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Chapter 8 Statistical Modelling and Inference

Statistical Inference: the process of inferring something about
the population based on what is measured in the sample.

We will learn: _ 2 >
,‘,.S /b( )‘T _
1. Point Estimation - estimate an unknown parameter using a

single number calculated from the sample data

2. Confidence Intervals - estimate an unknown parameter using

an interval of values that is likely to contain the true value of
that parameter

3. Hypothesis Testing - we have some claim about the

population, and we check whether or not the sample data
provide evidence against this claim
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Point Estimates for 1 and ¢

A statistic used to estimate a parameter is an unbiased estimator
of the parameter if the mean of the sampling distribution is equal

to the true value of the parameter. 0 is an unbiased estimator of
s \ - —_—
if:

¥ parame e
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E(d) =6
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Suppose that X7, ..., X, is a simple random sample from a

population with mean 1 and variance o2.

—

> Z is an unbiased estimator of u: E (X)= M
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> s is an unbiased estimator of ¢2:

—

Notice we can rewrite s

Proof:
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Recall:
Sampling distribution of the sample mean
Suppose x is a variable with a certain distribution with population

mean p and standard deviation o.

» If n is large enough and other conditions are satisfied, then
the sampling distribution of the sample means

_ approx o?
eV

X N (p, —)

(Ch. 7)

> If the underlying distribution of x is Normal, the sampling
distribution of X is Normal and n need not be large. (Ch. 5)
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Confidence interval for the population mean p

A confidence interval is used to describe the amount of
uncertainty associated with a sample estimate of a population
parameter. It consists of a range of values that act as plausible

estimates of the population parameter. In general, a confidence
interval takes the form:

Estimate 4+ Margin of Error

The uncertainty associated with the confidence interval is specified

by the confidence level (C). Common confidence levels are 90%,
95% and 99%.

Melissa Lee, UBC Department of Statistics






One-sample z-interval

> When o is known we use SD(Z) and the normal model to
construct confidence intervals for u. A confidence interval of
confidence level C' for u is computed using:
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Example 1

Polychlorinated biphenyls (PCBs) are industrial chemicals
synthesized in North America in 1929. They were used in
manufacturing of electrical equipment, hydraulic systems, and
other applications. PCBs were banned in Canada in the 1970s
because of environmental concerns. Despite the reductions in
PCB, releases of PCBs to the environment through spills and fires
continue to occur.

Suppose samples are taken from a lake and the amount of PCB (in
pg/1) is Normally distributed with true standard deviation 0.75

pg/!.

(a) Compute the 95% confidence interval for the true mean PCB
content if the average PCB content for 20 water samples was

4.85 ug/l.

(b) Suppose the researchers would like to conduct a second study,
but with margin of error 0.2 and 99% confidence. How many
lake samples would the researchers need to take?

Melissa Lee, UBC Department of Statistics
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What if o is unknown? In most situations, the population standard

deviation o is not known. x S o
raadeom fxecl random 'F‘,Z‘S.“'
Standard error:
c——————

SMlC SA,
s« ot

—,

B

to estimate the variability of Z.
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» For a particular z value the corresponding

e

Z=nﬁ%aﬂmNmJ)
S

> If o is unknown and SE(Z) = Jr 15 used to estimate ﬁ then

the quantity‘fE;(g) may not be well described by the standard
Normal modél—

» Thus we introduce a distribution, similar to the Normal
distribution, which now accounts for the sample size. The
sampling distribution of ¢ is called the Student’s {-model.

t—i_“L i
~ s/y/n SE(X)

N(o )
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The Student’s {-model is unimodal, bell-shaped and symmetric
about the mean 0. There is one model parameter called degrees of
freedom (df = n — 1), which determines the shape of the model.

Distributions
—  df=1
—— df=5
- -- normal

Melissa Lee, UBC Department of Statistics
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One-sample t-interval

» When ¢ is unknown, we use SE(Z) and the t-model to
=100~ ¢ cCONstruct confidence intervals for nu. A confidence interval of

= 10, confidence level C' for p is computed, using:

v gE(X) eshmate =T
4.—
. 57. =£<— :E_—_l:t* _S9 --*“gamplc sd
5/ (207 2 lvn
" 4
]

t =1 . . . .
where the critical value t%_; is the t-value with an area of
(100 — C) in the tails and n — 1 degrees of freedom

Note: For large samples, ¢,_1 and N(0,1) are almost identical and

we can use z as the test statistic.

For small samples, ¢,,_; and N(0, 1) are different and we use ¢ as
= nol =

the test statistic.

n [arﬁe 30,
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Example 2

Suppose a machine in a Coca Cola factory is used to fill containers
with Coke. Factory managers want to montitor the amount that is
being dispensed. A random sample of 10 containers is selected and
the contents are shown below. The histogram of the sample is
unimodal and roughly symmetric.

2550z 26.1 oz

26.8 23.2
24.2 28.4
25.0 27.8
27.3 25.7

(b) Find the margin of error for 90% confidence.

(c) Construct a 90% confidence interval on the mean fill volume.

Melissa Lee, UBC Department of Statistics
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Conditions for constructing confidence intervals:
» the sample is randomly drawn from the population

» the sampled values are independent

» nearly Normal condition

» if the underlying distribution of z is (nearly) Normal, or
unimodal and symmetric then use of the t-model is okay if n Is
small

» if the underlying distribution is non-Normal or unknown, we
need a large n

Melissa Lee, UBC Department of Statistics

14



Interpreting a confidence interval for u

If repeated samples were taken and the 95% confidence interval is

computed for each sample, 95% of the intervals would contain the
population mean.

o
v

30

Sample
20
|

10

W
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Testing of Hypotheses about u

In statistics, a hypothesis is a statement or claim about a
parameter. We test this claim with a hypothesis test.

Motivating Example

A medium size latte at a certain coffee chain is supposed to be 16
oz. Customers have complained that the company is purposely
underfilling lattes. The amount in each latte varies slightly from
cup to cup. To determine whether there is sufficient evidence to
support the suspicion, we could take a random sample of, say, 100
cups. We could conduct a hypothesis test about our true
population mean using the average amount from our sample.
Suppose our sample has an average amount of 15.80z. Does this
difference indicate the company is shortchanging customers?

Melissa Lee, UBC Department of Statistics 16



Step 1: Null and alternative hypotheses

» The null hypothesis (Hj) is a statement about the value of
the population parameter

Hy : population parameter = some hypothesized value

The null hypothesis asserts that an observed difference is due
to chance variation. A hypothesis test always begins by
assuming the null hypothesis is correct. Then we evaluate the
evidence against the null hypothesis.

Melissa Lee, UBC Department of Statistics 17



» The alternative hypothesis (H4) is a statement that

opposes the null hypothesis. It asserts that an observed
difference is real.

Suppose we want to test hypotheses about our population
mean u, we have 3 different tests we could perform:

Ho:p=pg vs. Ha:pu+# po (two-tailed)
Ho:p=pg vs. Ha:p> o (right-tailed)
Ho:p=po vs. Ha:p<pg (left-tailed)

Melissa Lee, UBC Department of Statistics 18
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Step 2: Test statistic

» Summarize the data into a test statistic. A test statistic is
constructed assuming the null model is correct.

Case 1: o is unknown

T — [0

to0. —
obs S/\/ﬁ

(This test is called the one-sample ¢-test)

Case 2: o is known

T — [0

ZObSZ O'/\/ﬁ

(This test is called the one-sample z-test)

Melissa Lee, UBC Department of Statistics
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Step 3: Critical region R S

> The significance level of a test is denoted by o (e.g.
a = 0. 05) establishes a cut-off for making a deC|5|on about
the null hypothesis.

» The critical region consists of outcomes that are very
unlikely to occur if the null hypothesis is true.

Two Tailed Critical Region Right Tailed Critical Region Left Tailed Critical Region

X =0.08 /\ \
/ \'\.

[\

! = 0.0S

I
‘knbs G h o
— | S/
!
Critical Value Critical Valie_ 7 Critical Value K Critical Value f
p— rge Tons —
| ek
oo n+
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Step 4: Conclusion

» |If the test statistic is large enough to be in the critical region,
we reject the null hypothesis.

» If the test statistic has a low value and does not lie in the
critical region, we conclude that the evidence from the sample
is not sufficient, and the decision is fail to reject the null
hypothesis.

Melissa Lee, UBC Department of Statistics 21




Problem 8.2 from course text

Example 3

The time for a worker to repair an electrical instrument is a
normally distributed N (u, 0?) random variable measured in hours,
where both 1 and o2 are unknown. The repair times for 10 such
instruments chosen at random are as follows:

212, 234, 222, 140, 280, 260, 180, 168, 330, 250

(a) Calculate the sample mean and the sample variance of the 10
observations.

(b) Construct a 95% confidence interval for p.

(c) Suppose the worker claims that his average repair time for the
instrument is no more than 200 hours. Test if there iIs
sufficient evidence to dispute the worker's claim.

Melissa Lee, UBC Department of Statistics 22
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Two-sided significance tests and confidence intervals
Ho'-rA‘—‘No Ve \"—QTM#P/;—:
In a two-sided hypothesis test of the population mean at level ¢,
the null hypothesis Hy : u = ug (against Hp : u # po) is:

> rejected if the 100(1 — a)% confidence interval for
does not include the hypothesized mean (o).

» not rejected if the 100(1 — )% confidence interval for p

does include uyg. —_— Mot = 15
= 1% lo. ¥

Steps:
1. Set up null and alternative hypotheses
2. Construct a (100 — «)100% confidence interval for p
3. Reject Hy : = pg if pg lies outside the interval

4. State conclusion

Melissa Lee, UBC Department of Statistics
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The relationship between confidence intervals and one-sided
hypothesis tests is a little more complicated. One-sided tests are
often accompanied by one-sided confidence intervals (—o0,a) or
(b,0). Though we will stick to the more traditional two-sided

confidence intervals. You may see either type of confidence interval
reported.

-2 To use a two-sided confidence interval to perform a one-sided test:

If you have a C% (e.g. 95%) confidence interval and the entire
interval lies within the alternative, you may reject the null at a
)

2(100 — C)% (e.g. 2. 2.5%) level.

0: r/\ . No l4 4 6.2
. 7 Mo
hE [ A 4

Melissa Lee, UBC Department of Statistics
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Example 8.1, 8.2 and 8.3 from course text
Example 4

A scientists wishes to detect small amounts of contamination in
the environment. To test her measurement procedure, she spiked

12 specimens with a known concentration (2.5 micrograms/| of
lead). The readings for the 12 specimens are

19 24 22 21 24 15 23 17 19 19 15 20

(a) Test at level a = 0.05,
Hy:p=25vs. Hy:pu+#2.5

(b) ol=z0.0%

Hy:p=25vs. Hg:p <25

Melissa Lee, UBC Department of Statistics 25
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Type | and Type |l Errors

Type | Error is rejecting Hy when it is actually true
Type Il Error is failing to reject Hy when it is actually false

Truth
Hyg is true H 4 is true
. Reject Hy Type | error Correct decision
Decision . —
Do not reject Hy | Correct decision Type |l error

The probability of committing the type | error is «, the significance
level of the hypothesis test.

It is the probability of rejecting Hy when Hy is true.

Melissa Lee, UBC Department of Statistics
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Problem 8.6 from course text

Example 5

An automobile manufacturer recommends that any purchaser of
one of its new cars bring it in to a dealer for a 3000-mile checkup.
The company wishes to know whether the true average mileage for
initial servicing differs from 3000. A random sample of 50 recent
purchasers resulted in a sample average mileage of 3208 and a
sample standard deviation of 273 miles. Does the data strongly
suggest that true average mileage for this checkup is something

other than the recommended value? (oo =0.05) 35 -3208

@ FOP a‘;s-‘- V\n”'\cw/\ . S = 2-}3 .
® & unknswo.

=5 \afge
@ r °© 2?9 'y AT

%~ NCM, 9_'_:) approx .
n
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Two Sample Problems

Objective: to compare the means of two independent populations
e.g. we may want to compare the mean reduction in blood
pressure between Drug A and Drug B.

Suppose we draw a random sample from each of the two
independent populations: with population means p1, p2 and
population standard deviations o1, 02.

Our goal is to compare the means p; and po based on the two
independent samples.

Melissa Lee, UBC Department of Statistics
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Pooled two-sample t-test for difference in means of two
iIndependent populations

» The null hypothesis has the form:
HO U1 — U2 = AO (|e for AO = O, H() - QU1 = ,LLQ)

» The alternative hypothesis takes one of the following three
forms (depends on the context):

> Hy:pr —po <l (e for Ag =0, Ha:pr < po)
(left-tailed)

> Ha:pr—po>Ag (e for Ag =0, Ha:pi > p2)
(right-tailed)

PHA:,LL1—/L27§A() (|e fOI’AoZO, HA:ul#u2)
(two-tailed)

Melissa Lee, UBC Department of Statistics
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Assumptions:

1. Two samples are randomly drawn from their respective
population

2. The sampled individuals are independent of each other

3. Both populations are normal or we need reasonably large
sample size to validate using the CLT

4. Both population distributions have equal variances (02 = d2)
o ot frumb

m—————————

sd,
2B < 2

Melissa Lee, UBC Department of Statistics
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Test statistic:

(Z1 — Z2) — Ao
lobs = — —
SEpooled(xl — 332)
where
_ _ 1 1
SEpooled(xl — C52) = Spooled ;L—l_ + ’I’L—2
with df = n1 + no — 2
and
2 (m—1)si+ (n2 —1)s3
Spooled = ni +ng — 2

Melissa Lee, UBC Department of Statistics
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Confidence intervals for difference in means of two
iIndependent populations

The level C' confidence interval for the difference between the two
population means, u; — o, is:

(:i'l — 532) + t:;lf X SE(ST?l — 3_?2)

Melissa Lee, UBC Department of Statistics

32



Example 8.4 and 8.5 from text

Example 6

A shipyard must order a large shipment of lacquer from a supplier.
Besides other design requirements, the lacquer must be durable
and dry quickly. A sample of thirty 20-liter cans from Supplier A
yields an average drying time of 22.3 minutes and standard
deviation of 2.9 minutes. Another supplier, called Supplier B, could
also supply the lacquer. A sample of ten 20-liter cans from supplier
B yields an average drying time of 20.7 minutes and standard
deviation of 2.5 minutes.

(a) Find a 95% confidence interval for u4 — up.

(b) Does the data support Supplier B's claim that, on average, its
product dries faster than A’s? (a = 0.05)

Melissa Lee, UBC Department of Statistics

33



x& B B npg thg "2 \_—~—~——
1
T g
SPO‘QG‘ n-v—\-; ne
! z 0-1) 2.5 %964
S L eol = (30—\) 2.9 + (' - .
PO° —
30+|°“2
*
t
38 , 0.025

R agy/ I $°

2
= 2.042 (be conserate )
Uge ‘t;o’o.ozs
— *‘—”"‘—_—1
% 7.39% % —_— e
(2-23 —ZO})_‘!: 7—.0]*1 J 30 |o

o~
1.0
- (_0.4.‘6)3.6‘16)
L Iy Cany
~ ~mLo o
b) Let pma be fwe  mean Ay P
rnow.,c,e—e/‘ b‘j A .

1" 4]

,,4& B. —/Mh<o
Ho: Ma = Meg vS. Ha o Mg < Mo — ’:—————-—_B__-—

/"‘B'/AA::O(/



Under M, =y =0 (207 -22.3) -9 _ .Sk

- 'x — — -
bops = (%2~ Xe) T2 = —
-— ‘_‘_____--—-""_1
T L Jrga8u | L+
S J.l— + Lo
F ha ng 30

dses et

Qivece Loy
a0 crtial  repien

we A0 WY Md’c‘(’+' b

() La®. enotnce O
% ty0,005 & 7 & Net €nho%p

’638,0.05 Sw? B,S trnre a\fa. o(qjt"j
bao 08 S1gT SmetheEr

thoan As ar G /b \evek.



Example 8.6 from text

Example 7

Elthe®large machines or@nall ones can be acquired for

approximately the same cost. One large and one small machines
have been experlmentally run for 20 da¥§ with the following results:

[ylarge — yl
[ysmall = Y2

Is there statistical evidence in favor of either type of machine? Use
a = 0.05.

Melissa Lee, UBC Department of Statistics
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