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MAT 1341E Final Exam
Fall 2016
December 13
Professor: Charles Starling

Family Name:

First Name: Enter Multiple
Choice Answers Here
Student Number:

1 =
Some advice 2 e
: . . 3 C

Read the whole exam before starting to write, and start by doing
the ones you know how to do. The long answer questions are 4 (P
worth much more — spend more time on those. 5 D
1. You have 3 hours to complete this exam. 6 E

2. Cellular phones, unauthorized electronic devices or course
notes are not allowed during this exam. Phones and de- 7 A
vices must be turned off and put away in your bag. 8 C
Do not keep them in your possession, such as in —
your pockets. If caught with such a device or document, 9 i’
the following may occur: you will be asked to leave the 10 B

exam immediately and academic fraud allegations will be
filed which may result in you obtaining a 0 (zero) for the

exam. Marker’s Use Only

By signing the attendance sheet you acknowledge
that you will comply with these conditions. 11

3. Questions 1 through 10 are multiple choice. They are worth 12
1 point each, you do not have to show work, and no part 13
marks will be given. Please record your answers next to the
question number to the right. 14

4. Questions 11 through 15 require a complete solution, and 15
are worth 6 points each.

5. Question 16 is a bonus question worth 3 points and should 16 [Bonus|
only be attempted after all other questions have been com- Total

pleted and checked, since bonus marks are much harder to
earn. Spend your time accordingly.

6. The correct answers for questions 11-16 require justification written legibly and
logically: you must convince me that you know why your solution is correct. You
must answer these questions in the space provided. Use the backs of pages if necessary.

7. Where it is possible to check your work, do so.

8. Good luck! Bonne chance!



1. Which of the following are subspaces of R3?

U={e-y, a+y, o~y |z, yeRp=spn{(1,1,1),(=1,1,-1073
VV = {(z, v, —y) |z, ye R} = ¢ 0\&*\{(! 010}, {,0 I -0
KW ={(z* y, w+y)|$ y€R} not closed uncer scalar molt (1,0,1)eW
/X = {(2,0.2) | 5~y = 0} plane heovg 0 (2,00) § W

A. U and V only
B. U and W only
C. W and X only
D. U, W and X only

@U V and X only

. V and W only

2. Let My, denote, as usual, the vector space of real 2 X 2 matrices, and let A* denote the transpose
of A € My,. The dimension of V = {A €My | A= A} is:

A0
B. 1
C.2

0)s

E. 4

F. V is not a subspace of Mzg, so we cannot speak of its dimension.

V= {[tz] | oo de XY | .
= 5105%?’\{{1;1§X,<}(é} {Z?}g 'H/\{% S}mvm“iﬁ %‘F (] Lo co
ki (\/};f 3



3. Complete the following phrase to make a true statement:
“A system of 1100 linear equations in 550 unknowns...”.

X A. ... always has a solution. 550 ‘
£ B. ... always has a unique solution. ‘ § }

/C. ... may be inconsistent.

X D. ... which is consistent always has a unique solution. 1,00
X E. ... which is consistent never has a unique solution.
% F. ... is never consistent. 3
E: * %% Can have
L \% | g wt soluton -
REIA
éwr }'@f}é \4’ -
3 1
4. If A= 1 then A
AF_J v 211 0] ., 010 O‘i‘ifwf”’ O”gj
s Lo
H .
B 1/2 —1/2 B (o | pel
-5 2 foj ot o :
~ Kf} ) ) o Y2 *le
1/2 —5/2
2



5. If ¢; denotes the j* column of

1 4 -1 -2
A=10 0 0 5
28 -2 3
(7 =1,...4), which of the following sets is a basis for the column space of A ?
A. {Cl} }
B. {c1, o} " A ~0 Y -t - ~ I -”'f ?
C. {Cl, C3} 0 o < E 0o ¢
o 1 o0 o o
{017 04} 0 0
E. {a, c3, cs} : { 4 Y
F. {c1, cs, ¢4} Le&dmﬁ I's are in columns ain :

6. Suppose A is an n X 1 matrix. Among the following statements, which one is not equivalent to
the others?

A. A is not invertible.

B. Az = 0 has infinitely many solutions.

C. There is b € R™ such that Az = b is inconsistent.
D. The determinant of A is zero.
@A is row-equivalent to the identity matrix.

F. The rank of A is less than n.



'\/\ ‘/L VZ 5
7. The set of Vectors {(0,3,4),(1,0,0), (0,4, —3)} is orthogonal. Find the Fourier coefficients (a1, az,as)

of v = (0,-1,-1), i.e. find real scalars (ay,as,as) such that v = = a1(0,3,4) + a2(1,0,0) +
a3 0 4 3)
IR AR
2 Crois I
C. (- 70—1) #, = V-V _ O
D. (07, -1, 1——1) uvtu’u
s = 25
a b c 3a—5g 3b—5h 3c— 5 3a 3}4@ =
8.If|d e f|=7, find g h j J
g h g d e s %( e A
A7 . gl a L ¢
B. 21 (3{ ;7 j
(©)-a e
D. 35 {
E. —35 2:3]obc
v h & £
. % \é’\ 3{
= ,g\\



9. Consider the matrix A = ,?) ;] Answer the following questions:

e Is 2 the only eigenvalue of A?
o Is the dimension of ker(4 — 21) equal to 27
e Is A diagonalizable?

2
iy - - -
A. Yes, Yes, Yes. Cﬁ% . >§) . \{‘)‘ A | . (2 %)
B. Yes, Yes, No. D ;}‘
C. Yes, No, Yes. =) A: Al e (}m{j Qt%hva(y@g‘
D. No, Yes, Yes.
)
E. No, Yes, No. A“;?J\ﬁl - [O \ ‘o}} Xt
Yes, No, No. _ [ * ot} x, =0

=) ur’(ﬁ‘%ﬁm) = span {Uz O)g
=1 i ke (A-AT)) = |
A ;S Tj O{i@ eh g ’ ttalke Lo (M O+ emoﬁfﬁ " g(%ﬁ e a%«;)

10. Which of the following statements are (always) true?

1) Each spanning set for R™ has exactly n vectors. can be Lo fgx;f

) If {u, v, w} is linearly independent, then {u, v} is also linearly independent.

) If Ais an 1 x n matrix, then det(—A) = ——det(A).v onty true of N oclel

) If Ais an n x n matrix, then dim(col(A)) =n. covld i??ﬁ lesg

) If A is an n X n matrix, the dim(ker(4)) = n — rank(A4). v ank wﬂdi‘\‘%ﬁ

\/(6) {1,sinz, cos z} is linearly independent in FR)={f|f:R— R} vagc{ in class

I3
(2
x 3
% (4

A. All six are true.
(2), (5) and (6).
C. (1), (2) and (4).
D. (3), (2) and (6).
E. (4), (5) and (6).
F. (2), (3) and (5).



7
11. Consider the network of streets and intersections below. The arrows indicate the direction of
traffic flow along the one-way streets, and the numbers refer to the exact number of cars observed

to enter or leave the intersections during one minute. Each z; denotes the unknown number of
cars which passed along the indicated streets during the same period.

A 100 B
1 C ZTa
D = E

(a) Write down a system of linear equations which describes the the traffic flow, together with
all the constraints on the variables Ty, 1= 1,..

-»9. (Do not perform any operations on
your equations: this is done for you in (b), and do not simply copy out the equations implicit
in (b). You will not get any marks if you do this.)

Tu - ou

|00 = %+ %

T

{;Z X'L%X} = L{DD
D: X400 7 X5
C- Vet 00 T At

) . 01,5 (Cone-way ctreets)

Qﬁmﬁme%{“&: Xa 70 o Y j "@CQW‘{)

| X € 4 Lol 5 (whole numben o :
T



(Question 11 continued)

(b) The reduced row-echelon form of the augmented matrix from part (a) is

1000 —1|-200
0100 1] 300
0010 -1/ 100
0001 —1| 200
0000 O 0

Give the general solution. (Ignore the constraints from (a) at this point.)
¥ = 5 -d00
X, ~ =S +%00

)(3; s + 100 ¢ YR
, L N

XYy = C+g 00

Y = C

(c) Find the maximum and minimum fow along BC, using your results from (b) and the
constraints from (a).

(You must justify all your answers. )

X1""5“lO°7’0 =y 5700

X, = -G+30070 =) 5 & 300 For these b all be Trne §§ma}§%‘”¢z{?fm@mﬁfﬁg
L =) 577190 we e

%, = s+100 2 0 e,

’ 20020 =) S 7 =400 ADCES =500

Ky = 5+

, O
Xe = S zo =) =7 ¢

B(:/ - ?{5:2 §+§QQ
=y K37 300 mn

- 200 =) 7(5?‘%% v o X



12. Let
1 0 -1
2 2 1
A= 1 2 2
02 3
(a) Find a basis for col(A), the column space of A

(b) Find a basis for ker(A). -
(c) Give a complete geometric description of ker(A).

(d) Extend your basis of col(A) from (a) to a basis of R.

0 -1 { o-l
AN L")'Lz, ~ (}\3/1
o 73 o000

0 1L % S 00

V o buis

@) col(A)= Sf‘:’*“{“:z;gs@} 02,2 2)} and Fha v pust
bg( ’H\A w'mmwrc&% G %@mﬂ/\m.

Ny {“g p -l 6 X = i?, .

[.A D \/{j} { 3o Fooo /2,

po o | P X2
Do ©

{( /L D] and fthis e bosid
S{)iifé{‘ W o E" LA 'Q}
h 0 with direction {5""%;\)

\cw LA) - span

hecavye s the basic

&) ber (A) B o e threvg
dy Want vy,vy so that Yﬁz‘;ij o T,

/ '\‘/5

Yy

. e . \
o2 107 Lt ? j 1 vy = (079 ;’f wovles

o 2 L 0 % ?(} 0, v }
& § Dt V)
%% g V; Vy H
L iy j% 4

Whidh  exbends Y ov Bown (8).



13. Let U = {(z,y,2,w) e R* | z + 2 + w = 0}.

(a) Find a basis of U and give the dimension of U
(b) Find an orthogonal basis of U.

(c) Find the best approximation to (1,1,0 0) by vectors in U

®) U~ \w([{ 01])
1o l{@} X2 =t

1< S
= €
xg= "
=) A= s(mw{( I, 0! 5) €>) (.« r)/l)j
bose 30[@’(&9@«3, So Jr\,\u 5‘,“\4\%&9\3 uﬁ 1y Bajz&

=) dim(U)= 3
19) Wgt\/s ‘:i(.'";,?f‘}fg;@)

WL =V - VW

L ™
= (05!!0’5)) - QWS
(O;“G%Q}
Wy = V3 Ve, -V,
fhw/ &Vw “W?,H
L, -0
e \/ - P i
ES) 5
- 0,9, ) «H,@,sga) \)
k o
Lo 1 \) — > con tnlke WI,‘*{E\DJ\EE &
(’L* )
Y L) I )? T oan prtho ool basiy
= {i\ O\} (0,1 ?Q}f{%@:fg} )y o ﬂ

11



(extra page for work)
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13
0

14. Let A= |1
1

<N O

-2
1.
3

(a) Find the characteristic polynomial det(A—\I ) of A, factor it, and deduce that the eigenvalues

of A are 1 and 2.
(b) Find a basis of E; = {z € R® | Az = z}.

(c) Find a basis of B, = {z € R® | Az = 2z}.

(d) Find an invertible matrix P such that P"*AP = D is diagonal, and give this diagonal matrix
D. Explain why your choice of P is invertible.

) C ) = =N 0 A= ()[R L :(9\~‘)\)(>\ PR )
S T
0 E-A

- (&,))(}ﬂ\)(ﬁw}) =) ?\:9@}\:' ave the 6&%%\:’0'%&\

- [ OL Jo} xy=~2%
\Q> LA“IE\O] - ‘: ? H?} A TP o P
I 0 7 0 o oo | ?‘313

= E = S{oun ;(’zr ';’)} bz%%z‘e: §@{v\h§m§ )30 +hi §P£mm'¢3j ot
= span | ) |
| oA basi

<S5

-1 0 -2 Jfrol]o xim -t
‘) U}‘J\I\Q}t 3‘ L o 1 |° voolo | XS
R{ oog| O ng"t
L 0\

: . .L[A“
7 ) soluthony, o TVe
SVE . epan (1o (O /0) | basic sol !
17 ep

<

-

aﬁwmﬁg st Ga basis

Y P{) invetiple heiaay{;

D - g ﬁ{:X qhmtg,%*é’{m{ L)
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15. State whether each of the following statements is (always) true, or is (possibly) false, in the box
after the statement.

e If you say the statement may be false, you must give an example which shows that it
is false.

e If you say the statement is always true, you cannot give an example to justify your
answer; you must instead give a clear explanation which works for all possible cases.

(a) If w,v and w are three linearly independent vectors in a vector space E, then
u € span{u — v,v — w}.

U= U:Q!Q) V\’V:U;w}ﬁ})
v o(0,1,9) \/”W""(O;';”)
‘V\I’; (\0,0,I>

; [ 1.
-y Vo0 :3&"! }léﬂ ! \V\covxsaghmjf
o-110 &—1\33 o0l 2
- U,o,o)(.ft,smmi(l,'/,a);(w,/,—l)}

=) ndg JP&‘%V‘%%{A'V,V’WB.

ANSWER
(b) Let A be a 3 x 2 matrix and suppose there is a vector v € R? with v # 0 and Av = 0. Then

the columns of A are linearly dependent.

" (ab)
A‘: [V; Vl} wheve vijv’-‘z, ore the colunins

Ay 0 oy s vy
0= Av UN‘W@] v

Since V40, @& and b canl beth he zevo

=) ivh\/lx 1) LD

7_.
ANSWER
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(c) Let A be a 3 X 4 matrix. Then every vector in the kernel (or nullspace) of A is orthogonal to
every row of A.

SU\OPO}Q v E bv’"(A) ) ancl /‘l,: ,g‘]

a

e

's = Vﬁ‘v = O
Mo A 18] 5] 7 [3)

V3 r3V 7
=) V,'v=0

- fL-\/ﬁ-'Q
(}‘\/:;. 0

T

ANSWER

(d) If A is an invertible 2 x 2 matrix, then A is diagonalizable.

A; L ‘] K imvevﬁbu, Lbut not
vl o\%%ow&\ﬁ'm\gé s

[sce Q9)

ANSWER
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16. (3 bonus marks) Make sure you finish and check the rest of the paper before trying
this. Bonus marks are much harder to earn.

In parts (a) and (b), A denotes a symmetric n X n matrix, ie., A = A%

(Note: Your proofs must be valid for every symmetric n x n matrix A4, so don’t choose n or A !)

(a) Prove that (Au)-v=u- (Av) for all u,v € R", where “-” denotes the dot product.

L wvore written ag cv{z/\mmi, then v - utv
oo (Aw)ev = (A v = ot Atv = uthv
= U (Av)

(b) Now suppose that vy € R" is an eigenvector of A with eigenvalue X, and let
W= {weR"|w- vy =0}
Prove that if w € W, then Aw € W.
Su\a?@%ﬁ W € W. TMV! we V}K =0.
| (Ava) w9
Wt o calcalode (u)evy = (Ava) by

eV
e (pin) lecave
1L an Qt%@ﬂv‘é@ ov

LA

INURLY

= % (0)
= 0.
Since (Aw\)~\sz» O; we must have Awe\/\/“

A



