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Linear Transformations

Definition: A transformation (or mapping) 7" from R" to R™ is called a linear
transformation if satisfies the following two conditions:

i) T(u+v) =T(u) + T'(v) for all the vectors u,v € R".
ii) T'(cu) = ¢T'(u) for all the vectors v € R™ and all the scalars ¢ € R.
Remark: R" is called the domain of 7', and R™ is called the codomain of T

Example: Let T:R? — R? be given by

r([4])-

Let us show that T is a linear transformation:

(1)

y+z
(e )) - ()L
y y THwty+z
Y z Y+ =z
)R D B
4 z+y Z 4w T4y +ztuw
ii)
cy
() - (5 )| L
y Y cr + cy
Y cy
CTQ:U1>—C T = cx
y r+y cTr + ¢y

By i) and ii) T is a linear transformation.
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Remark 1: Two conditions for a linear transformation can be written as one con-
dition:

T(cu+ dv) =cT(u)+dT(v)
for all u, v € R™, and for all scalars ¢ and d.
Remark 2: For any linear transformation 7',
T(0) =T(0u) =0T (u) =0.
Example: Let T:R?* — R? be given by
r([V])-14)

Show that T is not a linear transformation.
Solution:
[z ] B cx B cy
r(e[3]) = r([5]) -1t
EXA y | cy o
CT(_y_)_C[x—i-l}_[c(mle)]_[cx—i-c}'
[z ] T
T|c cr , if ¢ #£ 1.
Cle]) # e ((3]) e

Example: For any m x n matrix A, the matrix transformation 7" : R* — R™
given by

T(X)=AX
is a linear transformation.
Solution: If A is an m X n matrix, u and v are vectors in R", and ¢ is a scalar, then:
A(u+v) = Au+ Av
A(cu) = c(Au).
For simplicity, take m = 3 and n = 2. Let

ai; Qa2
Uy U1
A= an axn |, u= , U= .

V2
as1 Aasg
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11 Q12 _u v
Alu+v) = a9 G99 < 1]—1—[ 1])

U2 (%
a3; a3z -

= a1 Q22 az1 (U1 + v1) + aga(ug + va)

a1 Q12 < ut + v1 ]> ar1(uy + v1) + ar2(ug + vg)

U + (%)
| @31 Q32 | M- asi(u1 + v1) + aga(uz + va)
a11u1 + a1aUs a11v1 + a1202
= 21U + QooUo | + | A21V1 + A2V
| 31U + a32U2 a31V1 + A32V2
11 Q12 11 Q12
U U1
= 21 Q22 + | a1 a9 (
U2 V2
| @31 432 asr  as2
= Au+ Av.
a1 a2 11 Q12
U1 Cuq
A(cu) = 921 Q929 C Us = 921 A922 Clis
a3 as2 a3; a3z

a11CU1 + G12CU2
= Q21CU] + A29CU7
a31CU + a32CU2

a1y + A12Us ail a2
Uy
= C ao1U1 + a22U2 = C 91 Q929 ([ Uy ]) = C(AU)
as i + azals asy aso
Example: Let
1 2 3 1 0
A= 4 =5 6 |, u= 4 |,andv=|1
-9 8 7 -3 2
Compute Au, Av, A(u+v), and A(5u).
Solution:
1 2 371 1 1+8—-9 0
Au = 4 -5 6 4 1 =1 4—20—-18 = | —-34
-9 8 7] -3 -94+32-21 2
1 2370 0+2+6 8
Av = 4 -5 6 1{=]10-5+12 | = 7
| -9 8 7] [2 0+8+14 22
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Alu+v) = A(u) + A(v)

0 8 8
= | =34 |4+ | 7| =] -27 .
2 22 24
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Example: Let A =

_— o N

andu:l;].

1

-1

Let T : R*> — R? defined by T(X) = AX.
a) Find T'(u).

b) Find a vector X in R? such that T'(X) =

c) Is there another vector Y # X such that T'(Y') =

1
d) ISW|: 1] in the range of 77
—2

Solution: a)

b) We need to find a vector X = [ T

2 —1
(2= el2]-=)
) 1 X2 4
Corresponding augmented matrix:

1 2]-1 1 2| -1
-1 0|-3|~]01|-2].

2 1| 4

.
n
=
o
=
-+
=
®©
-+

N — —

Then, 2o = =2 and 1 = —1 — 225 = 3. Thus,X:[?]:[ 3].
2

2|7

has a unique solution, the vector X = [ _; ] is the only vector such that

([ 2])-] 3]

c) Since the system

6
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d) We need to check whether the equation

(2= [z)] 2

has a solution:

which is inconsistent.

1
So, W = { 1 ] is not in the range of T'.
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The matrix of a Linear Transformation

We have seen that for any m x n matrix A, the transformation 7' : R — R™
defined by T'(X) = AX is a linear transformation.

Conversely, for any linear transformation 7' : R" — R™ there is a unique m X n
matrix A such that T'(X) = AX.
The matrix A is called the standard matrix for 7.

Examples:
T:R2—>R2,T<x): vty | _ |1 2|2
Y Y 0 1 Yy
—_———
Azx2
C ] [ 2+ 2y 1 2 .
T:R2—>R3,T< >_ —x | =|-10 l ]
LY 20 +y 2 1 |LY
- ————
Azx2
T T
53 2 |l x+2y—-3z | |1 2 -3
IR — R Ty _[4x—y—|—5z]_[4 -1 5 y
z z
Aoxx3
Definition: Standard basis for R™ is given by
1 0 0
0 1 0
B=/{e,eq,....en} = N R N I
0 0 1
Let T : R® — R™ be a linear transformation such that
a1 Q12 Q1n
a21 Q22 Q2p,
T(er) = ,T(eg) = : e T(en) =
am1 Am2 Amn
Then the m x n matrix A given by
a1 A2 A1n
Ap = CL.21 a?2 (57
Am1  Am2 Amn mxn
is the standard matrix for 7.
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Example: Find the standard matrix of the linear transformation T : R? — R*

given by
. rT—2y+z
T( y]) 3r — 4y + 5z
z ytz
—3x + by — 4z
Solution:

- - 1
0
T(@)T( 0 ) ’
1

So, the standard matrix of T is

1 -2 1 . 1 -2 1 .
3 —4 5 3 —4 5
Ar = 0o 1 1 .Then,T( Z]) 0o 1 1 [Z]
-3 5 —4 -3 5 —4

Example: Reflection in the z— axis is a linear transformation:

([)-12)=0 510

Example: Let T : R? — R? be given by

()= ]-0 50

T rotates the vectors in R? 90° counterclockwise about the origin.
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Examples (Rotations): A rotation in the plane is a linear transformation:

Let T : R? — R? and [ 5 ] be any point in R?. Then,

HEEBEIH

T([x]):x[cgsgo]_i_y[—smgo :[C9Sg0 —smgo]lx].
Y sin ¢ cosp | singp  cosp Yy

rotation matrix

The linear transformation R, : R? — R?

r([2])-Tome el o]

rotates the vectors counterclockwise by angle .

v (7] -[4 3][5]-[2)

1
V2 -V
eo=s([2])=| 22| 2] =]
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Horizontal shear and Vertical shear: The linear transformation

(IR R

is called a horizontal shear (or xz—shear).
Similarly, the linear transformation

r(lv]) =L et

is called a vertical shear (or y—shear) for any number a.

1 2
Example: Let A = [ 01 ]

The transformation T : R? — R? given by T'(X) = AX is a positive z—shear.

o[ ([2 (2]

Solution:
0] 1 210 4
T< 2_)‘ 0 1 21 121"
2 1 2 2 2
T( 0_) 0 1 0| |0l
[ 2] 1 2121 [6]
T<_2_>:_o 1__2_:_2_'

The linear transformation T : R? — R? defined by

r([3])--15
Yy Y
is called a contraction if 0 < r < 1 and a dilation if » > 1.

Definition: Let T : R — R™ be a linear transformation.

(1) If for each vector bin R™ there is at least one vector X in R™ such that T'(X) = b,
then T is said to be onto R™.

(2) If each vector b in R™ is the image of at most one vector X in R", then T is
said to be one-to-one.
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Example: Let T : R? — R? be a linear transformation such that

1 0 0
(o) -12] o[V 12 = (5 ]) - 2],
0 0

a) Is T onto? Explain your answer.
b) Is T" one-to-one? Explain your answer.

Solution:
1 2 3 1 2 3
A=[T(e) T(e) T<e3>]—[2 A 6]~[0 0 0]-
a) Since A does not have a pivot position in each row, 7" is not onto.

b) AX = 0 has infinitely many solutions. So, T is not one-to-one.

Theorem: Let T : R — R™ be a linear transformation, and let A,,., be the
standard matrix of T.

(1) T is one-to-one <= T'(X) = 0 has only the trivial solution.
<= Columns of A are linearly independent.

<= Each column of A has a pivot position.

(2) T is onto <= Columns of A span R™.
<= Each row of A has a pivot position.

<= For each b € R™, AX = b is consistent.
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Example: T : R? — R* given by

X1+ X9 — X3

1 Xz x
1 — 42
T ) =
T2 + X3
T3
Ty — T2

i) Is T one-to-one? Explain your answer.

ii) Is T" onto? Explain your answer.

Solution:
1 1 -1 1 1 —1
1 -1 0 01 1
Ar=19 1 1[~lo00 3
1 -1 0 00 O

i) Since each column of REF of A has a pivot position, 7" is one-to-one.
ii) Since each row of REF of Ar does not have a pivot position, 7" is not onto.
Remark: If T': R — R™ and m > n, then T cannot be onto.

Example: Let T : R* — R3 be a linear transformation such that

1 Ty + 219 — 324

T iQ = —23?1 — 4372 + 3+ 5%4
[)33 $1+5$2+$3—4])4
4

i) Is T one-to-one? Explain your answer.

ii) Is 7" onto? Explain your answer.

Solution:
1 2 0 -3 1 2 0 -3
Ar=1] -2 —4 1 5] ~10 3 1 -1
1 5 1 —4 001 -1

i) Since REF of A7 has a non-pivot column, 7" is not one-to-one.
ii) Since each row of REF of Ay has a pivot position, 7" is onto.

Remark: If T': R* — R™ and n > m, then T cannot be one-to-one.
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Remark: If T : R* — R™ is a linear transformation and {v;, vs,v3} is a linearly
dependent set in R", then {T'(vy), T (ve), T (vs)} is linearly dependent in R™.

Example: The vectors

1 4 2
v = 0 , Uy = -1 , U3 = -1
1 3 1
are linearly dependent since vg = —2v1 + vs.

For any linear transformation 7" : R® — R™
T(vs) = T(—2v1 4 v3) = —2T(v1) + T'(v2).

Thus, the vectors

T(v1), T(va), T(v3)

are also linearly dependent.

Remark: If {vj,vs,v3} is a linearly independent set, then {T'(vy),T(vq),T(v3)}
does not need to be linearly independent.

Example: Consider the linear transformation 7' : R? — R?

1 Ty + 229 + 33

T i) =
2x1 4+ 4z + 623

I3
The vectors

1 0
€1 = 0 , €0 = 1 ,E3 = 0
0 1

are linearly independent but

=[] reo=[2] - 1]

are linearly dependent.
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MATRIX OPERATIONS

An m x n matrix A is a rectangular array of numbers with m rows and n columns.
We denote an m x n matrix A as

all a’12 aln
A Gy Gy o Gy, |
= =) 1<i<m
1<j<n
aml anLZ T amn

The entry a;; is called the (4, j)-entry of A.

If m = n, then A is called a square matrix of order n, and

the entries a,,, a,,,..., a, form the main diagonal of A.

The identity matrix [, of size n X n is a matrix such that all the main diagonal
entries are 1, and all other entries are 0.

100
12:“) H L=1]010
00 1

are the identity matrices of sizes 2 x 2 and 3 X 3, respectively.
10
0 1 | is not an identity matrix.
00

An m X n matrix whose entries are all zero is a zero matrix.

Examples:

0 0 00
00/, |00

0 00 00

Let Ay xn = (a;j) and B, = (b;;). Then,

A=B+—

m =1 and n = s and
a;; = b;; for all ¢ and j.

Example: Let A = [ @itz g 1 and B = [ 21— 1 Then,

a1 Q22 Q23 5 6 8
B aip = 2,a12 = 1,a13 = —4,
A=D {a21:5,a22:6,a23:8.
5
Example: The matrices Rix3 = [ 5 =2 4 } and Cs34; = | —2 | have the same
4

entries but they are not equal (they have different sizes).



A+C:[1+3 245 3+0]:[4 7 3] |

4—1 542 7+1
A+ B = can not be done.

If A and B are matrices of the same size, their sum A + B is a matrix of the same
size formed by adding corresponding entries in A and B.

If A is a matrix and c is a scalar, the product cA is a matrix of the same size as A
in which every entry is multiplied by c.

Example:
5 -1 0] | -5 0
2 3| | 10 15 |°

Theorem: Let A, B and C' be matrices of the same size, and let r and s be scalars.
Then

A+B=B+A
(A+B)+C=A+(B+C)
A+0=A

r(A+ B)=rA+rB
(r+s)A=rA+sA
r(sA) = (rs)A
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Matrix Multiplication: ’ AsxnBrxk = Couxke

Example:
- 4 —1
AB — 1 2 3 1 3= 4+24+24 -14+6+18 | | 30 23
__4 5 7 3 6 | 164+5+56 —44+15+42 | | 77 53 |
(4 -1 0 3 5
BA=1|1 3 [ 411 g :; ] =113 17 24
8§ 6 2x3 32 46 66
3x2 3x3
Matrix product is not commutative.
A, ,C,. . = can not be done.
C,.,A, , = can not be done.

Example: Let

Then,
0 5 37 00
vy 3l ea] =10 o)
So, AB=0but A#0, B#0.

Example: Let

o 111 1] [3 4
AB = 02|13 4] |6 8
- AB = AC
0o 1][2 5] [3 4 B#C
AC=10 2 3 4] |6 8

Warnings:

e In general, AB # BA.

o If AB = AC, then it is not true in general that B = C.

o If AB = 0 (zero matrix), you cannot conclude in general that either A = 0 or
B =0.
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Theorem: Let A be an m x n matrix, and let B and C' have sizes for which the
indicated sums and products are defined. Then

A(BC) = (AB)C

A(B+C)=AB+ AC
(B+C)A=BA+CA

r(AB) = (rA)B = A(rB) for any scalar r
I,A=A=AI,

Powers of a matrix: If A is n X n matrix and if k£ is a positive integer, then

AF=A. A
k

If A is nonzero, then A is the identity matrix.

1 -1 1
Example: Let A= | 0 1 —1 |. Find A%, A® and A*.
0 0 1
Solution:
1 -1 1 1 -1 1 1 -2 3
A2=10 1 -1 0 1 —1]|=]0 1 =2
0 0 1 0 0 1 0 0 1
1 -1 1 1 -2 3 1 -3 6
AP=AA’=10 1 -1 1 =2 |=l0 1 =3
0 1 0 1 0 1
Similarly,
1 —4 10 —wk%;”
4 o k __
S T IR
0 0 1
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3 —4 7 4
Example.LetA—[_5 I]andB—[E) k:]

For what value(s) of k, AB = BA?

Solution:

3 —4 7 4 1 12—4k
= 3 k= e St

7 4 3 —4 1 —24
Y | Rt o Pt

—_

15 — 5k = —30 and
ThenAB—BA(:){12_4k:_24. }(z)k‘—Q

1 -2 -1 2 -1
Example: LetA[_2 5]andAB[ 6 —9 3]

Determine the first and second columns of B.

a b c

d e f

1 -2 a b c| | -1 2 -1
-2 5 d e f| 6 —9 3|
This gives that
1 -2 a | a—2d | | -1
-2 5 d| | —2a+5d | 6 |

The augmented matrix is
1 =21 1 07 el 7
-2 5| 6 0 114" d| |4

To determine the second column of B is left as an exercise.

Solution: Let B = [ ] Then,

as - |

The transpose of an m x n matrix A is the n x m matrix whose columns are the
corresponding rows of A, and denoted by AT

Example:
(3 -1 2 36 0
A=16 7 8|=AT=|-171].
10 15 2 8 5
- a d
B=|" ;]:>BT: b e
c f
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Properties of Transpose:

(rA)T =rAT
(AB)T = BT AT,
Example: Let
1 3 320
A—[O 7] and B—[145].Then,
31 10 6 7
(ABY' =BTAT = | 2 4 [3 7]: 14 28 |.
05 15 35
1 00
Example: Let A= | a —1 0 |. For what values of a and b:
0 b1
(i) A2 - [3 (ii) AAT - [3
Solution:
1 00 1 00 1 v 2b
A2=|a -1 0 a —1 0| = 0 1 ab | =I3<—=a€ Randb=0.
0 b1 0 b1 ab 0 1
1 00 1 a O 1+ b2 a b
AAT=|a -1 0|0 =1 b|= a 1+a*> —b
0 b1 b 0 1 b b 1+

AAT = I3 <= a=0and b= 0.
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Inverse of a Matrix

Definition: Let A be an n X n square matrix. If there is a matrix B such that
AB = BA = I, then A is said to be invertible and B is called the inverse of A.

Theorem: Let A = [ a b
c d

1 d —b
Al = )
ad — be l —Cc a ]
If ad — bc = 0, then A is not invertible.
The determinant of A is det A = ad — be.

]. A is invertible < ad — bc # 0.

1 2
Example: Let A = [ 3 4 ] .

Since det A =4 —6 = —2 # 0, A is invertible.

1[4—2

1 4-1y
3 1] and AA” = A" A= 1.

Example: Let A = [ L3 ] . Since det A = 0, A is not invertible.

2 6

Note: Although A is not a zero matrix, it is not invertible.

Theorem: If A is an invertible n x n matrix, then for each b € R"™, the equation
AX = b has the unique solution

X = A",

Example: Solve the equation
| -5 —11 x| |1
S RN

det A = —35+33 = —2 £ 0.

Solution:

Thus, A is invertible, and

w-[2]-[5 5] -em S0
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Theorem: Let A and B be n X n invertible matrices and k& be a non-zero scalar.
Then,

Example:
LetA—[ ! Q]andB_l—ll 3].

Find (AB)~Y, (54)1, (BT)~!, and ((AB)T)".

Solution:

e PR [ el T E!
s =L =L ([ 2 ]) = [ )
o[22

camny s =3y ] =30 3]
Exercise: Let

A:

2 5
-1 -3 andC’z[}é_}].
2 4

Verify that CA = I,. Is A invertible? Explain your answer.
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Example: Find A when (AT —27)7!' =2 [ ; é ]

Solution:

(AT —21)"' — 2[1 1].

AT

(AT —2I) =

e

[

of + [ 5/6 —1/6]

-1/3  1/6
o[ 1]+[ 7 e

~1/3 13/6

[ 17/6 —1/6] :A:l 17/6 —1/3

~1/6

13/6 ] '

23
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Elementary Matrices

An elementary matrix F is a square matrix obtained by performing a single row
operation on an identity matrix.

1 00
Examples: 1= 0 1 0
0 01
1 00
(i)R2<—>R31 001 :El
010
4 0 0
(ii) Ry =4R;: |0 1 0 |=E,
0 0 1
1 00
(iii) Ry =Ry — TR, : | =7 1 0 | = E3
——
a1 =—7 0 0 1
a b
Let A= | ¢ d |. Then,
e f
1 0 0][a ] [a b
EA = 0 01 dl=1e f|,
101 0] [ ] c d
4 0 01T b ] [ 4a 4D
EyA = 010 d | = c d|,
100 1] ] e f
1 00 a b a b
EsA = | -7 10 c d|l=|c—Ta d-—T7b
0 01 e f e f

Note that the matrices F1 A, F;A and E3A are the matrices obtained from A by
performing the elementary row operations (i), (ii) and (iii), respectively.

Each elementary matrix E is invertible. The inverse of E is the elementary matrix
of the same type that transforms E back into I.

Elementary Row Operation

Corresponding Inverse Operation

Rl’ g Rj
R, = cR;

R, = R; + cR;

Rj d Rz
R; = (1/c)R;

R, = R; — cR;
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Example:

Ey=10

—_
=}

1
== F, =10
0

100 100
Ez3=1210|=E'=|-210
001 001

Example: Perform the following row operations on I, and write the corresponding
elementary matrices and their inverses.

/ 1 -3 _ 1 3
ORlz R; — 3Ry El:[o 1‘|:E11:[01‘|

a1o=—3 10 Fy

, 10 _ 1 0
o R,=4R,: EQZ[O 41:>E21:[0 1/4].

01 _ 0 1
e R & Ry: E3:[10‘|:>E312[10‘|

11

Example: Write A = [ 1 92

] and A~! as products of elementary matrices.

Solution: First we compute A~!.

1 11710 11 10 10 2_1:>A_1— 2 —1
1 2101 01| -11 01| -1 1 | -1 1|
Ro'=Ro—R1 Ri'=R1—Ra2
.RQIIRQ—Rli — b, = _i (1)
) 1 -1
.Rl :Rl—RQI :EQZ
_0 1
Therefore,

AV = BB and A = (B,Ey) ' = By Ey!
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0

1

0
a) Find the inverse of A.

b) Write A and A™! as products of elementary matrices.
Solution: a)

Example: A =

- O =
N OO

1 00[1 00 100l 100 100l 100
001/010|~|00T1] 010|~|020|-401
42 0[0 0 1 020/-401 001 010
Ry=Rs—4R, Rae— 1R Ro'=1Ry
100 10 0 10 0
~1010[-201/2|=A"'=|-20 1/2|.
001 01 0 01 0

b) First we need to write the corresponding elementary matrix for each row opera-
tion.

100
.Ré:R3—4R1:>E1: 0 1 0]
———
o 4 0 1
100
e Ry+—+Rs3—FE,y=1[0 0 1
010
1 0 0
.RQIZ%R2:>E3: 0 1/2 0
0 0 1

Note that F3F>E1 A =1, and so

Ail = E3E2E1 and A = E;lEglEgl
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Example: Let A =

Solution:

Thus,

0 11

2 01 } . Find the inverse of A.

1 -1 1

S = O
O = O — o o

[N}
|
—
=)
—_

N =
|

[ Y

O =

=)

-1 1] 0
1 1] 1

~2/3
1/3
2/3

A=l
3

RlHRg

Ry = Ry — 2R,

—2 R2 — R3

2/3 —1/3 2/3

2/3
1/3
2/3 —1/3

-1

1
2

0| Ry=Rs—2R,

1
Ry,=—-R
3 3 3

R, =Ry, — Rs

O /
R, =R, — R;

1/3  1/3
1/3 —2/3
1/3  2/3

~1/3
—2/3 1.
4

R, = Ry + Ry

2 -1
1 =2 .
-1 2

27
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The Invertible Matrix Theorem

Let A be a square nxn matrix. Then the following statements are equivalent.
a. A is an invertible matrix.

b. A is row equivalent to I,,.

c. REF of A has a pivot position in each row.

d. REF of A has a pivot position in each column.

e. The equation Az = 0 has only the trivial solution.

f. The columns of A form a linearly independent set.

g. The equation Ax = b is consistent for every b in R".
h. The columns of A span R".
i. AT is an invertible matrix.

j- There is an nxn matrix C' such that
AC=CA=1.

k. The linear transformation 7'(z) = Ax is one-to-one.

1. The linear transformation T'(x) = Az is onto.

Note that if the matrix A is not a square matrix then the Invertible Ma-
trix Theorem does not apply.
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Example: Consider the following matrix A.

1 3 -5 13 -5
0 2 —3 02 —3
A=1"9 4 71~loo0 1
-1 5 -8 00 0

e Since row echelon form of A has a pivot position in each column, columns of A
are linearly independent.

e Since each row of REF of A does not have a pivot, columns of A do not span R*.
e Columns of A are linearly independent , but they do not span R*.

e Since A is not a square matrix, the invertible matrix theorem does not apply.

Example: By Invertible matrix theorem, the matrix

5
A=10
0

S N W

2
1 | is invertible since A is a 3 x 3 matrix, and it has 3 pivot positions.
9

Invertible Linear Transformations

Let T : R — R"™ be a linear transformation. 7 is said to be invertible if there
exists a linear transformation S : R — R" such that

S(T(X)) =X and T(S(X)) = X.
for all X in R™.

Theorem: Let T : R —> R" be a linear transformation, and let A be the standard
matrix for 7. Then, T is invertible if and only if A is invertible, and the inverse of
T is given by T71(X) = A1 X.
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Example: Let T : R? — R? be given by

T T _ 61’1 — 833'2
T —5£L’1 + 733'2 '

Show that T is invertible and find a formula for 7 !.
Solution: The standard matrix of T is

A:[_g _é;] and det A = 42 — 40 = 2 £ 0.

A is invertible, and so T is invertible.

o, 1[7 8 [ 7/2 4]
1_ 2 _
A —2[5 6]__5/2 3—,thus

TX) = AX = l 7/2 41 :xl ] _ [ (7/2)x1 + 4y ]

5/2 3 | (5/2)z1 + 3

Let us verify that T(T-}(X)) =T1T(X)) = X:

T(TY(X)) = T(qu"“]

Similarly, 7-1(T(X)) = X as well.
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