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(These Lecture Notes replace neither the Text Book nor the Lectures)
Part 6
e Inner Product, Length, and Orthogonality.
e Orthogonal Bases and Orthonormal Bases of R".
e Orthogonal Projection of one Vector onto Another.
e Orthogonal Projection of one Vector onto a Subspace of R™.

e The Angle between two Vectors.
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INNER PRODUCT, LENGTH, and ORTHOGONALITY

U1 U1
U9 (%)
Definition: Let u= | | andv=| _ |. The inner product (or a dot product)
U, Up,
of u and v is
U1
V2
u~v:uTv:[u1 Ug - un] ) = UV + UV + -+ -+ Uy Uy
Un,
3] 6
Example: Let u= | —1 | and v= | —2 |. Then
-5 | 3
[ 6
w-v=uv=[3 -1 -5 -2 | =3-6+(-1)-(—2)+(-5)-3=184+2—-15=15,
3
and
3
vou=viu=6 —-23]| =1 | =6-3+(=2)(=1)+3-(-5)=18+2—15=5.
=5

So, u-v=wv-u

Let u, v, and w be vectors in R™ and ¢ be a scalar. We have the following properties:
l.u-v=v-u
2. (u+v) w=u-wHv-w
3. (cu) - v=rc(u-v)=u-(cv)
4. u-u>0.
5. u-u=0<=u=0.
%1

%

Definition: Let v = in R". The length (or norm) of v is defined by

(%

n
l|lv]| = Vo -v. Thus ||[v]? =v - v.

A vector whose length is one unit is called a unit vector.
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2
Example: Let v = | —3 ] We have |[v||*> = v-v = 2> + (=3)* + 17 = 14. So,
1

l|v]| = v/14. A unit vector in the direction of v is

) 2 2/\/14
| 2

The process of creating u from v is called normalizing v.

(Y

1
Example: Let W =Spanq | —1 . Find a unit vector v which is a basis for W.
2
1
Solution: let u = | —1 |. Then, ||u|| = \/12 +(=1)2+22 = V6.
2

1 1 1 1/v/6

v=-—u=—|—-1|=|-1/V6
V6 VB, 2%/6

~1/V6
Another unit vector: —ov = 1/ V6 | .
—2/\/6

Properties of length
< Nlul =0
Null =0<=u=0

. ||kul| = |k ||u]|, k is a scalar.

W N =

ol ol <l + ol

Definition: Let v and v be two vectors in R". The distance between v and v is the
length of the vector u — v. That is

dist(u, v) = ||lu—v||.

1 2
Example: Let u = 2 landv=| 1| in R3
-1 1
—1
dist(u,v) = |lu—o| = 1|||l= \/(_1)2 +12 4 (—2)2 = V6.

—2



’Ay§e and Saban Alaca

Linear Algebra I

Part 6

3.

4.

Properties of distance

4

Definition: Let v and v be two vectors in R". Then u and v are said to be orthog-
onal to each other (u L v) if u-v = 0.

Note: Zero vector is orthogonal to every vector.

Example (The Phythagorean Theorem): Let u and v in R". Show that

ulve|lutv||*=|ul]®+|v

Solution: v 1 v if and only if

[+l = (u+t0) - (w+t0) = [[ul]* +[]o]]* + 2u- v = [[u]* + ||v][*.

Example: Let v and v in R". Show that

u L v |lu+to|?*=|lu—v|>

Solution: We have

[l + ol |* = [Jul* + [Jv]* + 2u - v

and

[l = ol* = [[ul* + [Jv][* — 2u - v

from which the result follows.

Question: Does ||u + v + z||* = |[u||* + ||v|]* + ||2]|* imply that {u,v,z} is an
orthogonal set?

1 0
Answer: No. Takeu=| 1 |,v=| —1 | and z =
0 1
2
Jutv+zlP = || 1
1
lull® = [0l = [|2]* = 2.

So |lu+ v+ z||* = [Jul|* + [[v]|* + ||2]|?, but {u,v, 2} is not an orthogonal set.
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Definition: Let W be a subspace of R"™.

1. If z € R" is orthogonal to every vector in W, then z is said to be
orthogonal to W.

2. The set of all z that are orthogonal to W is called the orthogonal com-
plement of W, and denoted by W+=. That is,

Wht={zeR"|zLW}.

Example: Let W = Span{[ (1) ]} Then, z = [ ? ] LW and Wt :Span{[ (i ]}

1 0 0
Example: Let W = Span{ { 0 ] 11 } Then, W+ Span{ { 0 } }
0 0 1

1] 1
Example: Let u; = { 2 |, up = { -1 ] and S = {uy, up}. Find S*.

1 -1
Solution:
o
v=|y|leSt<=v-uyy=0andv-uy,=0.
Z_
So,

1 2 1]o 12 o1jo)
1 -1 =110 U=




Ayse and Saban Alaca Linear Algebra I Part 6 6

1
Example: Let b = | —2 |. Find two linearly independent vectors which are or-
4
thogonal to b.
T 1
Solution: t= | 2o | L | —2 | < 21 — 229 + 423 = 0.
T3 4
T 21’2 — 4[E3 2 —4
To | = To =x9| 1 | +x3 0
3 T3 0 1
2 —4
The vectors u = | 1 | and v = 0 | are linearly independent and
0 1

they are both perpendicular to the vector b. In fact, b L Span{u,v}.

Exercise: Show thatify Luandy L v=—y L (u+v).

1 1 -1 1 1 1 —1
Note: | 1 | L | -1 |+ L{but |1 | L] -1 |and |1 | L 1
1 2 —2 1 2 1 —2

Remark: A vector x is in W+ if and only if  is orthogonal to every vector in a set
that spans W. W+ is a subspace of R".

Exercise: Show that if x is in both W and W=, then x = 0. This means that
W nw+ = {0}.

Solution: If zr € W and v € W+, thenz L 2. Thusz -2 =0 = 2 = 0.
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Theorem: Let A be an m x n matrix. Then,

(i) (RowA)" = NulA (ii) (ColA)* = NulA”

Note that replacing A by AT in (i) gives (RowAT)t = NulA”T | i.e (ColA)*+ = NulA”.

3 2

Exampe: Let A = [ 6 4

]. Find (Col A)*.

Solution: Let x = [ 41 ] € R?.

Zo
-xl-L_3-<:>3 + 629 =0
Lo 6 T To = U.
- - - - — r = 11 = _2
- - _ - o i) -2 1 ’
Tl 2 ] e 20 4 day = O,
_x2_ _4_

So we have (Col A)* = Span { [ _? ] }

e A set S of non-zero vectors is called an orthogonal set if each vector in S'is
orthogonal to other vectors in S, i.e,

S = {v1, v, ...,vp} is an orthogonal set <= v; - v; = 0if i # j.

An orthogonal set in which each vector has length 1 is called an orthonormal
set.

A basis consisting of orthogonal vectors is called an orthogonal basis.

A basis consisting of orthonormal vectors is called an orthonormal basis.

1 0 0
B = O|,]11],]0
0 0 1
is an orthonormal basis for R3.
1 -2 5 -1 2 2
B, = -2 1, 21, 4 and By = 20, =11, 2
3 2 1 2 2 -1

are both orthogonal bases for R3.
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[ —1/3 2/3 2/3
SR

- 2/3 2/3 —~1/3

[ 1/y/14 —2//12 5//42

| 3/V14 2/V12 1/vV/42

are both orthonormal bases for R>.

[ 2 0 -2
2 2 0
A,
An orthogonal set in R*: A0 1] 1 :
1 0 1 1
_ 57 ]

2/v/24 0 —2/v/6

v | | Ve 0
An orthonormal set in R*: N V6 || 1/vE
0 1/v/6 1/V6

An orthogonal basis for R*: {

1/v/6 1/V2 1/V3
2/v6 |’ 0 =13 |
0

An orthonormal basis for R*:

1
1
2
0
lw\/’ —~1/v/2 1//3 {

_ o O O

] |
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Definition: An orthogonal matrix is a square matrix with orthonormal columns.
Theorem: An m x n matrix U has orthonormal columns if and only if UTU = I.

Thus, an orthogonal matrix is a square invertible matrix U such that U~ = U7

1/vV/5 0 2/V5
—2/v/5 0 1/v/5
0 1 0
columns. So, it is an orthogonal matrix. The rows of U are orthonormal as well.

Example: Let U = . U is a square matrix with orthonormal

(1/v5 —2/V5 01 1/v/5 0 2/v/57 [1 0 0]

U = 0 0 1| -2//501//5|=|010
2/vV5 15 o) 0 1 0 | [0 0 1]

1/v/5 0 2/v/5]7[1/V/5 =2/v/5 0] [1 0 0]

uut = | =2/v/5 0 1/V/5 0 0 1|=|010
0o 1 0 ||l2/V/6 1//5 0] [00 1)

vt =0 =1=U""'=U".

~1/3 2/3 2/3
2/3 —1/3  2/3 |. It has the following properties:
2/3  2/3 —1/3

Example: Let U =

e U=UT,
e UTU=UU=1=U"1'=U.

e U is an orthogonal matrix.

-1/3  2/3
Example: Let U = 2/3 —1/3 |. U is a non-square matrix with orthonormal
2/3  2/3
columns. So, it is not an orthogonal matrix.
e -1/3  2/3 2/3 -1/3 0 2/3 10
UU:[ 2/3 —1/3 2/3] 2/3 —1/3 :[011:.7.
2/3  2/3

Uut =

—4/9  5/9 2/9
2/9  2/9 8/9

2/3 —1/3
2s 2 2/3 —1/3 2/3

—-1/3 WS]llB 2/3 2%] { 5/9 zy9:y9]%l.
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1 =20
Example: Let A= | 0 0 1 |. The columns of A are orthogonal but not or-
2 10

thonormal. Hence, A is not an orthogonal matrix.

Note that ATA =

O O Ot
O = O

0
0 | is a diagonal matrix but not the identity matrix.
5
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Theorem: Let U be an m x n matrix with orthonormal columns, and let x
and y be in R". Then,

(a) [[Uz|| = ||«
(b) (Uz)-(Uy) =z -y
(c) (Uz)-(Uy)=0if and only if z -y = 0.

Proof:
(a) ||Uz|*=Uzx Uz = (Uz)"(Uzx) = (zTUT)(Uz) = 2" Iz = ||z]|.
(b) Uz -Uy = (Uz)' (Uy) = (2"U")(Uy) = 2" Iy =2 - y.

Part (c) follows from part (b).

Theorem: If S = {uy,us,...,u,} is an orthogonal set of nonzero vectors in
R", then S is linearly independent.

Proof: Suppose ciu; + cous + - - + cpu, = 0 for some scalars ¢y, ca, ..., ¢p. Then,
(cruy + cua + -+ -+ cpup) - up = 0wy
ClUy - Uy + Collg - Ut + - -+ + Uy - up = 0,
cup-up +0+4+---4+0=0 (since u; - u; =01if i # j).
aillur]? =0=¢; =0 (since u; # 0).

Similarly, we can show that ¢, = 0,...,c, = 0. Thus, S is linearly independent.
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Theorem: Let {u;,us, ..., u,} be an orthogonal basis for R™.
Then for each z € R",
T - U;

T = ciuy + CoUg + - -+ + cou,, Where ¢; = , 1=1,2,...,n.

Proof: Let = € R". Since {uq,us, ..., u,} is an orthogonal basis for R", we have
T = ClU1 + ColUg + - -+ + CprUy
for some scalars ¢;, 1 <i <n. For a fixed i, 1 <i <n,
T u; = (Cug + CUg + - - F Cuty) - w = i(u; - ),

which gives

c = v (since w; # 0, u; - u; # 0).
—1 2 2
Example: Let u; = 2 | ,up = | =1 | ,u3z = 2 | and S = {uy, ug, us}.
2 2 -1
1
Express x = | 2 | as a linear combination of the vectors in S.
3

Solution: Clearly u; - u; = 0, when ¢ # j. Thus, S is an orthogonal set in R*, and
so an orthogonal basis for R3. Thus using the above theorem we have

T = Cciuy + CoUuo + C3Us,

where
T - U 9 . T - U 6 2 T - Us 3 1
C1 = :—:, Co = :—:—’ Cq = = - = —
! U - Uy 9 2 U * U2 9 3 3 us -+ us 9 3
2| 1| 2| 42| 1|41 2
B 3 3
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Orthogonal Projection of one Vector Onto Another
Let u be a non-zero vector in R". We can decompose any vector y € R" into a sum
y=y+z

where

N . y-u N
y=proj,y=-——u and z=y — 9.
U u

g € Span{u} and z | u.
7 is called “the orthogonal projection of y onto u”, and
z is called “the component of y orthogonal to u.”

. 2 .
7 ] Write the vector y = [ ] as the sum of a vector in

1 6
Span{u} and a vector orthogonal to w.

Example: Let u = [

Solution:
o yeuw 2007 | | 14/5
YT ww T 50 [1 ]" [ a5 | € Spaniul.
B |2 14/5 | | —4/5
Sl K R ] ) B
. 2| | 14/5 —4/5
e R
0 1
Example: Let u = | 3 |. Write the vector y = | 1 | as the sum of a vector in
4 1
Span{u} and a vector orthogonal to u.
Solution:
Y- - 0 0
g = —u= % 31 =121/25
u- 4 28/25
1 0 1
s o= y—g=|1]|—1|21/25 | =| 4/25
1] | 28/25 —3/25
1 0 ] 1
y=y+z= |1 |=|21/25 | +| 4/25
1] | 28/25 | | —3/25
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Example: Let z = l _g ] and u = [ ; ] Compute the distance from x to the

line through v and origin.

Solution:

The distance is
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Orthogonal Projection of one Vector onto a Subspace of R"

Definition: Let W be a subspace of R™ with an orthogonal basis
{uy,ug,...,u,}, and let x be a vector in R™. The orthogonal projection of
x onto W is given by

proj,x = proj,, T+ proj,,r+---+ projupx

T - Uy X - U T - Up
= U1+ U2+"‘+
Ui - Uy U9 * U2 Up - Up

Up.

Theorem: Let W be a subspace of R". Each vector x € R" can be written
uniquely in the form
r=1+z,

where T =proj r € Wand z =2 -1 € W,

2 is called “the orthogonal projection of z onto W”, and

z is called “the component of z orthogonal to W.”

x = & + z is called the orthogonal decomposition of x.

1 1 )
Example: Let u; = | =1 |,up = | 1 |, W = Span{uj,us}, and z = | 1
0 2 3

Write x as the sum of a vector in W and a vector orthogonal to W.

Solution: We first note that {u;,us} is an orthogonal basis for .

1 1 4
. . 4 12
p= M B =2 a2 =0 ew
Uy - Uq U * U2 2 0 6 92 4
5 4 1
z = x—2z=|1|—-101|= 1| ewt.
3 4 —
Then
5 4 1
T = 24+z=|1|=|0|+ 1
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3 —4
4 ,Ug = 3
0 0

Write y as the sum of a vector in W and a vector orthogonal to W.

Linear Algebra I Part 6‘ 16

6
3.
-2

Example: Let u; = , W = span{uy,us}, and y =

Solution: {u,uy} is an orthogonal basis for W.

3 —4 6
. Y- Uy Y- Usg 30 15
y Ui - Uy w ot U2 - U 2 25 |: ] 25 <

0

Then,
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1 -1
1 ,Ug = 3
1 -2

a) Find the orthogonal projection of y onto W.

Example: Let u; =

—1
, W = Span{uy, us}, and y = { 4].

b) Write y as the sum of a vector in W and a vector orthogonal to W.

Soln: a) {uy,us} is an orthogonal basis for W.

1 —1 3/2
. . 6 7
@:yul u1+ZJU2 Uy =~ | 1| +-— 31=17/2].
Uy - Uq Uy - Us 3 1 14 9 1

b)

BIREINE
z = y—g= 41 —=17/2|= 1/2 |.
3 1 2

y = §+2z, where g€ W and z € W.
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The Best Approximation Theorem: Let W be a subspace of R, and let z be
a vector in R". Let Z be the orthogonal projection of x onto W. Then, Z is the
closest point in W to x, i.e,

[l — 2] < [lz — vl
for all v in W distinct from 2.

The distance from = to W is defined as the distance from z to the nearest point
in W. That is

dist(z, W) = dist(z, &) = ||z — 2]

1 1 2

1 -1 1

Example: Let u; = =] W = Span{uy,us}, and z = 5
—1 1 3

a) Show that {u,us} is an orthogonal set.

b) Find the orthogonal projection of x onto W.
c) What is the nearest point in W to x?

d) Find the distance from z to .

e) Find an orthonormal basis for W.

Solution: a) wu; - uy = 0. Thus, {u;, us} is an orthogonal set, and so an orthogonal
basis for W.

1 1 0
- . T T - U =2 1 2 -1 | -1
b) x_proij_ul-ulu1+u2-u2u2_j —1 +Z -1 - 0
-1 1 1
0
c) The nearest point in W to x is & = _(1)
1
d) The distance from x to W:
2 0 2
. . " . 1 —1 2
dist(z, W) = dist(z,z) = ||z — || = 5 | — oll=1ll2ll= V16 = 4.
3 1 2
1/2 1/2
. . 1/2 -1/2
e) An orthonormal basis for W is 12 || —1)2

~1/2 1/2
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1 —1 -1
Example: Let u; = (1) , Uy = i) , Uz = (1) , W =Span{uy, us, us},
1 —2 1

and z =

— W W

(a) Show that {uy, us, ug} is an orthogonal set.
(b) Find the orthogonal projection of the vector = onto W.
(c) Write z as the sum of a vector in W and a vector orthogonal to .

(d) Find the distance from x to W.

Solution: a) u; -ups = =14+34+0—-2=0,u-u3 = —-14+0+0+1=0 and
ug-ug = 1+0+1—2=0. Thus, {u,us,us} is an orthogonal set, and so an
orthogonal basis for .

R . xT-Uu T U xT-Uu
b) ;U:pI'O‘]W.iL’:Ih‘ull ’U/1+u2.u22 UQ+U3~;3 Uus
1 -1 -1 2
_6 VN R N I U (O B
310 15 1 3 11 |0
1 -9 1 0
c)
4 2 2
o 31 4] _| -1
Z =X xr = 3 0 = 3
-1 0 -1

and so,
& =1+ z, where 2 € W and z € W+,

We note that the nearest point in W to z is & =

O O =N

d) The distance from x to W:

dist(z, W) = dist(z,2) = ||z — z|| =

— W W
|
O O =N
I
|
—_
I
;
Ot
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The Angle between two Vectors

The angle between two non-zero vectors u and v is given by

u-v

cos=——— 0<0<nm
[[ll ]l

Proof in R?: Consider the vectors u = [ Zl ] ,U = [ Zl 1 and the triangle
2 2

with sides of length ||ul|, ||v|| and ||u — v||. By the law of cosines,
lw = vll* = flul® + [lv]l* = 2[lull]|v]l cos .

Thus,

1
lull o] cos 6 Q[Hun? ol ||u—v||2]

1
= 2lu%+U§+U%+US—(U1—’U1)2—(U,2—U2)2

= UV + UgVy = U -V
The same formula may be used to define the angle between two vectors in R"™.

Example: Find the angle 6 between the pairs of vectors in each part:

a)u_[llv_[?)]'cosg_ w3 —i:>9_f
Ly 0] lull 0]l vV2v9 V2 4

1 1
1 0 U-v 1 1 T
b) u= , U= : cosl = = =-=10=.
1 0 ull o]l V4v1 2 3
1 0
1 1
) -1 1 0 U-v —2 —1:>9 2
c)u= LU= : cosf = = = =—,
-1 1 Jul lol]  V4v4a 2 3
—1 1
4 1
—9 3 u-v 0 4
d) u= LU= : cosf = = =0=0=—.
) 1 2 fll ol ~ VISVt 2
0 1



