ELEC242 Continuous-Time Signals and Systems

Question 1:

Consider a continuous-time LTI system which has impulse response of
h(t) =u(t) —u(t =1) . If x(r) = 1 —0){u(t) —u(t —1)} is applied at the input of the system,

oo

evaluate the output y(¢) of the system using convolution integral y(¢) = J-x(f)h(t —-7)dt

as follows:

a) Draw x(7)and h(t —7) for different intervals of “”.
b) Write the expressions for calculating the output y(¢) for the intervals of “¢”
indicated in part (a). Do not calculate the result of integrals.

Solution 1a: y(r) = J.x(T)h(l‘ —-7)dt

—oo

Therefore, we draw x(7)and h(¢ — 7) and perform the convolution:

x(7)
1
a) i > T
1
h(7)
A
1 —
b) > T
1
h(-7)
A
—_—1
c) > 7
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Solution 1b: Based on the overlap of x(7)in figure “a” and h(t —7)in figures “d”, “e”,
“f” and “g”, y(¢) can be calculated for various regions as shown below:

0 t<0 Fig. d)
t 7’ ! 2
J'(l—r)dfz{r—?} =r-— 0<t<1 Fig. e)
0 0
y() =
1 2'21 12
j(l—r)dr: T—— | =2-2t+— I<t<2 Fig. f)
t-1 2 t-1 2
0 2<t Fig. g)
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Question 2:

Consider the interconnection of two continuous-time LTI systems, as depicted in the
figure. The impulse responses of these systems are & (t)=d0(—-1)+d(+1),

h, (1) =2"u(t),

x(t)y ¥ (@) |/ L) [——> y@©)

a) Find the impulse response of the overall system.
b) Determine whether or not each of the impulse responses #, () and &, (¢) are causal,
memory-less and stable. Justify your answer.

Solution 2a:  h(t) = h () * h,(t) =

h(t) = T[5(1—1)+5(T+1)]>< 27 u(t—1)dt = T5(T—1)><2Hu(t—z')d2'+ ofé‘(z’+l)><2’_7u(t—z')d1'
h(t) = Té(f—l)xz"fu(t—f)dr+ ]25(z'+1)><2"fu(t—r)df:

h(t) = j S(r—-1)x2 ™ u(t - )dr + j S(+DX2" u(t +ydr = 2" j S(r—1)dr+2"" j S(r+1dr =
oo —oo 1 -1

h(t)=2""u(t 1)+ 2" u(t + 1)

Solution 2b:

If the impulse response of a system is zero for all values of ¢ <0, then the system is
causal. Therefore:

Since h,(t) = 6(t —1)+ 6(t + 1), which is non-zero at r =—1 is non-causal.

Since h,(t) = 2"u(t)is zero for all values of # < 0 (due tou(r)), therefore h,(¢)is causal.

A system is memory-less if the impulse response is in the form of Kd(¢) and obviously
both £, (#) and i, (¢) are not in this form and they have memory.

A system is stable if the impulse response satisfies, I |h(7|d T < oo . Therefore:

—oo

]i|hl (Dld7 = T|5(t —D+8(t+1)dr =2 <o and h,(1)is stable.

—oo —oo

T|h2 (v)dr = T

—oo

21’

qu(r)‘dr = I d7 =ooand h,(t)is unstable.
0
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Question 3:

Consider a continuous-time LTI system which has input of x(¢) and output of
y(t)=2x(t=2)+x(t =D+ x(t+1)+2x(t+2).

a- Evaluate Fourier series coefficients a, of x(¢) = z o(t—5k).

k=—oco

b- Using a, and the properties of Fourier series, evaluate the Fourier series coefficients b, of the

output y(7) . Simplify b, and show the result as weighted sum of cosine functions.
Solution 3a:

The signal x(#) has fundamental period of 7, =5 and fundamental frequency of

w, = 27/5. Note that in each period there is a unit impulse function.

25 1% 1% 1
S(t _jk(z;;/s)rdt =~ | 5@ —jk(27z'/5)0dt == | d()dt ==
J' (e < J. (t)e 5 .[ (1) 5

=25 =25 =25

1 : 1

a, =— | x(t)e ™' dt ==
=7 j 0) -
a, :% for all integer values of k.

Solution 3b:

From properties, we have x(¢) <>a, , then x(t —t,) <>a, e ***'"" | By considering the
linearity property as well, we have:

—jk(2m/5)2 —jk(2m/5)1 Jjk(2m/5)1 Jjk(27m15)2

2x(t=2)+x(—-D)+x(t+D)+2x(t+2) <> 2a,e +a,e +a, e +2a,e

2x(t = 2) + x(t = 1)+ x(t +1) + 2x(t + 2) > 2a, (¢ FCF2 4 KON ) Ly (o IKCRID) | pikRIS) )

2x(t—-2)+x(t—-D+x(t+1D)+2x(t+2) & 4akcos%+2akcos%

2x(t=2)+x(t—D+x(t+1D)+2x(t+2) < gcos%+§cos%

y@)=2x(@t-2)+x(t-D+x(t+1)+2x(t+2) <> b, = %cos%+%cos% for all

integer values of k.
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Question 4)

Consider a continuous-time LTI system which has input of x(¢) and output

of y(t) = J._r x(7)d7 . The input to the system is x(¢) = 2sin(2z).

a- Evaluate impulse response of the system /() and its frequency domain equivalent
H(jw).

b- Evaluate Fourier series coefficients of the input signal x(¢) and output signal y(¢) .

Solution 4a:

ht)=y(0) s, = [ 8@dz=u(r)

+oo . +oo . oo . —jwr oo
H(jo)= [h@)e " dr = [u(@)e " dr = [/ dr=| L
i i 0 -jo), Jjo

Solution 4b:

The fundamental frequency of x(¢) = 2sin(2¢) is @, = 2 and fundamental period would be

@, 2
j2t _ —j2t ' .
x(t) =2sin(2t) = 2[¥j _ l‘(ejz, B e‘-’z’)

x(1) = l(eth _eijz): jeijt _ jej2z

J
Comparing above equation with the Fourier series expansion of
(1) = iakeﬂqzmm _ iakejsz

k=—c0 k=—oc0
We have: a,=j,a =—jand a, =0for k # %1
Fourier series coefficients of y(¢) are

. . 1
b, =a,H(jkw,))=a,H(j2k)=a, —
Jj2k

b :_&:)blz—l, bl:_% andbk :Ofork¢i1

2k 2
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