Chapter 5 -- Curve Sketching:
· vertical and horizontal asymptotes
· Increasing/decreasing intervals
· Concave up or concave down
· Newton's method for critical points and various intercepts
· All of these ideas can be generalized for functions of 2 (planar functions) and even 3 variables

5.1 -- Solving inequalities that involve polynomials (incl. quotients)

· Recall, polynomial of x, is an expression involving x and multiples of its power only (including x^0)
· will help us to graph functions...once solved, we'll be able to find interval in which the graph of a differentiable function has certain properties
· Why polynomials? Because many, many functions can be approximated using polynomials
· Taylor polynomial approximation (widely used in science, engineering, and pocket calculator)
· Ex: approximation for y =sinx given by Taylor polynomial of degree 2n-1: (give image)
· Generally true that larger degree, better approximations for Taylor polynomials and their related series 
· First step in solving polynomial inequalities is factoring of polynomial p(x). Since all our polynomials have real coefficients, if can be shown that factors are of exactly two types (and/or):
· Type 1 (or linear) factor:
· a1x-a2
· Type 2 (or quadratic irreducible) factor:
· ax^2 + bx + c, where b^2 -4ac < 0
Where a1,a2,b,c are real numbers. So, in summary, every polynomial (with real coefficients) can be factored into a product of Type 1 and/or Type 2 factors and their powers 
For purpose of solving inequalities we call real points x where p(x)=0 breakpoints (or real roots, or zeroes). Remember, type 2 factors have no breakpoints (no real roots, discriminate is negative)...breakpoints come from type 1 factors only

· The sign decomposition table of a polynomial
· Allows us to essentially read off the solution of an inequality
· Know structure and how organized using correct terminology
· You must first determine size of SDT
· (r+1) by (s+1) (rows by columns, excluding margin and headers)
· r = the total number of different breakpoints of p(x)
· s =  (the total number of different breakpoints of p(x)) + (the total number of different type 2 factors of p(x))
· Know how to fill in
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[bookmark: _GoBack]Be careful for leading coefficients…can be negative!
· How to solve inequalities 
· [image: ]…  (x-1)(x-2)^2 (x^2+1) < 0 is given by the set of all possible points x inside the interval (-infinity, 1) 
· Two+? The solution is the union of those two+ intervals, that is, the solution of the inequality … is given by the set of all points x where x is either in the interval …, or, in the interval … can be written as ( .,.] U [.,.] U [3,.)
· [image: ]
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The +/— signs in the graph indicate the region(s) where the function is posi-
tive/negative, (see Figure 92).

How to solve polynomial inequalities?

Okay, now that you know how to find the SDT of a given polynomial it’s going to be
really easy to find the solution of a polynomial inequality involving that polynomial!

I the information you need is in the SDT! Let’s backtrack on a few examples to
see how it’s done

Example 213. | o100 the inequality (2 — 1)(z — 2)*(* + 1) < 0

Figure 92.
Solution The polynomial here is p(x) = (z — 1)(z — 2)?(2? + 1) and we need to
solve the inequality p(z) < 0, right? Refer to Example 209 for its SDT. Just go to
the last column of its SDT under the header ‘Sign of p(x)’ and look for minus signs
only. There is only one of them, see it? It also happens to be in the row which
corresponds to the interval (—oo,1). There’s your solution! That is, the solution of
the inequality

(z=1)(@-2)*(*+1) <0,

is given by the set of all points @ inside the interval (oo, 1).

Solve the inequality p(z) = (z + 1)*(z — 1)(z + 3)* > 0

Solution The polynomial is p(x) = (x+ 1) (2 1)(x+3)* and we need to solve the
inequality p(z) > 0. Look at Example 210 for its SDT. Once again, go to the last
column of its SDT under the header ‘Sign of p(z)’ and look for plus signs only. Now
there are two of them, right? The rows they are in correspond to the two intervals
(~00,~3) and (1,00). So the solution of the inequality is the union of these two
intervals, that is, the solution of the inequality

(¢+1)*(z—-1)(=+3)° >0,

is given by the set of all points @ where a is either in the interval (—o0, —3), or, in
[=]=}
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is given by the set of all points @ in the interval (—2.

0.5).

In case the polynomial inequality is of the form p(x) > 0 (or p(z) < 0), we
simply

1. Solve the ‘strict inequality p(a) > 0 (or p(z) < 0) and

2. Add all the break-points to the solution set.

Let’s look at an example.

Example 216.

Solve the inequality p(x)

2 _ 4)(9 — 2%) and we need to solve the
ak-points of p to the solution set, right? Look
at Example 212 for its SDT. Once again, go to the last column of its SDT under
the header ‘Sign of p(z)’ and look for minus signs only. This time there are three
rows with minus signs in their last column. The rows correspond to the intervals
(=00, -8), (~2,2), and (3,00). So the solution of the inequality

Solution The polynomial is p(:
inequality p(x) < 0 and add all the br

3(*-4)(9-2%) <0,

is given by the union of all these intervals along with all the break-points of p. That
is the solution set is given by the set of all points x where  is either in the interval
(—00,~8), or, in the interval (~2,2), or, in the interval (3,00), along with the
points {-2, 2, -3, 3}.

This can be also be written briefly as: (—oo0,—3] U[~2,2] U [3,00), where, as usual,
the symbol ‘U’ means the union.
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Now write down all the Type I and Type II factors and their powers so
that, for example,

p(z) = (x — a1)" (z — a2)™? ... (x — ar)"" (A12” + Biz + C1)™ ...

Rearrange the break-points a1, as, ..., a, in increasing order, you may have
to relabel them though, that is, let

(—0<) a1<az<az<...<ar (<+o0)

Form the following open intervals: I, Io,..., ;11 where
I: (—o0,a1) ={r: -0 <z < a1}
I : (a1,a2)
13 : (az,as)
Iy: (as,as)
I.: (ar-1,ar)

Iy1: (ar,400)

and put them in the margin of our SDT.

At the top of each column place every factor (Type I and Type II) along with their
‘power’:
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a product of 3 Type 1 1actors and 2 Type 11 factors! 1ts break-points are z = 1,1 =
2,2 =3 and so r = 3, since there are 3 break-points. Next, there are only 2 distinct
Type II factors, right? So, by Table 5.2, s = r+ 2 = 3+ 2 = 5. The SDT of p(x)
has size (3+ 1) by (54 1) or 4 by 6.

How to fill in a SDT? OK, now that we know how big a SDT can be, what do we do with it?

Now write down all the Type I and Type II factors and their powers so
that, for example,

p(z) =

an )" (Ara? + Biz +C1)™ ...

z —a1)" (z — a2)? ..

Rearrange the break-points ai, aa, .. ., a, in increasing order, you may have

to relabel them though, that is, let

(m0<) a1<a2<az<...<ar (<+00)

Form the following open intervals: 1, Ia,..., Iy41 where

Ii: (—0,a1) ={x: -0 <z <ai}
I (a,a2)

2 Is: (a2 a3)
Iy : (as,a1)

Tov (aperion)
Igr: (ar,+00)

and put them in the margin of our SDT.

At the top of each column place every factor (Type I and Type I1) along with their
‘power’s

(@—a)” | o | (@—a)" | (Aia® + Bia + C))"

(—00,a1)
(a1, a2)
(a2, a)
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How to fill in a SDT? OK, now that we know how big a SDT can be, what do we do with it?

Now write down all the Type I and Type II factors and their powers so
that, for example,

p(z)

—a1)" (z —ag)"? .. an )" (Ara? + Biz +C1)™ ...

Rearrange the break-points ai, aa, .. ., a, in increasing order, you may have
to relabel them though, that is, let

(m0<) a1<a2<az<...<ar (<+00)

Form the following open intervals: 1, Ia,..., Iy41 where

Ii: (—0,a1) ={x: -0 <z <ai}
I (a,a2)

2 Is: (a2 a3)
Iy : (as,a1)

Tov (aperion)
Igr: (ar,+00)

and put them in the margin of our SDT.

At the top of each column place every factor (Type I and Type I1) along with their
‘power’s

(@—a)” | o | (@—a)" | (Aia® + Bia + C))"

(—00,a1)
(a1, a2)
(a2, a)

o)
(ar, +00)
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I : (ar—1,ar)
Iy1: (ar,400)

and put them in the margin of our SDT.

At the top of each column place every factor (Type I and Type II) along with their
‘power’:

(a1,a2)
(a2,a3)

)
(ar, +00)

Finally we “fill in” our SDT with the symbols ‘+’ (for plus) and ‘—’ (for minus).

www.math.carleton.ca/~amingare/calculus/cal104.html Protected by Copyright, - DO NOT COPY
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5.1. SOLVING POLYNOMIAL INEQUALITIES 221

Solution The break-points are given by # = —3,—1,1. These give rise to some
intervals, namely (—o0, —3), (—3, —1), (=1,1), (1,00). The table now looks like

@43 [ @+ D" [ @—1) ] Signof p(a)

OK, now we have to fill in this SDT with +/— signs, right? So choose some points
in each one of the intervals in the left, find the sign of the corresponding number in
the columns and continue this procedure. (See the previous Example). We will get
the table,

G+ D° [ @—1) [ Signof p(@) @ﬁ\

—,—3) B + - +
(=3,-1) T + = = b
=L1) T T = \
[ T T ¥ T ¥

That’s all!

Example 211.

Solution OK, first of all, do not worry about the type of numbers that show up
here, namely, 4,2.6 cte. 1t doesn’t matter what kind of numbers these are; they do

nat have ta ta ha intesers! The hreak-naints ara —9 & 1 1 and [7] Wall thera is na




