
MATH 235 COURSE SUMMARY 
 
 
Linear Transformations        [Sec. 4.1 – 4.5] 
 - Definitions: 

  - Linear Transformation: linearL  
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  - Kernel:   },0)(|{)ker( VvvLvL ∈==  
  - Range:   }|)({)( VvvLLrange ∈=  

 - Dimension Theorem: )dim()dim()dim(ker VrangeLL =+  
        or nullity )dim()()( VLrankL =+  
 - Definitions: 
  - One-to-One:   )()(: 2121 vLvLvviffonetooneWVL ≠⇒≠−−→  
  - Onto:    WLrangeiffontoWVL =→ )(:  
     ontoLonetooneLWVIff ⇔−−= ),dim()dim(  

 - Matrix Form of a Linear Transformation:  α
α
ββ ⋅= ][][)]([ xLxL  

 - Change of Basis Matrices:     α
α
ββ ⋅= ][][][ xIx

 - Composition of Transformations:  ))(()( 2121 vLLvLL =o  
 - Similarity:      1~ −= PBPAiffBA
 - Invertibility:     11 ][][&][ −− = LLinvertibleLiffinvertibleL
 - Isomorphisms:   V  )dim()dim( WViffWtoisomorphicis =
 
Determinants          [Sec. 5.3 – 5.4] 
 - Determinant of a 2X2 Matrix: 21122211)det( aaaaA −=  

 - Determinant of Larger Matrices:  ∑
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 - Triangular Matrix Determinants: ∏
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 - Row Operations: 
  - switching two rows of A:  )det()det( AB −=  
  - multiplying a row of A by k: )det()det( AkB =  
  - adding two rows of A:  )det()det( AB =  
 - Properties of the Determinant:    )det()det( AAT = 11 ))(det()det( −− = AA
      )det()det()det( BAAB ⋅=   )det()det( BAAB =
 - Invertibility:    0)det( ≠AiffinvertibleisA  
 - Similarity:    )det()det(,~ BAthenBAIf =  
 - Adjugate/Adjunct:   )())(( ACAadj jiij =  

 - Inverse Formula:   )(
)det(
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Invariance           
 - Restrictions:   )()(|:|,&: uLuLWULVUWVLFor UU =→⊆→
 - Invariance:  U  is L-invariant iff ,&: VUVVLFor ⊆→ UUL ⊆)(  
 - Cyclic Subspaces:  ...})),(),(,({ 2 vLvLvspanSisvbyVofsubspacecyclicL v =−
 
Eigenspaces & Root Spaces        [Sec. 6.1, notes] 
 - Eigenvectors, Eigenvalues of L: vvL λ=)(  o ]r []][[ vvL λ=  
  - Eigenpair of L:  ),( vλ  

 - Minimal Polynomial "with respect to v": 

  Find AAvv  such that  and then: vAv k...,,,, 2 vAcvAcAvcvcvA k
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 - Characteristic Polynomial "of L":  )][(det)(][ LIttL −=∆  
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 - Minimal Polynomial "of L":  

   - "lowest degree monic polynomial p(t) for which    p(A)v = 0    for all v" 

   - look at ∆  and start with )(][ tL 1...21 === rr  and go up to try to get p(A)v = 0 
 - Solving the Matrix Eigenvalue Equation: 
  - solve the polynomial (] 0)[ =λ∆  for all L λ , then solve ( 0)][ =−λ vLI  for all v 
 - Eigenspace (corresponding to λ ):  },)(|{ VvvvLvE ∈λ==λ  and  VE ⊆λ

       ])[ker( LIE −λ=λ  
 - Geometric Multiplicity (of λ ):  )dim( λλ = Eg  

 - Root Vectors:     for some r 0)][( =−λ vLI r

  - Index:    index of v is the smallest value of r above 
 - Root Space (corresponding to λ ):    for n  nLIR ])[ker( −λ=λ )dim(V=
 - Algebraic Multiplicity (of λ ):  )dim( λλ = Ra  
       λλλ ≤ agRindex ),(  
 
 
Diagonalizability & Orthogonality       [Sec. 6.2, 6.4, notes] 

 - Diagonalizable:   is diagonalizable iff V has a basisWVL →: β of eigenvectors 

     Further,    
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 - Complex Inner Product:   yxyx T=〉〈 ,  
 - Properties of Complex Inner Product: 〉〈+〉〈=〉+〈 2121 ,,, yxyxyyx  
       〉〈+〉〈=〉+〈 yxyxyxx ,,, 2121  
       〉〈=〉〈 yxcycx ,,  
       〉〈=〉〈 yxccyx ,,  
       〉〈=〉〈 yxxy ,,  
 - Orthogonality:   0,& =〉〈 yxifforthogonalyx  
 - Orthogonal Compliment:  the set of all vectors orthogonal to all vectors in U =⊥U
      U    such that    I

Uu

u
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⊥⊥ = }0,|{ =〉〈= uyyuT

 - Adjoint (Conjugate Transpose): 
T

AA =*  
      〉〈=〉〈 yxAAyx ,*,  
  - for real matrices:  TAA =*  

 - Hermitian Matrices:   A is Hermitian iff AA =*  
  - for real matrices:  A is Hermitian ⇔  A is [real] symmetric 
 - Skew Hermitian Matrices:  A is skew Hermitian iff AA −=*  
  - for real matrices:  A is skew Hermitian ⇔  A is [real] skew symmetric 

 - Invariance:    U is A-invariant iff U  is -invariant ⊥ *A

 - Self-Adjoint    A is self-adjoint iff  〉〈=〉〈 yAxAyx ,,  
    ie- Hermitian operators are self-adjoint w.r.t. complex inner product 

 - Unitary Matrices:   A is unitary iff nIAA =*  
    - A is then said to "preserve length" 
    - the columns of A form an orthonormal basis for Cn 
  - for real matrices:  A is unitary ⇔  A is orthogonal 

 - Properties of Hermitian:  - Hermitian matrices have real eigenvalues. 
      - Each eigenspace is orthogonal to one another. 
      - Hermitian matrices are diagonalizable 
      - The diagonal matrix is HLL  where L is unitary *
 - Triangulation:  
  then  is lower triangular where L is some unitary matrix. )(CMAIf nn×∈ ALL 1−
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