MCV4U-A

Unit

Lines and Planes



Copyright © 2008 The Ontario Educational Communications
Authority. All rights reserved. No part of these materials may

be reproduced, in whole or in part, in any form or by any means,
electronic or mechanical, including photocopying, recording, or
stored in an information or retrieval system, without the prior
written permission of The Ontario Educational Communications
Authority.

Every reasonable care has been taken to trace and acknowledge
ownership of copyright material. The Independent Learning
Centre welcomes information that might rectify any errors or
omissions.

December 6, 2010



Calculus and Vectors MCV4U-A Unit 4 Introduction, page 1

Table of Contents

Unit 1: Rates of Change and Derivatives

Lesson 1: Rates of Change

Lesson 2: Limits

Lesson 3: Intervals of Increase and Decrease
Lesson 4: Derivative of a Polynomial Function
Lesson 5:  Properties of the Derivative

Suggested Answers to Support Questions

Unit 2: Exploring Derivatives

Lesson 6: Exploring Exponential Functions and Their Derivatives
Lesson 7:  The Derivatives of Sinusoidal and Rational Functions
Lesson 8: The Second Derivative: A Graphical Look

Lesson 9:  Applications of the Derivative: Key Features of a Polynomial
Function

Lesson 10: Sketching Functions
Suggested Answers to Support Questions

Unit 3: Applying Derivatives and Introduction to Vectors

Lesson 11: Real-Life Applications

Lesson 12: Optimization Problems

Lesson 13: Introduction to Vectors

Lesson 14: Vectors in Three-Space, Addition and Subtraction
Lesson 15: Properties of Vectors and Scalar Multiplication

Suggested Answers to Support Questions

V(T T{-X[5{: 3 Unit 4: Lines and Planes
Lesson 16: The Dot and Cross Product of Two Vectors

Lesson 17: Properties and Applications of Dot and Cross Products

Lesson 18: Lines and Planes Using Linear Equations

Lesson 19: Lines and Planes Using Scalar, Vector, and Parametric
Equations

Lesson 20: Intersections

Suggested Answers to Support Questions

www.ilc.org Copyright © 2008 The Ontario Educational Communications Authority. All rights reserved.



Unit 4 Introduction, page 2 Calculus and Vectors MCV4U-A

Introduction

In Unit 4, you will continue your exploration of vectors. In

Unit 3, you learned about the sum and difference of two vectors.
What about the product? You will now learn about two types of
vector multiplication: dot product and cross product. You will also
learn about their applications.

In previous grades, you learned how to represent lines in two-
dimensional space using the slope and y-intercept form. How do
you represent a line in a three-dimensional space? What about
a flat surface? In this unit, you will learn how to represent lines
and planes and explore the intersection of lines and planes.
Finally, you will make connections between solving a system of
equations and the intersection of planes.

Overall Expectations

After completing this unit, you will be able to
e determine the dot product and cross product of two vectors

e solve problems in geometry and physics involving the cross
product and dot product

e solve systems of linear equations in two-space by graphing

e describe the geometric significance of linear equations in two-
space and in three-space

¢ identify the various ways in which planes can intersect in
three-space

e describe the different ways a line or a plane can be
represented

e determine the solution of a linear system of equations with
three variables and interpret the solution geometrically

e determine distance using the projection of a vector onto a
vector
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At the end of the unit there is a Practice Test. It will help
you prepare for the Final Test. You will not be marked on the
Practice Test, but you should try to answer all the questions.

The Practice Test is on your course page on the ILC website
along with Practice Test Suggested Answers so you can mark it
yourself. Instructions will be given at the end of Lesson 20.
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Introduction

So far, you have studied the sum and difference of two
vectors and the multiplication of a vector by a scalar. What
about the multiplication of two vectors? Can you define such

multiplication?

In this lesson, you will look at two different types of vector
multiplication, the dot product and the cross product. You will
also develop properties of each and look at their applications.

Estimated Hours for Completing This Lesson

The Dot Product

Properties of Dot Products

The Cross Product

1.5

Key Questions

1.5

What You Will Learn

After completing this lesson, you will be able to

e determine the dot product of two vectors represented as

directed line segments

e calculate the dot product of two vectors represented in

Cartesian form
e describe applications of the dot product
e explain properties of the dot product

e calculate the cross product of two vectors in three-space

represented in Cartesian form
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The Dot Product

Given two non-zero vectors z and v arranged tail to tail, where
the angle between them is 6 and 0° < 6 < 180°, the dot product is
calculated with the following formula:

w-v=|ul||v|cosh
—)
u
0 v

The dot product is the product of the magnitude of the two
vectors and the cosine of the angle between the two vectors
arranged tail to tail. The dot product of two vectors is a scalar.

Examples

Find the dot product of each pair of vectors:
a) |u|=5,|v|=6,and 6=60°

b) |a|=6,|b| =4,and 6=45°

c)
4
20° 6
Solutions
a) u-v=|u||v|cosh
= (5)(6)cos(60°)
= 30(0.5)
=15
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b) a-b=|al|b]|cosd
= (6)(4)cos(45°)
= 24(0.707)
~ 16.97

c) u-v=|u||v|cosh
= (6)(4)cos(20°)
= 24(0.93969)
= 22.55

Dot Product of Two Perpendicular
Vectors

What can you say about the dot product of any two perpendicular
vectors?

The angle between two perpendicular vectors is 90° and
cos(90°) = 0.
w-v=|ul||v]|cos(90°)

=0

You can conclude that the dot product of any two perpendicular
vectors is zero.

Dot Product of a Vector With Itself

Since the angle between a vector and itself is zero, and cos(0°) = 1,
you can conclude that

w-u=|u||ul|cos(0°

= lul|ul

= lu|”®

Therefore, the dot product of a vector with itself is its magnitude
squared.
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Dot Product of Vectors in Cartesian Form

You can also find the dot product from the Cartesian coordinates
of a vector. As you saw with the line segments in the previous
sections, the dot product of two vectors in Cartesian form is a
scalar.

Given two vectors in two-space, u = (x,,y,) and v = (x,, y,), then

—

U: v =x%+YyYs

In three-space, given u = (x,,y,, 2z, and v = (x,, y,, 2,), then
UV =x2%,+yY, + 2,2,

Examples
Find the dot product of each pair of vectors:

a) w=(2,-3)and v =(4,-1)
b) u=(2-3,1) and v = (-4, -1,2)

Solutions

a) u-v = XX, + Y.V,
= (2)(4) + (-3)(-1)
=11
b) w-U =X, VY, + 2,2,
= (2)(—4) + (=3)(-1) + (1)(2)
=-3

Angle Between Two Vectors

Using the two definitions of the dot product that you have
learned (line segment and Cartesian), it is possible to calculate
the angle between two vectors given their Cartesian coordinates.
You do this by finding the dot product of the two vectors using
the Cartesian definition and rearranging v - v = |u| - | v |cosf
to solve for 6:
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-

s=li.lg
u-v =|ul-|vlcos@

7]
u .
cosO =
. [3]
ul-lv
Examples

Find the angle between each pair of vectors:

a) uw=(1,3andv =(2,-1)

—

b) w=(2,-3,1)and v =(2,-1,1)

Solutions
a) u=(1,3and v =(2,-1)

Find the dot products of the vectors in Cartesian form:

—

u-v=(1,3-(2-1)
= (1)(2) + (3)(-1)
=-1

Then find the magnitude of z and v:

il = JT + a7
=10

H 2+(1
N

Finally, put the values into the equation:

cosO =

52

= —0.14
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Use a calculator to find the angle 6:
cos(0) = —0.14
0~ cos™(-0.14)
0~ 98°
The angle between u and v is 98°.
b) u=(2,-3,)and v =(2,-1,1)
Find the dot product:
u-v=(2-31-(2-11)
=4+3+1
=8

Then find the magnitude of z and v:

@l = Jor + 3 = )
_ iz

Bl = 7 P )

_

Finally, put the values into the equation:

8
(114)(Ve)

=~ 0.87

<l

cosf =

Use a calculator to find the angle 6:
cos(0) ~ 0.87

0~ cos™(0.87)

0~ 29.54°
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The following table is a summary of the formulas used to find
the dot product or the angle between two vectors:

Dot product of line segments:

—

u-v=|ul||lv|cosd

Dot product of Cartesian coordinates in two-space:
u=(x,y)and v = (x,,y,), then u - v =x.x, +y,y,

Dot product of Cartesian coordinates in three-
space:

u =(x,y,,2z)and v = (x,,y,, 2,), then

u-v= XXy +Y1Ye + 2,2

Angle between two vectors:

- >

u-v

cosf =

Support Questions
J (do not send in for evaluation) : =

1. Calculate the dot product of z and v:
a) |u|=2|v|=3,and 8=30°
b) |u|=5,|v| =3, and §=135°

2. Find the dot product of each pair of vectors:
a) u=(-1,2and v =(4,3)
b) u=(4,-2,3)and v =(0,-1,5)

3. Find the angle between each pair of vectors:

a) u=(-1,2and v = (-3, -1)
b) w=(-1,2,1and v = (4,0, 3)

www.ilc.org Copyright © 2008 The Ontario Educational Communications Authority. All rights reserved.
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4. Determine the angle between the vectors « and v:

A} (4]oo]6.do)
B} (1/00,4.00) A

B f/

D

]
M
=~

no

&

There are Suggested Answers to Support Questions at the end of
this unit.

Properties of Dot Products

At this point in the lesson, you should be familiar with the two
definitions of the dot product and how to use them to calculate
the angle between two vectors. In this section, you will explore
properties of dot products.

The Commutative Law

As you have already learned, the commutative law says that

the order in which you multiply two numbers does not matter.
The product of real numbers satisfies the commutative law of
multiplication; that is, xy = yx. For example, (2)(3) = (3)(2) = 6.

Does the dot product satisfy the commutative law? Yes, it does,
and this will be demonstrated using the two definitions of the
dot product.
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Line Segment Definition

N

5 = lal. 5l
u-v =\ul-|vicos@

>l |-
=‘0Hu‘cos(9

- -
=v-u

The magnitude of each vector is a real number, so the
commutative law of multiplication of real numbers applies.

Cartesian Definition

Here is another way to define the dot product of two vectors
given their Cartesian components:
If u = (x,y,2)and v = (x,,y,, 2,), then
U0 =X,X,+Y.Y, + 2,2,
= X,%, + YoV, + 2,2,

v-u

The Cartesian coordinates are real numbers, so the commutative
law of multiplication of real numbers applies.

The Distributive Law

Recall, with the distributive law:

GO+ W) =u T
You get the same answer when you multiply a group of numbers
by a number as when you do each multiplication separately

and then add them together. Here’s an example to show the
distributive property in three-space. You will do the two-space
case as an exercise later in the lesson.

Let u = (x,,y,,2), U = (Xy, ¥y, 2,), and w = (x,, ¥, 2,)

Copyright © 2008 The Ontario Educational Communications Authority. All rights reserved.
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u-(+w) = (x,,%,,2,) ((xz,yz,z2) + (x3,y3,23))
= (2, 5,,2) - (X, + 25,9, + V5,2, + 25)
= x,(x, + 2,) + ¥, (y, + y5) + 2,(2, + 25)
= XXy + X, % + V1Yo + V1 Vs + 2,2, + 2,2,
= X,X, + YV, + 2,25 + X, X5 + VY5 + 2,2,

- >

- >
=u-v+u-w

The Associative Law

The associative law of multiplication says that the product of
any three real numbers is the same regardless of how they are
grouped together. It is meaningless to talk about the associative
property of the dot product, z - (v - w ), because the dot product
is calculated only between vectors and the dot product of v - w
is a scalar. It is possible, however, to show that (ku)-v = k(- v),
where % is a real number.

This is true for vectors in two-space or three-space. Three-space
is shown:

Given u = (x,,7,,2,) and v = (x,, y,, 2,)

(kw)- v = (k(x,,3,,2,)) - (x5, ¥5,2,)
= (kx,, ky,, kz,) - (x,,5,,2,)
= kx,x, + ky,y, + kz,2,
= k(x,x, + 3,5, + 2,2,)

= k(- v)
Now practise some of the properties of the dot product.

Examples

Ifu=(0,1,3),v =(2,1,0),and w = (4, 1, 1), verify the
following:

- > — - = - -

a) u-v+tw=u-v+u-w

b) v-v=|v]|

o @W+v)-@+v)=|ul+|v[+2u-v
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Solutions

a) - (U+w) =(0,1,3)[(21,0)+4,1,-1)]
=(0,1,3)-(6,2,- 1)
= (0)(6) + (1X(2) + (3)(-1)
=-1

u-v+u-w=0,1,3)-(2,1,0 +(0,1,3)-(4,1,—-1)
= (0)(2) + (DA + (3)0) + (0)(4) + (1)) + (3)-1)
=-1

- — - - - -
Observethat u-(V+w)=u-v+u-w

b) v-v=(210)-(21,0)
=5

|0 ’= (2)* + (1)® + (0)°
=5
Observe that v-v =| v [*.
¢ @+v) - @+v)=[(0,1,3)+(2,1,0)]-[(0,1,3) +(2,1,0)]
=(2,2,3)-(2,2,3)

= (2)(2) + (2)(2) + (3)(3)
=17

luP +|v| +2¢-v=10+5+2(0,1,3)-(2,1,0)
=15 + 2(1)
=17

Observe that @+ v)-(w+v)=|ul> +|v [ +2u-v.
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Support Questions {
J (do not send in for evaluation) :

5. Ifu=(@1,-1,2),v=(1,-1,3),and w = (-1, 0, 2), verify the
following:

W

-

- — - - -
a) u-w+tw=u-v+u-w
b) 17)-17):|w|2

o) @W+v) - @+v)=|ulf +|v[ +2w v)

6. Verify the distributive property for the dot product for vectors
in two-space using the technique demonstrated in the lesson.

The Cross Product

The dot product of two vectors is a scalar. In this section, you will
learn about the cross product. The cross product of two vectors

in three-space, u and v, is a third vector. The new vector is
perpendicular to both z and v.

Let u = (u,, u,, u,) and v = (v, v,, v,). The cross product of z and
v, denoted u x v, is defined by the following:

- o
UX U = (UyUy — Vylly, Ugly — Uglly, Uy, — VU, )

Note the cross product is calculated only for vectors in three-
space. The following example demonstrates how to calculate the
cross product:

Example
Find the cross product of vectors u = (1,-1,2) and v = (2, 1, 3).

Solution

- o
ux?v

(uzvs = Ugllg, UgUy — Ugldy, Uy Uy — Ulu2)
((=1)(3) - (1)(2),(2)(2) - (3)D),(1)1) — (2)(-1))
(-5,1,3)
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(-D(@3) - (1)(2) = -5

The formula of the cross product is a bit complicated to
remember. An easier way to find the cross product is to use the
following steps, which have been applied to the vectors from the
previous example:

u=(,-1,2)and v =(2, 1, 3)

Step 1: Write each vector in a row, starting with the second
component and ending with it:

-1 2 1 -1

Step 2: Subtract the diagonal products to get the components of
the new vector:

|

(2)(2)-B)(1 =1

(1) - (2)(-1) =3

The cross product z x v = (-5, 1, 3)

How can you check that your answer is perpendicular to both

u and v? Recall the dot product of perpendicular vectors is zero.
You can calculate the dot product of z x v with z and v to check
if your answer is correct.

Copyright © 2008 The Ontario Educational Communications Authority. All rights reserved.
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(uxv)-u=(-513-1,-1,2)
= (=5)(1) + (1)(-1) + (3)(2)
=-5-1+6
=0

(uxv)-v=(-513)(21,3)
= (=5)(2) + (D) + (3X3)
=-10+1+9
=0

Since both dot products are zero, the vector (-5, 1, 3) is
perpendicular to both z and v.

Example

Given the points A(-1, 2, 3), B(2, -2, 1), and C(3, 1, 2), determine
a vector that is perpendicular to both AB and BC'.

Solution

To find a vector perpendicular to both AB and BC, you need to
find their cross product.
First calculate the components of AB and BC':

AB =(2,-2,1)-(-1,2,3)
=(3,-4,-2)

—

BC =(@3,1,2)-(2,-2,1)
=(1,3,1)

Next, find the cross product by following the procedure in the
previous example:

Copyright © 2008 The Ontario Educational Communications Authority. All rights reserved. www.ilc.org
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-4 -2 3 —4
oL o
(~4)(1) - (3)(2) = 2

(=2)(1) - (1)) =5

(3)3) - (1)(—4) =13

The vector perpendicular to AB and B_>C is AB x B%C =
(2, -5, 13).

To check that your answer is correct, find the dot product of
AB x BC with AB and BC':

-

(A}x B%Cj AB = (2,-5,13) - (3,—4,-2)
— 642026
~0

(ATB X B%Cj .BC = (2,-5,13)-(1,3,1)

=2 -15+13
=0

Since both dot products are zero, the vector (2, -5, 13) is
perpendicular to both AB and BC -
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The following table summarizes cross product calculations:

Cross product of vectors in three-space:
Let u = (u,, u,, u,) and v = (v, v,, v,), then

- >
UXv= (uzv3 — Uylly, UsU; — Uglly , Uy Uy — vluz)

Simplified method of solving cross product:
Uy Us U, Uy
UZ US vl UZ
(uQ)(U3) - (Uz)(ug)

(uy)(v,) — (vy)(u,)

(u,)(v,) — (v)(u,)

Verify the cross product using dot product:

(uxv)-u=0

(uxv)-v=0

Support Questions {
J (do not send in for evaluation) :

7. Find the cross product of vectors u = (-2, 3,0) and v = (1, 0, 1)
and use the dot product to confirm that your answer is correct.

8. Find a vector that is perpendicular to both (1, 0, 0) and (0, 1, 0).
Confirm your answer using the dot product.

W
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Conclusion

In this lesson, you explored two different types of vector
multiplication, the dot product and its properties and the cross
product. In the next lesson, you will develop properties of the
cross product. You will also explore applications of both products.

C¢) Key Questions (o

Save your answers to the Key Questions. When you have
completed the unit, submit them to ILC for marking.
(16 marks)

46. Find the angle between the vectors u = (-1, 0, 1) and
v =(-2,2, -1). (3 marks)

47. Find the cross product of (-1, 3, 4) and (-5, 6, 0) and use the
dot product to confirm that your answer is correct. (3 marks)

48. Show that (ku)-v = k(- v) for vectors in two-space. (2 marks)

49. a) Given
u=(1,3,-2)
v =(-2,2,2)
w=(5,1,4)

demonstrate that u, v, and w are all perpendicular to each
other. (5 marks)

b) Given two vectors z and v suchthat z - v = |u||v ]|,
explain what you know about the two vectors. (3 marks)

Now go on to Lesson 17. Do not submit your coursework to ILC
until you have completed Unit 4 (Lessons 16 to 20).
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