CHBE 356: Process Dynamics and Control

Tutorial 2: Laplace Transformsand Transfer Functions

Q1. Using the definition of a Laplace transform, show that
(a) €_bt$'l.n(wt) |S m

(b) e Pcos(wt) is b

(s+b)24w? "
Solution:
(a)
L[e "sin(wt)] = / e Vsin(wt)edt
0
_ e’} 6iw _ e—iw —(s+b)td
/0 2 !
— i [/OO e(s—i—b—l—iw)tdt - /OO e(s+b—iw)tdt:|
2i | Jo 0
" 1 1
2 [(s+b—iw) (s+b+iw)
w
— - 1
(s+b)? + w? (1)
(b) Similarly,
—bt - . s + b
;C [6 ts'ln(wt)] = m (2)

Q2. The figure below shows a triangular pulse function.

(a) From details in the drawing, calculate the pulse width,

(b) Construct this function as the sum of simpler time eletsiesome perhaps translated in time, whose
transforms can be found directly from the laplace transftaiphe.

(c) FindU(s).
(d) What is the area under the pulse?
Solution:

(a) Pulse width is obtained when(t) = 0. Since h
x(t) = h —at, h — at, = 00rt, = h/a.

(b) From the figure below it is easy to see thét) =
hS(t) — atS(t) + a(t — t,)S(t — tw). u(t)

Slope =-a

—stw —stw—1
© X(s)=4—s+% =1+

0 tw t

Figure 1: Question 2
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h —
slope = -a - -
x{z) x(t)

slope =a

\DPE:"‘

Figure 2: Question 2

(d) Area under pulse- ht,,/2

Q3. Expand each of the following-domain functions into
partial fractions:

(8) Y(s) =

s2(s+1)

(b) Y(S) _ 12(s+2)

s(s2+9)

(C) Y(S) _ (s42)(s+3)

(s+4)(s+5)(s+6)
_ 1
(A) Y(s) = e
Solution:
(@)
6(s+1) 6 o g
Y(s) = 2 - @
(s) (s+1) 52 s s
6
042282—2‘320:6 041:0
s
6
Y(S) = ?
(b)

12(s+2) o ass+as
Y — = -4 =
(5) s(s24+9) s * s2+9
Multiplying both sides bys(s* + 9), we get12(s +
2) = a1(s* +9) + (qes + az)(s) or 12s + 24 =
(a1 + as)s? + azs + 9a1. Equating coefficients of
like powers ofs,

82: a1+a2:0
st oz =12

0 9a; =24 (3)
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Solving simultaneouslyy = §, a; = —%, a3 = 12.
Therefore,
81 (—is+12)
Vis) = o2 4 \T8FT 24
() =35+ =19
(8 + 2)(8 + 3) (03] [6%) (0%
Y == —
(5) (s+4)(s+5)(s+6) s+4+s+5+8+6
A (s +2)(s+3) o
(s+5)(s+6) =
(s +2)(s+3)
= — —6
@ (s+4)(s+6) ls=—s
(s +2)(s+3)
= 6
s (s+4)(s+5) =
1 6 6
Y(s) = -
(5) s+4 515 546
(d)
1 1
Y(s) = _
6) = G619 Frmr61
@18 + Qo a3S + 0y a5

242542 (s242s+ 2)? * s+ 2
Multiplying both sides by(s? + 2s +2)%(s + 2) gives

1 = st 4+4a48° + 60157 + 4oy s + ass® + 6ass + dag + ass® + 2ass

+0ys + 2044 + OK5S4 + 40&583 + 80&582 + 80&58 + 40&5

Equating coefficients of like powers of

5% a;r +as5=0
832 4a1+a2—|—4a5:0
821 60(1"‘40&2"—0(3"—80[5:0

. 4a1+6a2+2a3+a4+8a5:0
s 4o + 2004 + das =1

Solving simultaneously:a; = —1/4, ay = 0,
g = —1/2, gy = 0, 5 = 1/4

—1/4s —1/2s 1/4
$24+2s+2 (s2+25+2)2 s+2

Y(s) =

Q4.
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(a) For the integro-differential equation

d*x dx ¢
— +3—+2z=2 ~7d
pTE + 0t + 2x /0 e 'dr

find x(t).
(b) What is the value of(t) ast — oo ?
Solution:

(a) Let us find the Laplace of integral of a functigfitt).

E[/Otf(t*)dt*] = /OOO {/Otf(t*)dt*} e Stdt (4)

Integrating by parts and using the definition of a Laplacesfarm,
t
ol sy = -
0

[e_“ /O t f(t*)olt*Ko + % /O N e f(t)dt
1
)

= F(s

1
5
S

(5)

Therefore, Laplace transform of the original integro-liéntial equation is

s2X(s) +3X(s) +2X(s) = 8(83—1)
(s + 35+ 1)X(s) = 3(32+1)

2
s(s+1)%(s+2)
w(t) = 1—2te ! —e

(b) limy oo z(t) = lims_o sX(s) = 1.
Q5. The dynamic model between an output variapknd an input variable can be expressed by

d*y(t) N de(t) du(t —2)
dt? dt dt

(a) Will this system exhibit an oscillatory response afteagbitrary change im?

+y(t) =4 —u(t —2)
(b) What is the steady-state gain?

(c) For a step change inof magnitudel.5, what isy(t)?

Solution:
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(a)
—u(t — 2)

Cy(t) | ody(t) du(t —2)
dt? dt dt
Taking the Laplace transform and assuming zero initial dat,

+y(t) =4

s2Y (s) +3sY(s) + Y(s) = 4e *5X(s) — e X (s)

Rearranging,
Y(s) _
U(s) () = s2+3s+1

The standard form of the denominator is (we will learn thi€apter 5):72s%2+2(7s+1. Therefore,

r=1,(=15.

(1 —4s)e™2s

(b) Steady-state gaiR’ = lim, .o G(s) = —1.

(c) For a step change in, U(s) = 5 andY(s) = %1—5 Thereforey(t) = —1.5 +

1.5e cosh(1.11¢) + 7.38¢~ 15t sinh(1.11t). Using MATLAB-Simulink, y(¢) with a delay of two
units is shown below

Figure 3: Question 5: Output variable for a step changeaf magnitudel.5.

Q6. An Isothermal CSTR. Consider an isothermal continuous stirred tank reactovshio figure 2. Use
the following data in answering questions beloi:= 0.085m3/min; V = 2.1m3; C4, was initially at
0.925mole/m? but suddenly changes 1085mole/m? suddenly at = 0. The chemical reaction is of first
order,r4 = —kC'4 with £ = 0.040/min. The heat of reaction is negligible and no heat is transfietwe

the surroundings.
(a) Develop a dynamic model using mass balance equations.
(b) Solve the dynamic model far4 by integration.

(c) Solve the dynamic model far', using Laplace transforms.
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Fi

Figure 4: Question 6

(d) Assuming that the reactant concentration should nevetbgve).85mole/m?. If an alarm sounds
when the concentration reach&83mole/m?, would a person have enough time to respond?

Solution: Please try this problem on your own using what was done inldesdn lecture 8.

Q7. Consider the following transfer function:

(&) What is the steady-state gain?
(b) What is the time constant?
(c) If U(s) =2/s, what is the value of the outpytt) whent — co?

(d) Forthe samé/(s), what is the value of the output wheér= 10? What is the output when expressed
as a fraction of the new steady-state value?

(e) IfU(s) = (1 —e*)/s, thatis, the unit rectangular pulse, what is the output whenoco?
() If u(t) = o(¢), that is, the unit impulse d@t= 0, what is the output wheh— oco?
(9) If u(t) = 2sin(3t), what is the value of the output whenr- co?
Solution:
(@) 5
(b) 10
(c) Y(s) = ﬁ From the Final Value Theorem(t) = 10 whent — oc.

(d) y(t) = 10(1 — e~*/1%), theny(10) = 6.32 = 63.2% of the final value.
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(e) Y(s) = 1035+1 =

® Y(s) = AT +1 —=—1. From the Final Value Theorem(t) = 0 whent — oc.

(t) = 0 whent — oo

@ Y(s) = =2 theny(t) = 0.33e7% — 0.33cos(3t) + 0.011sin(3t). The sinusoidal input

(10s+1) (32+9
produces a sinusoidal output an@d) does not have a limit when— cc.

Q8. A simple surge tank with fixed valve on the outflow line is iliazged in figure 3. If the outflow rate
is proportional to the square root of the liquid height anteady-state model for the level in the tank is
given by
dh
A_ — Uz vh1/2
g =4 C
As usual, you can assume that the process initially is atigtstate

G =q=C.hn'"?
(a) Find the transfer functiod?’(s)/Q’(s). Put the transfer function in standard gain/time constant
form.

(b) Find the transfer functio®’(s)/Q%(s) and put it in standard form.

(c) Ifthe algebraic relation for the outflow rate is lineast@ad of square root, the level transfer function

can be put into a first-order form.

H'(s) K*

Qi(s) Ts+1
with K* = h /g, 7 = V /¢;, andV = Ah is the initial steady-state volume. When written this way,
7* is easily interpreted as the liquid residence time at theinahoperating conditions. What are
equivalent expressions féf andr in the part (a) level transfer function, that is, for the sguaot
outflow relation?

Solution:
(@)

dh
A4 h\/?
dt ql C’U

Let f = ¢, — C,h'/2. Then using Taylor’s series expansion,

- 1 _ - -
fR G —Ch 4 gi— G = SChT (=)

Therefore A4 = ¢/ — -1/ because; — C,h'/? = 0.
Cy )
st g | 1) = Q)
H(s) 1
Q;(S) SA+ h1/2
H(s)  20?/C,
Qi(s) 2402, 4
whereK = 202 andr = 2402,
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By using Simulink-MATLAB, above solutions can be verified:

C u B n E = 1 3 a

Fig S4.2a. Ouiput for part ¢) and d)
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Fig S4.2c. Quiput for part f)

Figure 5:

15
el
II
ap b
h
e 4
I'l
usf "-._
B "'-__
b
b
N,
\\\
i
o
1 “
\""-\.
[T e SO
{ i o = = = = ] = [
-

Fig $4.2d. OQuiput for part g)

Question 7
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>
Figure 6: Question 8

(b) Because = C,h'/2,

/= el G
i)

/ 1 /
et ="
Q) 1 Q(s)H'(s) 1 K
"H'(s) K’ H'(s)Qi(s) Krs+1
and /
Qs) 1
H'(s) 7s+1
(c) For alinear outflow relation
dh . .
AE =¢q, — C,h Note thatC} # C,
dn’
A— =q - C*I
a T
dh’
A— +Ch = ¢
a T =
A di

1

Cx dt
Multiplying numerator and denominator lyon each side yields

ARaw b
Ccahat T ot
o 7 dn P
%
MLy L
q—i dt _I_ — ql

7
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To put7 and K in comparable terms for the square root outflow form of thedfer function,
multiply numerator and denominator of each/oy?.
_ 2RM2p12 2h 2h

— = = - — = QK*
Cv h1/2 th1/2 s

_ 2ARYERYE 2AR 2V
TTTo wETonr T g T
Thus level in the square root outflow TF is twize as sensitvehianges ig; and reacts only/2 as
fast (two times more slowly) since= 27*.




