ +he secondl
Column crfi E> Solve 9x=[§} - And so on.

e A~y
Er e \ (—r{'l'\wis is the on(:ﬁ
am \ pessible choice ;, sote
ZL H = }:2 5] inverse mabyx 1S Unigue !

First column of B : [;‘5\‘01 N[c\) ‘\ \-\Z]N@&B]i}
Secondh Column O? B: Pg lg\c\)]“’ L\: : ’ (IJJ MEE&))I"'J
So, B= [37]. And,indeed AR-T.

ln order o aveid o\oing the. Same Compu%ah‘oq

(, tuwice , wWe pically neock wsith Superougmened
Matvices :

NI T
H\qotijrhm

Want 4o %‘ﬂo\ A

[a1z] ~~~Lzie']

@ \§ A cannot be 4ransformed tnte T | +hen

Ax=b is not always @nsislent angl B is not inverh ble.

SJ"OP\ Unbl now, e OH\A pow that RR=T.
( Why dees alse BA =T wold (which e need

to have in order Yo lalk about an inverse )2



[emma [ AR=T | then BA =TI,

pos&?oﬂed\

© rank(®)=n_,k because: /
Bx=0 = ix = (AR)x =A(R) =R0 =0 .
So, Null (R) =§O—§ , S dum (Nu\\(8>>=0)
= rank(®) =n-o =n.
@ tank(B)=n implieg +hat any Bx=b is cConsistent
amd. han a uw’?«.@ solution . So) we ean 'F.yw(
oo matx  C sueh Haf Rc=T.

C=(A®)c = A () = p .

So, BR=T .

Conclugjon

rank () =n
& any Ax=b is consislent and har a
um‘q(w). Solubion

& R s invedhible aoth [RIT] S 187 ]

ranR(A) < n
S A s net inverhble

818.4 Example
L2 3 123|100 123
Q') F\"; O 6 | [OO\ ol o ~ oo |
O O \y 0O Yy oo OO0 O
not 1nverh ble
V' 23| 100 |2 O 10-% | ool -2 =
ol lloio |~ O'0o Ot -l |~lol olot =i
©0 l{poi 0o | oo | coljo ol

" =i =
Q‘=[<}D \ -(] ‘l-.m:o N \/SF©

C o |1

) F\{H %}

0 O



LECTURE 2o

Recq91'\«x\a~\-ion 3?rom last Fime ..

let A be an Nnxn makrix.

Definifion A is invertible if Hhere is an nxn mahvix B
uch that AR =T and BA=TI.

Lemma

| - Bvery lineac s:\g\am
A is investible ) — Ax =% is consislent

and has a t,m'\g[qe
Solution.

Proof sketch: Ax=b = &'Ax=fb = x=A'b.




Lemma,

The convesse is also true :

EVQX& \ine_Qr 833\-6”1
Ax=b is condistent
and has a omic;[ue
Solufion.

= A s inverhble -

Proof's
Let b be the ith coluenn o? T and let X;
EE, the un‘\q‘u&, veckor aath \:\x.‘m\o2 . Then)

Q- {X'EXLE: Ill Xn] = [Hx.‘: Hx,v"‘ i erJ
=Y_\D|\,\a“; ~ib, ] = T



So, we Rnow that BR:= ‘:x.'-}xL ': :lxﬂ} SOLHS%ES
AR =T . We shll need 4o check that Ba=T.

Claim 1 AR =T | then R{=T.
O rork(®)=n becowuse:

Bx=0 = ARx=R0 = x=0
So, Null (B\) = {0} s = dim (Nu\\(B§3=O)
= ranR(8) = n - dim (Null(R)) = n.

@ Since Vaﬂh(%)—*—ﬂ , we Rnow ot eve.

linear Suskem Rx=b e Consiglent and
has a um‘\g(ue solhon.

J



The <ame onr%,umeﬂ’r an \DQ_‘?@Q Shows tHhat
dhere le an nxn maix C woth RC =T .

But, C = (RR)C - R(BC) = A. S, BA-T.

This completes he Proo? . andl a&ves us
method to consfruct inyerse matices...

Exqmg\e
A- [é

O

2 3
Vo
o |\

|

o —
00—

00—

- =W

0o— 0 o-1®&
—-00




Yomh(ﬂ) =217
/

So, ok ‘everg\ l'neosr 83Skm 9X=b
IS consisient v

Too many d\f%fen‘\r Notons Z’ Let's 3& an overview) ...



818.5 |nverhble malnx theorem

Thecremn  Lof A be an nxn Mmabix . Then,
the ?o\\ouo\ng ave Q?u.i\lot\ﬁnft
() trank(®) = n
(2) Ax=0 has on\ﬂ the tnvial solubon

(3) Ax=b is consistent %r every beR"

M) Ax=b has a unicfue Soluhan F:r every beR"
(5) The RREF o? i = dE

(&) Na(B)=fo} o e
(:F) Col (ﬂ) = TR“ é___/—-—-—‘*' Null (R)= Re‘(HF{xeR“\Qx:og-
(8) R'D(ﬂ (ﬂ) - ﬂz\'\ Col (ﬂ) = im(ﬂ):{gx \ xeR”}

(2) rankR(AT) = n
(19) The columns o A ae \;neqr\ts ;no(e‘jem(enjﬂ
(W) The rows 0? A are \inearl\us inobzPenolm\—‘
(12) The columns of R span R"

(R) The rows 019 R Span ]R”

(4) The colums o § R o basis of R”

(5) The rouws of § %rm a basis o‘? "
(\G) B s inverhble .

(17) AT is inverhble.




New

‘:)CX

This  theorem s ,imPoHom?r , and it is
Vexy liRely  {hat You will be asked to
‘ranslate ! For example, FIS-TH 6 & :

r EXPTQSS ! Ax=0 has \n%nikk(j man\‘j SOlb(ﬁOﬂS“
in terms of:
o tank(R)
* the RREF of A

°* the columns e# A

ranR(R) +n / rank(f)<n

i€ +T / has a rowo? 2eros
are. line_arlj dependent

—

Note

rank (A) =n <« fenk (A7) = n

This 1e ﬂon-‘\“(ivia\ bud %\lowS %om the. ?QC{‘
Haot

.romh(ﬁ) = dim (Row (9» g
= dim (Col (H}) SRR
/ = dim (Rom(ﬂ‘ﬁ)

row space oc'jo nthm

Column SPQOQ quo F‘fH‘\M

\ = (anR (AT) B
" é 19 Orcthogonality

$19.|

<=

?eco\\\ U, v e @n.

ul v C\or\—hosona\ ”) S Uy =©



=%

F\Jropevsﬁes cf, Hhe dot product

('l) u-u =0 andd U-u=0<& u=o
((.‘) u-v =V-u }“sbmme\n‘c"

(fl‘l') <QM+‘D\/) W R AW F b vw W e “
bilinear

Gv) w - (cw*rbw) = a WV + b uw

’:;qum 20 (sh @) 4 (Bl D @)= o] < Eiljol] -
/1

'\WY\ +O.|+‘-O =0

Let us make a nice observahon :

el e £), < ‘(‘T’) W
are  pairwise O"\’l’wgonq\ e,
/
Let v e ,Rg. We woould |ike +o express

V= ae +bez+ce3

to find owt o | toke fhe dot product acith e:
= e“‘f:Qe-e-Lbee + C e
\ \ - ° =1
O

== G U 8 el ©

S‘\m‘\\O\V\3> QZ-W} =5 anok Qy "V =,



That's easy ! In S?ac(—) we can

%@nerq\(%e this observabon.

g 19.2 Or+hoqonq\ gets e$ vectors

'\De?im‘ﬂon B set of vectors {Vu-.-,’u‘mzeQ”
1S called or-\-hogona\ ‘F .

() vi-v;=0 LKrall I2i<j=m
(i) w.=*o for all 12 ism

The set is called orthe normal I‘F, in addifion :

Gi) wiw=1 fcal Iciem

& a2 =1
o o W=
Notes

@ (bﬁe, con a\wobs ma\{L an C)’FH’)Ojor;od SQ\‘

or¥onormal by

{r\}\,...>’u‘m} (V- {L BEA & _(\)l §

@ Thew is o Puthaae %
are.chors < IR Pﬁ\j c% or‘(hoaonq\

Mottt om l|® = (V.+~~-+'Um3<’\>\*-"+®m)
ViV + .- ‘\‘VW\VM
o =+ oo+ 0 s, 12

il

i
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Exam P\e, 14 -T5 5 (*Poblem S\':ee’r") :
e
0 o -

%u\,uz,uﬁ ot%hosonod set ©

UysUy =0 V' g ag v
U ug=0 vV oy 40y
uk'us =0 V Ug *O\/

= {ESHY

Theovem Orlr\’)oﬁonot\ Sets are linmr\5 inobzpenolenk

(P(“OOE {r\y‘ =—eie ‘Um} canoSona\ Set .

AVt st AV =0 l\)"
!
= (a,fu,+...+am'vm)= vy 0
= o W
\ ';."U‘ "' a0 OF . D YR )8 vee + e —
'— 1 [} \ |+ gm q}l 'U'm O
=0 ¥o0 =0
= a: =0

Q
Coto\\m‘{\) Bn or%\n@aonq\ s‘;m\nivxé sev is a basig .

Theorem ¥y {'L‘% y oee 5 Wm 'é !o& an or‘\'ko:\ona\

boais of « subs?ace,b\) of R". Then, any
wel can be autlen ao:

w‘ .w wm'w Nm

w: 'w‘ IF ooe  ar
(A).'UO, Wm'wm

\’Y"\(YY‘/
coordu nates c\m\’»\
yes\:ec’r ‘o Sw,,---,wmg




PTOO E

Since %m,,..->wm} IS a basis off L&)) there ate
Oy, -yam € such that:

W= W +-+ +a&mwWm | w; *

=2 Ww = a; W;w;

a: = i ik
= L W, - W “w;\\z (|

Example

Ex Press <€'r> o Rinear combinafion a@ {(%))(t'ﬂ’(.:,)} .

ol @end)
06)

=00

-
—_—

- @

S$19.% Or’c-\\o&onct.\ Projechions

We can also oﬂ)\g e above ?orm\a
to veckorS ot in W.

'De%nﬁbﬂ
et W be asubspace ot R acith or\"nogooq'
basis {w. ,...,wmg .Then, %r any f\feR”,

w"\’ UJM'V
UJ. + N + wm
U“w‘ wm‘wm

'F ro&w (’\ﬁ =

1 e Ofxf\/\.o'qoﬂa\ \brc{iechm\ Of£ vonto W .




/w F'°l\w(1*)”| \

Remark. PrO{w (v) does not o(ePeno\ on the
Orfnogonal basis chosen. (gee parttt below)

Theorem Let W be a Su()SPace o? R"J 'UeLQ". Tl
@) projyy () €W
@) '\r-Projw(qD is or*thosonq\ o every veckor in W

>

(3) ‘)ro'w(ﬂ s the lbest Qﬁbrb)quh'or) to
by Vectors in W (vrY

(‘*) Pro‘w('u) 1S J("‘/\.Q O_ﬂ\é_ ‘U‘QC{‘OF ’UJ)‘HT (l) CLV)O( (-2,).

P(oo? N “\‘exubooh, PP ,Qoﬂ -2\, For (Q):

24 m
2 b ~<'U- SRELE g
< R=1 K> Z_._' We - W, 3

Probab% R o*

n classV




§19.4  Gram -~ Schmidt a\god'lexm

Th'\s gech'on S‘n«ows ‘H1€ ex1stence. o? crf%Ojona\ bases
ok, %“\\/es o ma& Yo ’pransgocm a”g basis
iV\’fO an @r\'\&oaovmﬁ. one. ,

Bt L oy oty oz vy B 22 (1
Then , define:

(v W, :=

u‘
) 58 05 Uy = i (o) dios Spessenlin
U,

= w\‘u1
—_—Z

w,
w, o,
3) w = = -
(> S U, P“OJVZ (u@ where \/fSPqﬂ fw.,wz‘
I i P T W
W, -0, ' W, -w, E:
—~N
Y That's snly possible.
becouse W, LW, v
<m> U B8 U = Projvm-.(u“b Ldt‘:Q\'Q Vrﬂ: SPQ(ﬂ '{bon...)com_‘
,-u ) - W
= W - ! m - = - m
m LQ‘~\4J| w' SO Lk)m__‘ -wm_' wm—l

Tais s an orthetonal boasis £, 1 |,

Could gcale each vector Wi to Bl iy oroler
w;

_\_0 obtarn an oru'\oho\‘mcd loqsis.



o s 2) 361

This set s Ly,
hen Qa\o SSo?U

- ()

>§”-> ()~}
0559 Ge 06

- (1)

()5 6)

May e
Prackice Find an or\'\r\oﬁonq\ basis ?or ‘,{_%T/YL}

4= {(3)ere \ X4y -2 =o g

- =spen [ (Y] - 2peo ()()}

= 0, ()]



LECTURE 23

Recall "Gramn- Schmidt’ bﬂ discus&ing the examP\Q
%om p- log oﬁ these notes on slides.

Part V
S 2l DETERMINANTS

Mothvate this conshuchon ‘35 Showi@ the slides \Por
the second DGD (= a?’rer Lecture 3).

Rematk  The way to CO\'T)P{X\Q the delerminant o? o
33 matnx presented there, may be of
o\iScxo\vcm’m&e_ 0 the fdue . Therefore , T
S\Yong\\\ﬂ recommend Yo use {he %\\ow'\ng
Loy on\&g

§21.\ Definihon

let A be an nxn makax.

= Relal Al =det(@)=a

A=[2 :\] \Al = det(R) = ad -be

Nareq o? the ?qm\\e.\oavqm !

|ﬂ>3 [ oy ves Q) We are goina o
Ay Ay =++ Q N :
H . . ' 2 '2n c;\\efme\ d‘é{;(ﬂ) usujg
- etermnants fo¢
2l el S S | Smallec n %)




| et Q‘J be the (n-1)x(n-1) matnx obtained g”om

A by femov\ns the i-th row and the \"-th column.

Alternabive (
Expansion along anu row

Pick the i-th row of A. Whatewer | you hike .
Adet (H) = (—\\)‘H‘\ i) det (9“3 + (—\)i+2 Qg olet(ﬂ;z)
+ ... + (-|)i+n (05 OKQJC (ﬂinj

Alternative

Expansion alend any column

Pick the j-th column of A. whq’teveri you like .

det (ﬂ) = (—\yﬂ ay det (ﬂtb + (. 0"‘3 sz 0(&*(9{;)

Toos (")m“\ Ui ole*(ﬂnjy

Theotem  The result does not depeno( on the qglferpahve

ahd the value chosen for i or .

S N X
Example The™+" o " =" can be
v 3 delerminedl bg the
poa It 5 Chessboard +dck,:
A= |l o o | {3 W 5']
© | O | T Of O \*
O |\ © Dt I~ ot \'+

o
EXPO\ﬁSiOﬂ Q\oﬂg Piest \'OUO'-/
0o |

| &\ 1o\
det (R) = 2 o\ek[locr Cl)] = So{et{g?ﬂ +Hde\’[g§)‘ox

-5 det Xj\)i

O



Now , We veduced g onb\em to delerminants
@’(, 1x3 maiices.

O \lo

\%* fow = 1 (0 _O\ =
ex‘x\ns'\on

det |58 1] = 1-aalfa] oty « 1o 2]

det [? g :} = O -O\d(...) = (@) ole\—(...) + - det [;0‘]

= | (0-)+ 1 (0-0) = -1
\0O
det [gg?:) = \- o\e\'Ef\] - 0 det () +0-def ()
| = |- (1-0) = |

(o3

©

——
= =l
(oJ{8) ==
0— 0

e ]
g |

O-det () = 0 det () + o det(--)

O
=0
3d row) S R G
expansion So, € a mamx B
han a row o? LTS ,

hon O\Q‘\' (FD =0 .

)"\Qﬂ ce

detr (R) = 2. | =3 E=) g o —G- |

We. couwld \nawe oached Mg eault Mmoye

Q_Q})\\A& \03 expanding Q_\oﬂg rows of columns
Aok Many wrcos.

.



2N Y
det (R) % ~ olef [g 2 \}

hth row
Qqunsiof\

. 2 S 2 2
T (“"Q*[H “**[m])
2nd fow

§2l.2 Pro pefl hes

?kOPOSfHon Let B be an Oxn Mainx.

() % A has a row or column of wros, det(R)=0.
(2) det (AT) = dlet (R)

(3) £ A isa ’Maﬂ%Mhr matx | ie. ether g
entnes below or all enies above. the maun
o\,{a%ona\ ar. o, o det (F)> S ‘l"/uLPf’DOLUC"
A R diogonal ewkvies .

Exqu\e @’V (®

[\ 2 2 dek y " s
O;Z] Q(FDT |°o(e¥[o€}= "Lf'Ofe't[d

154—;(:;3';\/
Q‘;NJ R

Example For () has eccured betore V

R

]



§2!-?> Detecminants and eleme,n{-qrq row

operations

in lig\o’r of 'ProPehl«i () we could also ‘L“j
to opplY  ERos 1n order 4o ﬁ‘qns%fm our mamy

& n Maﬂgu\o« ?orm and jead Off det (R) easilg

But , ERo% c\nanje the delkcminant, and we have
to heeg frack 03? Lok e are 0(0{08.

Proposifion Let f be an nxn matvix and. let- B
is obtaineol  From B by QPP%”\‘} an ERo . Then:
ERo olet
° inkcohqnse Ywo rows olet (R) = —~olet (/)

«  Multiply one fow by r det (B} = 0 O(ef(ﬂ>

o add o mulhiple of L 3
one. fow {-o‘:no*\-&.qr 2 (B> = olet (93

The P\‘OPOSfHon remains  +ue. }]G we t-QPIQQQ
N rows” ‘0\3 “colum ny’,
Example.
=R WIS - 3 . | © 5‘&
- [o “ : S
" 0 20 | = -get|o
def L'f 3?] i de*hw e

= 34



LECTURE 23 @

/Recolp'\h\o&ion oﬁ? determinants and their hehaviour
with vebpec\ s e&emen’roua lows oPerquns on slioles.

\MPO\"‘(*C)\“'\’ The Same. ho\ols m})en we. TQP‘QCQ “rOLO o

\03 h column "‘

84 Aueseme droperties of delerminants

Theotem et f ond B be nxn matices. Then,
() det (\R) = ™ det(R)
(2) det (AB) = det (R)- det(R)
() det (A)#0 < R is inverhble

in this cage det(A™) - du*@
©:

FP(OPQ,\'JF‘A (3> doen ot onld %S\Ve . Dew \lem

to ouc translation Huorem anol o way to chack
1P vectors ave \ineow\/*é \ndependant, No | it is
Q\SD ho¥ \W-Ofd "\‘O PVD\)Q:

ERo's Mmay c‘nanje e delerminant but do not
c\ﬂaﬁgQ Hee fack Hhak e dederminant is oliFfevef*
1?(om w0 of not. |let Biibe the RREF ®r¥ B. T\ner))

¢ Roverhble = g7 = der(R)- |
= det(R) o = Jdet(R) + 0o



° .ﬂ not nverhble = R has a row o? Wrog

= det(R) =0 = def(f)=o O

Rpplication

N - [éi é}
| ® &
~ Find al xeR such that A is pot inverhble .
det (A) = x . det [%‘g] + ole’c[j”é] = 6x -2,
So, det(R) =0 © Gx-2=0 & x=3 .

22 EIGENVRLUVES AND E‘\@.EI\IVECTE\ES?
A= (33 0-[o] = [3]
Al [-\\1 = [_LL} = Lu‘[.‘,}

Whenrmu\H"P\@'nS R 4o thig
Vector , e Scale i+V

Re o= 3] = @

{22.1 Definihion

let B be on nxn Mabax. \§ NeR is q scalar
anal ye((Rn A non-®o vectof such that HX'—‘AX
then A is called an Rigenvalue and x is called
on  eignvector of B.




§22.2 How to find eigenvalues

We want to %“nd all Ae®R such that there is a
non- zeto veckor xeR™ 4nth:

Bx =% & Ax=2%Tx & Ax-%x =0
< (A —%I) X =0

Hoal The homogeneous sastem (A —(X[)x =0 has

a non-tividl (= non-2er0) solubion ;?g._

A-AT is not invertible
&> o\e‘r(H-AI) =

D;z___e inition ')(9 (9\3 = olet (ﬂ "é)\I> 2 characlerishe
Fo\ﬂnomiq\ o@ =~
|S:>, A s an ei%;zm/a\ue O? A iff YalA) =0 . |
| et's M this £¢ our inikal QXQmP\Q'-

(RGN B R RS b
Y (A) = et [?i';\ ;J = (3-0)(2-A) -2
= A -5A+4
5 (9\‘\) '(‘)\-q>

So, A=l and A-U4 are the onl\j e‘laeﬂvo«\ues.

Mooves ., an nxn mamx has at wost n e\ﬂenva\uesy



§22.3 How ‘o find eigmvec’mrs @

That's somgjr\r\lv\% wWe. a\veaota \Rnows . |1? A s
an eigenvalue | then the corresponding eigenvectors
ove. Yo non-tivial (= nen-ro) solubions o?z

(A-AT)x = O
That ]g) Lhe non—’hn‘\/ia\ éﬂO'ﬂ"%ﬁ(O> elemerﬁ's Q:F:

\({QV (q "Q\I) h hemd ! / N null SPqQQ”

Definibion [of A be an Qi%mVQUuL O‘ﬁ R. Then
the SuBSPace
E) = hef (H'Q\I)

1S called the ()\-Q'\%gnsPace ot A. Ws non-ivial
elements ore e eigenvectors of B.

Let's try s for our inhal example :

A=1 E|=heﬁi‘\‘] %("S seR}
St

E  Pli]

In \‘bqﬁ\—\‘cw\ar: (;) ef, .

[e] 'f 3




rnoybe. Pos’rpoﬂe‘f = ole?\'n\k\iz

A

n PQVHC\L\Q\' : (_") eREN

ATTENTION

O does nevef count ans an ef%zﬂVec\-crY

Bukr it oLy be an ej%mvaMY

§ 2.4 Towartds an eigenvector basis 01‘3 "

lo our inikal examP\e_)we, had

{(D% basis o? E,
TGO temel

T\’\Qo e N

r

Any  get Consisting of Qijeﬂvec‘rors

Cotfesponding Yo dighnat aigenvolurs i linearly
‘mo\sL?Qx\d.Qﬁ*.

Corlasy |2 we take the union of bases

og all e,i%msPaces , Wwe obtain o

linearly ind olent
il enowen
el in @n‘ QF

ln ous case, {(‘Q)(}')% IS even a bagis o? R



This has o greab Consegr@nce :

: P“[i‘l—l]

p Aet (P)=2 = Pis inverhble

S s e
P — [_2/3 |/3] =

° P“HP = (% &) |3 "—]‘ Vo=
& '3 202 ) | R
I A _X' =01
% 3 2"_
- v O
B [o i

De?m'\’ﬁoﬂ l$ e 1S a banis 4 e(%qnvecbrs)

then A 1s called o{io.aona\iqu\e.




LECTURE 4

(Reca\l from |ast time_

= [5 - We seck to Fad all AeR and xeR®
-2, 9, X %0, suc\’\*\'\od; Ax = (>\x. In thig

Case , A is an ejgenvq\ue and x 1S
an eigenvector,

gt (401 = |3 21|

= N -5A+h = (A1) (a-8)
ATl es (0-19) = Js )

e\ﬁen\mlues
Se Q } A=\ and A=4
Basig { ( ;')}

-y hec(e-m)={s~<]')\seR}

Rosis { (‘)}

AN nxn maiix A is o\xaﬁonq\ae«ue i? there s

Vefinihon

a basis o? R" Coﬂscsﬁrﬂ enh‘ra\3 o)? eji\envedors 07? R.

Hlmd& %om 523 (@be\ow!

In our case, we have such a basis: {(‘) ("‘)} .

2
So, ous B e ol.ia\csona“mlqle let P be the matnx
whose colpenng &orm the basis consisting entirely of
eigenvectors: ("o order fo(double)chedk
kl -1] / that the columns ae L{,

We observe thdt et (?)=3.
2



Jiqaonq( matx with eigenvalues
n its ciagonal (in the same ordler

on the egenveciors in P)

’Examp\e on ‘S\ides'\z '

€ 22.5 Problemalic coses

Not o\ﬁaﬂom\ izable

We won't ask these things in the g‘mlz

(over the reals)
Not enough wal roots:

A=[1 5] de D). [T 5]
No weal fool , cannct be ?ac\-on'ieal L

Hei) recall the fist leckure | (Ue could Wwork with
ComP\e\( numbets inslead :

det (ﬂ'%I) o (A“)(Q\H) (“Funclo.men}qw")

Rer [ 71] { ) seq:} Basis {(:)}
LR =)
P:{;‘ \‘} PAP - X ,1 ©

>>
"




b) Net eno u%h elggnvectors; @
-A 2 N
A - [3 ;] det @-0T) = |%5" ol = (.w)/v(x 2)
Seﬁz} Basis {((',)}

. L

So, we cant %nok a basig o’f Rz c:onsish'rgi Qnﬁre\é
61 ej%envec’mfs. Not oliagan'alizable,,’

823 Findl conclusions abeut dliagonigabilify

L

’DQ%{Y\H‘{OO The mu\HP“Q‘“’S 0’{» A on a roef O? the
Characterishe 'Po\:aﬁom“\ct\ is called the
a\%abroic Pnu\*“\Ph‘ci!g d? A. The dimension
of e danspace Ey is colled, the
Geometric rrwﬂ)ﬁg:\icih of A.

® m let A be an eiaqu\.uo, of an nxn mamx B, Then:

! | € g™ mu\i:.o? %\ < Q\%_ mult. o? g\ ‘

,
%\3 the wau , recofd that i? A=0 |s an @Senvq\wz o{z 9\,

tren dim(Eg)z 1 , = Aimn her(\H~o-‘I> 21, S dim Rer(R) 21
L =>his net nverBble .




@3

M 5 I3Qn'\)ec’co(s cOrresPonoUnS to dushnck

elgenvalues ol alwans L.

Co(o\\cu:
@ \f an nxn  Mmafnx hay n dushnet Ql’senva\ues)

v s ol vy wh%onaligqb\e.

(D 1§ A, N are e oishnet eigenvaliues of R,
then:

R oh‘qaonq\izmb\e_

& the sum of the aeom.muH-. oﬁ ﬂn___,ﬁk is n
<> dim (Ep) + - + dim (B3 )=n

What o do ¥

® ComPu\-Q det (A -‘XI) and .?\‘no\ all foots (=e\'aenva.\w—03 .

Thie needs a decomposih'on Ints’ ineac fqd-ors . 1§ that's
imPoss“o\e A s not o\«'q&ona(i?abae over o reals.

S
Thiee mettrods for factorizakion in my
Solwhon o WIS-Final # 1y,

@ Find o basis ?or eaahn ei%gnquge‘

Q) ¥ e are n wvectors in af| = oh‘agonhlizable |
IR thae Qe <n wvechwr inal = ot cliago nalizable

@ o Yo ?ormex Cone , wnlk Veckrs inko dhe columns
ot P. Then P'AP =D .

Condlude Lsth slides ¥



