ENGR 213 / 2
APPLIED ORDINARY DIFFERENTIAL EQUATIONS
Solutions to Midterm Test I October 4, 2010

(1) o =32 4(0) =0
Re-write as:

dy
A 639062y

dx

or
e Vdy = e3dx

The equation is separable.
Je2dy = [e¥dx = — ﬁ = 16393 +c
From the initial value problem ;
y(0)=0 = 60:—260—26 = C:_Z
The solution is
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(2) (1+y?cos(xy))dx + (xy cos(xy) + sin(xy))dy = 0

By inspection, this equation is not separable and not linear. It is also
not homogenous, or Bernoulli, and cannot be solved by linear substitution
v=Ay+ Br +c.

To check for exactness, denote M(x,y) = 1 + y?cos(zy) and N(z,y) =
xy cos(xy) + sin(zy). Then

OM(,y) = 2y cos(zy) — xy* sin(zy)
dy
aNE()x,y) = ycos(zy) — xy? sin(zy) + y cos(zy)
T

As the above expressions are equal, the equation is exact. We look now for
a function f(z,y) such that

8f(aa; y) _ M(z,y), = f(z,y)= / (1+ 3 cos(ay) ) D-+h(y) = a+ysin(zy)+h(y)
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and

af(;;y) = N(z,y) (= zy cos(zy) + sin(zy)) = zy cos(zy) + sin(zy) + h(y),

implying that h'(y) = 0, or h(y) = const. The solution is

f(z,y) =z +ysin(zy) = c

(2)

(3) (2 +y VR Ty?)dx = xyVR 32 dy, (1) =1

Again, by inspection, this equation is not separable and not linear. It is
not Bernoulli and cannot be solved by linear substitution v = Ay + Bz + c.
Is it exact? Set M(z,y) = 22 +y*v2% + y2 and N(x,y) = zyv/22 + y2 Then

OM (z,y) y’
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So the equation is not exact.

It is not homogeneous.
simplified by noting that

However, it is is
dy 2*+y°Va?+y?
dv — zyv/a? + 2
d d
which becomes, setting v = y, & _ v :c—v
xr  dx dx
dy 2%+ v223V/1 4 02 N dv
- = =v+r—
dx vady/1 + v2 dz

or

dv 1

— =
dr  vzv1+ 02
which is separable. We get

d
/v\/1+v2dv: —f
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Setting u = 1 +v?, 2vdv = du, the equation becomes

1 1
/fu%du = [ —dx
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integrating we get

or

Imposing the IVP (1) =1, = 8 =9(~1+¢)?, = c= ? + 1. The final
solution becomes

y2:$2

(@+3—§)§—1] 3)

(4) 2xdy — (y — 2xy3cosx)dx =0
By inspection, this equation is not separable, not linear and not exact.
It is also not homogeneous and cannot be solved by linear substitution v =
Ay + Bx + c¢. Write as
dy —y

3
— — 2 = —y’cosx
de 2z J

1
So it is Bernoulli, with p = 3. Making the change of variable v = y' % = —

the equation becomes a linear equation in v:
dv v

@ 195,

T =—(1-3)cosx

We solve it by evaluating first the integrating factor

and then

1 27 si 5
U(x)Z[/(Qxcosx)der(J _ srsme cosa:+g
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or

2 _ T
~ C+2(xrsinz + cosx)
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