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Chapter 6 Some Probability Models

In this chapter, we will cover the following discrete random
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variables: | . J .
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Bernoulli Random Variable
A random variable that takes value 1 in case of success and O in

case of failure.

X(Success) =1
X(Failure) = 0

where P(success) =p and P(failure)=1—-p=g¢q

X ~ Ber(sf x
pf: | P(X =2) = (1-p)'™%p",  z=0,1 P

—
—

where p is the probability of success.

with mean E(X) = p and Var(X) = p(1 — p).
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E(X)= o-(t-p) + Ip =P  VNacr(x) = E(x*) - E(x)?
E(X*) = o  (1-p)+ 17 p
=P
Var (x) = p - p> = PLI=P)



Geometric Random Variables

Suppose we want to model how long it will take to achieve the first
success in a series of Bernoull trials.

S——

A Geometric random variable counts the number of independent
trials needed until the first success occurs.

X’ .ﬂ- d‘g‘ ‘h'
Hlecd X ~ C_?_f?_c.)(p(
0 00 o ) pmf: P(sz):(l—p)az—-—_—l_]l, r=1,2,3...
w’ Al where p is the probability of success.
(x-1) xﬂf
day cdf: F(z) =1— (1 —p)®

Mean and Variance of Geometric Random Variable

S ————

1
E(X) = z_9¢£ (called the return period)

1-p

Var(X) =
(X) p;
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CDF of a Geometric Random Variable

Suppose X ~ Geo(p). We want to show:
Fz) =1-(1-p)*

We will need to make use of the formula for the sum of a
geometric series for the proof:

1
_(1-r)

1+r+72+..]

where 0 < r < 1.
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F(x)= p(x<x)= 1 =P (X>3) X« geole)

—_-_-—I—-—
K=\

0o K-t
P(X>®)= J_ (i-p) P p(x=x)=C1-2) P

— K= n+l
x +! nE2

(n-?)P*(tp) ,’r(\p) P+ ...
(w) [""('P)"'(!-e)-t- 1

(O
= =) l__ = (t-e)
> P( d \'(l-f)
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Example 1

At a certain plant, experiments were conducted to reduce the
proportion of cells being scrapped due to internal shorts. The
experiments reduced the percentage of manufactured cells with
internal shorts to around 1%. Suppose that testing of cells for
shorts begins on a production run in this plant.

(a) What is the probability the second cell inspected will be the
first short discovered?

(b) What is the probability that at least 50 cells are tested
without finding a short7

(c) How many cells should the plant expect to test until they
encounter the first internal short7
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Binomial Random Variables Xw=8in( n,¢)

The Binomial Model is also based on the idea of Bernoulli Trials.
A Binomial random variable is the n_uﬁmber of successes for n
independent trials (fixed number of trials). A Binomial model tells

us the probability for a random variable that counts the number of
successes in a fixed number of Bernoulli trials.

X ~ Bin(n,p)
T p)
HTH TP(X =) = (Z’)k‘”(l -p)""  r=0,1,2..,n
pron . eact, of och.oM,:}

where n is the number of trials and *"ctesses| oot of u.
p is the probability of success.

Mean and Variance of Binomial Random Variable
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Motivating Example

In September 2008, Google announced the release of its web
browser Chrome. The developers wanted to minimize the
probability that their browser would have trouble displaying a
website. Before releasing the product, they had to test many sites.
The developers sampled websites, recorded whether the browser
displayed the website correctly or had an issue.

Suppose Google tests 5 websites. What is the probability exactly 2
of them have problems? Suppose that in this phase of
development, 10% of sites exhibited some sort of problem.
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There are 10 ways to get two successes in five websites:
o SSFFF FSFSF

o SFSFF FSFFS

o SFFSF FFSSF
o SFFFS  FFSFS Lo
o FSSFF FFFSS jox (0-1L:

/ \

P(X =2) =10 x p*(1 — p)% = 10 x 0.00729 = 0.0729

10 x
y
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Each different order in which we can have k successes in n trials is
called a combination. The total number of ways that can happen

Is written (Z) Sl zix2x3xHxS

!
<Z>:< nl.c)'k' wheren!l=nx(n—1)x(n—2) x..x2x1
Note: 0! =1

eg. n=06k=2

6\ 6! 6x5x4%xIxExA P
2) (6 —2)!2! (yx;fxgx vw@2x1) =
This agrees with our website example, where
5 5) 5X4X3X2ZXA 10
2 (5 — 2)'2' @B x2xVY2x1) =
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You should be able to recognize a Binomial situation (often on a
midterm/exam it will not tell you it is Binomial)

Binomial situation:
1. Fixed number of independent trials (n)
2. Each trial only has 2 possible outcomes

3. The probability of success, p, is the same for each trial

Melissa Lee, UBC Department of Statistics
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Example 2

A certain city's drainage system is designed for a rainfall intensity

that will be exceeded on an average once in 50 years. If we

consider the possible outcomes in each year to be flooding or

nonflooding then

(a) What is the probability that the city will be flooded only 3 out
of 10 years?

(b) What is the probability there will be no floods in 50 years?

Melissa Lee, UBC Department of Statistics
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Characteristics of a Poisson Process:

» The number of occurrences of an event in any
non-overlapping interval are independent.

» The number of occurrences of the event in an interval is
proportional to the size of the interval.

» The probability of an event within a certain interval does not
change over different intervals.

» Events cannot occur simultaneously.

m——

—y—t—— >
t
\
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Poisson Process

Suppose we want to model the number of traffic accidents
occurring on a highway in a year or the number of customers
joining a line in an hour.

The Poisson Process is used to model a count of occurrences of
events per unit of time/space. (e.g. number of defects on a 1 X Im
surface). The poisson process gives rise to a discrete random
variable called a Poisson random variable and a continuous
random variable called the Exponential random variable.

Rate of the process (denoted by )\) is the average number of
occurrences of a certain event per unit time (or per unit of space).

Melissa Lee, UBC Department of Statistics 12



Poisson Random Variable

If the above conditions are satisfied, the random variable X = the
number of occurrences in a given interval of time/space, has a
Poisson distribution. e poramiAts

J time jnterval.
X ~ Poz’s()\t‘)/
P(X =z)= G‘At(ﬁtﬂ r=0,1,2,3...

x! Y

where A is the rate of occurrences of A per unit time and
t 1s the number of unit of time we are looking at.

Mean and Variance of Poisson Random Variable

B =) Var(X) =)

Melissa Lee, UBC Department of Statistics
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Example 3

Suppose that the average number of earthquakes with a reading
over 8.0 on the Richter scale is 1 per year. What is the probability
that there are no earthquakes over _8__9 in the next year? In the

next 3 years?
X =% earthquakts v TR hexi year.

X v Pois (At = I % 1)

o -1

- — ‘ = .3698
F = = € (\) e 0.3
(X O) ' -
Y = ‘\*‘ tar-khqu.a,k,w l.n MX+ 3 fj&*‘-‘ .
- o- s
Y iL(l ) P(Y"O) - € ('3) o49
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Exponential Random Variable

Recall exponential random variables from Ch. 4. T = the time
between consecutive occurrences of the event. T, called the
waiting time, is a continuous random variable.

T ~ Exp()\)
pdf: f(t) = Ae ™, t>0
cdf: F(t) =1 — et

Mean and Variance of Exponential Random Variable

B(T)=5  Var(T)= =

Melissa Lee, UBC Department of Statistics
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Example 4

Continuing on from example 4 above: Suppose that the average
number of earthquakes with a reading over 8.0 on the Richter scale
iIs 1 per year. What is the probability that you wait less than 2
years until the next occurrence of an earthquake over 8.07?

= N ~nl hext ear alAe
Tvexp(r=1) T = Ame uanl g w
) = | - € = 0.¥6S
N PLT<2) = Pyt | <\MM.
/ N P\S(l'l)
X=# eaginguahes (Y 2‘3e.ars. . o“)
P(at | e S+ | eerthquahe (n e Xt yca
® = P(X32\) = | - P(x4l1)= \-P(X_;o)o
= 1l- € 2 = o.8S
o!
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Poisson Approximation to the Binomial

If X ~ Bin(n,p) with large n (n > 20) and small p (np < 5),
then we can use a Poisson random variable with A\t = np to
approximate Binomial.

Melissa Lee, UBC Department of Statistics
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Example 5

If 1% of the output from a machine is defective, then what is the
probability that 4 or more are defective in a random sample of 2007

S ———

X = # dedechve thems in 200 v Bln(n=203, pzo.p)
. | - [ P(x=o) ¥ PLx=1) +.. 4P (x=3)]

P(X>u) = \= P(X<4)= ‘
T ' [(zao) ® .9 +oo _‘_(ldo 3 1:’
= - o.01 0.99 +... )o.ol o.
o 3 .
= J-0.25 ¥0o = 0-1%2
Aver naft

n large: nvo/ /
hp <S5: nxps= 200X 0.0l =2 <5
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We  Can  afpproX mait using Poisson
X v Poil ( At = np -’-2—)

P(Xew) =\~ P(X%3)
+ TREAD) +P(x-.-n + P(x=3)1

=\ - :PLY=0)
- =2 _©
=\ - e 2 - _1 T _a 1
. Z‘. 3!



