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Ch 4 Random Variables and Distributions

Random variable: a function (rule) that assigns a number with
each outcome in the sample space, denoted with capital letters,
X,Y Z...

The value that a random variable can assume will be denoted with
corresponding lower-case letters z, Y, 2 Of T1,Z9, X3...

There are two types of random variables:

> Discrete random variables can take on a finite or countable
set of values. ex. % (ovtfes  Crudoat dues Cach S wmestes .

» Continuous random variables are defined on a continuous

range and can take on an uncountable set of values
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Discrete Random Variables

The probability mass function (pmf) of a discrete random
variable X is defined as

f(z) = P(X = z)

It is a function that gives the probability of occurrence for each
possible value z of X. It has the following properties:
1.

f(x) >0forallz € X

> fl@)=1

all x
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The cumulative distribution function of X (cdf) or distribution
function of X is defined as

F(z) = P(X <z) = )" f(k) for all real z

€g pe §: v
X’K\O - P(Xx 20) = &
P(X=)\ Uy e Uy
P(xzt) = 4+ +2 =3
F(x) =
P(x<x) P( X<2) = l+\+_,\—\
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Example 1
A fair coin that is tossed twice, where X = number of heads.
(a) What is the probability of getting 2 heads? P (¥=2)=1/u

(b) What is the probability of getting at least 1 head?
10( X>/\ ) = P(X=‘> ~ P(X=2) = 3/41

P ot wost 5)
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Note: The following table gives a list of some key words you may
need to know. Suppose a discrete random variable, X, had
possible values of 0 to 5.

Key Word Symbol | Value for X
more than 2 X > 2 3,4, 5
no more than 2 | X < 2 0,1,2
fewer than 2 X <2 0,1
no less than2 | X > 2 2,3,4,5
at least 2 X >2 2,3,4, 5
at most 2 X <2 0,1, 2
exactly 2 X=2 2
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Mean and Variance of a Discrete Random Variable

> To find the mean, expectaton, expecrea vaire.

E(X) = Z zf(z) where D is the set of possible values

xeD
In general,
E(g(z)) = g(z)f(z)
D
» To find the variance, population  meaa
PO(JU\LW\\O" vanaunce g eea A
c=Var(X) = E[(X — 1)} ~ ECO=
+~ San<
82- Sampi&’ _ . 9 No /Q
RS ;(x M) f(m) S&MQ\Z‘

Var(X) = E(X?) — [E(X)]? pz=t Fr

+Ai € \ates
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Example 2

Suppose a certain production line produces a variable number of
defective parts in an hour, with probabilities shown in this table:

&' X = number of defective
parts in an hour 0 1 2 3 4
P(X =x) 0.15 ] 0.30 | 0.25 |1 0.20 | 0.10

(a) How many defective parts are typically produced in an hour
on the production line?

(b) Find the variance, Var(X) and standard deviation, SD(X).
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Continuous Random Variables

The probability density function (pdf) (denoted f(z)) is a
function that allows us to work out the probability of occurrence

over a range of z-values. oliscrede .
_ - )
Pla< X <b) = [ f(z)dx Fo) = PLX
f(x) must have the following two properties: mmams:

L. f(x) >0 for all x
2. [T f(x)dz =1

Pla < X < b) = arca of shaded region

P(X=x)=°

/m[vr\(‘{'f + OF

Valuea .
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P(X=a) = P(axX2a) :/a
af(x)o(x:O

P(agX k)= . O
) P(%cw +P(/></Z) LP(a < X<b)
P(a< X<b)
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QL e

The cumulative distribution function (cdf) gives the probability

of being less than or equal to a particular value
ol f
l

®/\LX F(x):P(ng):/_lf(%)dtforall:1:

Note that: The derivative of the distribution gives the density

F'(z) = f(x)
f(z) = F(z) by integration and
F(z) — f(z) by differentiation
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- . _ Fla) = P(X < a)
Notice that, in particular, /\?g\
F Py
P PX>a)=1-Fa) B2

> Plo< X <b)=F(t) - Fla)

F(b) Fa) - ;'\F(b)-F(a)
A b a a b

Figure 3.1: Probability on (a,b) under density function f(x)
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Example 3

flz) =

(a) Find the value of c.
(b) Find P(90 < X < 180)

0 = |
UL e

QO ol

for
o
f0<z< 360153“"
otherwise \ v
’ \
N Jats
£(x) i o

s

i O
IR/
O 360

360 &= ) olx
_ o jf(x) A X + / ,‘C_:- ol X + / 'F()C
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= / 4 o = —_—
o < C
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set 360 _ = c = 3€0 T
(e
JL(x) =/ 360 L
C
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P(qof X £180)
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Last Clats:

Digcrete ¥ and om  Van ab\—es1 Confnuons V.
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Example 4

flz) =

par 113z 0<z<2,
0 otherwise

(a) Find the cdf, F(x)
(b) Use F(z) to find P(1 < X < 1.5)

(c) Find P(X > %)M’ b

00 05 10 15 20 25 30
X
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How to find median, Q;, Qs, IQR from f(x)
Steps to find the median:

(a) Find F(x)

(b) then solve for = such that F(z) = 0.5
x Is the median

> To find @1 and Q3, do the same as above but instead of 0.5,
use 0.25 and 0.75 for 1 and Q3 respectively.

> To find IQR, use IQR = Q3 — Q;

Melissa Lee, UBC Department of Statistics
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Example 5

£ox) J R
; L (L =
26_2x xZr 2 O N g —_——
f(il?) — . 05 XN\ 0.5
0 otherwise N
Find the median, Q1, Q3 and IQR. ”
Skep 1 “ % e | b catt
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w 24
= -e + |
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| - e = 0.S
..1)&/ S f —_ Z_K = /n,/[) g )
e = 0. Y - 0«3?:"
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Mean and Variance of a Continuous Random Variable

» To find the mean,

In general,

o0

E(g(z)) = / 9(2) f (@) da

—0O0

» To find the variance,
Var(X) = E[(X — p)?]

~ [@- W s
Var(X) = E(X?) — [E(X))?

Melissa Lee, UBC Department of Statistics
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Example 6
Find the mean and standard deviation of

(@) =

2r 0<z<1
0 otherwise

I

E(X\sfj X 2N ol = J'zxtc»“‘ = ZlE
o)

7
Vact) = E(X) 7 EQO e
E(XL>:f(¢Zo PR ‘«JO L o F =l =
| - 0.236
= =k - (B " Sx):m~
\/a((X\ 3 (’f) v 0(
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Properties of the Mean and Variance

1. E(aX £b) =aE(X) +b where a and b are constants
2. Var(aX £b) = a*Var(X) where a and b are constants

3. E(X+Y) = E(X)\:I: E(Y) where X and Y are random
variables

4. E(XY)=E(X)E(Y) where X and Y are independent
random variables -

5. If X and Y are independent random variables,
Var(X +Y) = Var(X) 4+ Var(Y)
Var(X —Y) = Var(X) + Var(Y)

Melissa Lee, UBC Department of Statistics
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Some Continuous Models

Uniform Random Variables

If X' is a uniform random variable, X ~ U(a,b), X is evenly
distributed over the interval [a, b].

pett fla) = \ s<z<h ot e

b—a’ - =
b _ 2
EXx) =2 | o
2 5 .(;(13 '_lVZ ;
b— !
Var(X) = (b—a) | =
12 a. |
I e
R - C(o-—a>
-4 o) L) =
F(L\—/ }—_—Z o finy = ——
T b-G .
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i
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Exponential Random Variables i

Exponential random variables are often used to model the time

until an event occurs. X = Al uafl wexd pheas 4 occaa
- N = Yate of mCON‘l«'\ﬁ Plncne CAalAS .

If X' is an exponential random variable with rate of'__)—\,)X ~ exp(A),
the pdf is ~

uah ) e x4 catA

;\\a{_e PC(((‘,{MW .
._-——-/__——_"——’—__

pat,  flz) = e, r >0

where X is a positive constant and is the reciprocal of the mean

lifetime.
1
EX)=+.
Var(X) = 2
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Problem 4.13 from the course notes

Example 7

Consider a random variable X which follows the uniform
distribution on the interval (0, 1).

(a) Give the density function f(x) and obtain the cumulative
distribution function F'(x) of X;

(b) Calculate the mean (expectation) E(X) and variance
Var(X);
(c) Let Y = +/X. Find the E(Y) and Var(Y);

(d) Obtain the distribution function G(y) and furthermore the
density function g(y) of random variable Y.

Melissa Lee, UBC Department of Statistics 20
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Example 8 £l

\
yTH —1<y<1 e Ty

0 otherwise

fy(y) = {

Find the pdf of U = Y2,

= \
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Sum of Independent Random Variables

Random experiments are often independently repeated creating a
sequence of n independent random variables (e.g. roll a die
repeatedly, measure the lifetime of a component repeatedly).

It X1, X5, X3, ..., X,, are n independent random variables and
Y =a1X1 4+ a2X2+ ... + a, X, where aq, ao, ..., a,, are constants,

E(Y) = alE(Xl) + CLQE(XQ) + ...+ anE(Xn)
Var(Y) = aiVar(X1) + a3Var(Xs) + ... + a2Var(X,,)

If the n random variables X; have a common mean p and common
variance 2. We call {Xi,..., X,} a random sample and we get:

E(Y)=(a1+as+ ... +an)u
Var(Y) = (af + a2 + ... + a2)o?

Melissa Lee, UBC Department of Statistics
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Average of Independent Random Variables

It X1, Xo,..., X, are n independent random variables and

¥ = X1+Xo+..+Xn
n

B(X) = —[B(X)) + E(X2) + ... + B(X,)
Var(X) = %[Var(Xl) + Var(Xs) + ...Var(X,)]

If the n random variables X; have a common mean 1 and common

variance o2.

Melissa Lee, UBC Department of Statistics
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Maximum of Independent Random Variables

There are cases when we are interested in the maximum or
minimum of a random sample.

For instance, the maximum can be used to model:

» The lifetime of a system of n independent components
connected in parallel,

» The completion time of a project of n independent
subprojects, which can be completed simultaneously.

Melissa Lee, UBC Department of Statistics 24



We will work on ex 4.8 and 4.9 from the course text.

Example 9

A system consists of five components connected in parallel. The
lifetime (in thousands of hours) of each component is an
exponential random variable with mean u = 3.

(a) Calculate the median and standard deviation for each
component

(b) Calculate the probability that a component fails before 3500

e

hours. —

(c) Calculate the probability that the system will fail before 3500

hours. Compare this with the probability that a component
fails before 3500 hours.

(d) Calculate the median life for the system.

Melissa Lee, UBC Department of Statistics
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Minimum of Independent Random Variable

The minimum can be used to model:

> The lifetime of a system of n independent components
connected in series,

> The completion time of a project pursued by n independent
competing teams

Melissa Lee, UBC Department of Statistics
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Example 10

A system consists of five components connected in series. The
lifetime (in thousands of hours) of each component is an
exponential random variable with mean p = 3.

(a) Calculate the probability that the system fails before 3500
hours. Compare this with the probability that a component
fails before 3500 hours.

(b) Calculate the median life, mean life and standard deviation for
the system.

Melissa Lee, UBC Department of Statistics 27
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4.7. EXERCISES 87

Problem 4.22 A system has two independent components A and B connected in parallel.
If the operational life (in thousand of hours) of each component is a random variable with
density

1
flz) = %(x—4)(10—m) 4<z<10
= 0 otherwise

(a) Find the median and the mean life of each component. Find also the standard deviation
and IQR.

(b) Calculate the distribution and density functions for the lifetime of the system. What is
the expected lifetime of the system?

(c) Same as (b) but assuming that the components are connected “in series” instead of “in
parallel”.

Problem 4.23 A large construction project consists of building a bridge and two roads
linking it to two cities (see the picture below). The contractual time for the entire project is
18 months.

The construction of each road will require between 15 and 20 months and that of the
bridge will require between 12 and 19 months. The three parts of the projects can be done
simultaneously and independently. Let X;, X, and Y represent the construction times for the
two roads and the bridge, respectively and suppose that these random variables are uniformly
distributed on their respective ranges.

(a) What is the expected time for completion of each part of the project? What are the
corresponding standard deviations?

(b) What is the expected time for the completion of the entire project? What is the corre-
sponding standard deviation? -

(c) What is the probability that the project will be completed within the contractual time?

Problem 4.24 Same as Problem 2.51, but assuming that the variables X;, X, and Y have
triangular distributions over their ranges.
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