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3.1.7

y' -9 +9=0

9+3v5  9-3v5

y:e"‘:.—>r2~—9r+9=0:>1'1= 2 T2 = 2

Distinct real roots r1,ra = y = Cie"? + Cze™*. Thus

9+3\/Bt 9—3v5
y=Cie 2 +Coe 2

t

4
3.1.13

y' +5y' +3y=0 y(0)=1,4(0)=0
Find the solution of the given IVP, sketch its graph and describe its behavior for increasing f.

-5++v/13 __ -5-V13

1r2—

y=¢€¢* = r’+5r+3=0 = 1=

2 2
Distinct real roots r1,7p == y = Cye™t + Cae™". Thus
-5+ 13 -5— /13
—_—t

e ————
y=01e 2 + Che 2

-5+ 13 -5—v13
; -5++13 et 5 — /13 o o e '
y — --—-—5——- Clﬁ 2 -+ -—§"— Cge 2

y(0) = 1 = Cy+Cy

J©) = 0 = (:s_g»f_ﬁ) Cﬁ(—s_:@)@

Cy = - b= \/——(Cl—-l :::}Clz'é%(13+5\/1_§)102
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=-§5(13+5\/1_3)e 2 !+—2~16(13—5x/ﬁ)e__5—£



Since 5 > /13 , y has the form Ae~9 + (1 - A)e " where both a and b are > 0. Therefore

. .1 .
hmy—Atl_lprgﬁ+(1-A)tl_1*rgG§—~0+U—0

t—oo

3311

y'+6y +13y =0

V62 —4 ) : .
. + ({1 = 11 =-3+2i,rp=-3-2i

2(1) 2(1)

y=€' = r?46r+13=0 = r=—

Conjugate complex roots ry = A+ig and ry = A — ip == y = Cre*cosput+ CoreMsin ut. Thus

y = Cire 3 cos2t + Cre 3 sin 2t
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3.3.18
V' +4y +5y=0, y(0)=1, ' (0)=0

Find the solution of the given IVP, sketch its graph and describe its behavior for increasing t.

B g _ 4 JESIE)
=¢>r+41“.5-—0=:*—$r—-—2(1):i: 500

t ; .
" = m=-24i,rm=-2—1

y=e

Conjugate complex roots ry = A+ iy and rp = A—ip = y = C1eM cos ut + Cye* sin ut. Thus

y=Cre *cost + Coe 2 sint



Y = —2Cie *cost— Cie 2sint — 2C2e  sint + Core™* cost
e 2 [(~2C) + C2) cost + (—Cy — 2C3) sint]

- Cle‘m‘ cost + 028—2! sint It:-_ﬂ (&)
Yy (0) = 0 = e [(—-201 + Cg) cost + (—Cl - 2C2)Sint] |g.~_—-(] = =20+ Cy
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Cy=1

=g = y=e cost+ 2e *sint
2%

The behavior of y as t — oo is

: int
lim [e"* cost + 2e %sint] = lim goey +25m 22—
t—oo i—oo g2t t—so0 eot
. . lati
which follows (roughly) from the well known result that lim,_, o M =0
oscillatin ! Inzx
lim oscillat:ngl (t) _ lim N3 - lim oscillatings (z) -0
t—o0 e?t T—00 T T—00 T

3.3.22 ¢
Vi+2+29=0, y(r/4)=2, ¥ (r/4)=-2

Find the solution of the given IVP, sketch its graph and describe its behavior for increasing t.




2 . 2_4(1)(2)=>r;=—1+ia7’2=“1_i

2(1) 2(1)

y=€7 = r? 42 +2=0 = r=—

Conjugate complex roots r; = A+iu and 7o = A — in => y=Cre cosut+ Ce*sin ut. Thus

y = Cie tcost + Cae tsint

y' = —€' (Crcost + Cysint + Cysint — Cy cost)

- — — ~t =t ot e
¥lg) = 2= Cie 'cost + Coe tsint !t-—~;-r = i (Cy + C3)
/ fr_ = D= ot : : e =y ..._.1—
y (4) = —2= —¢'(Cicost+ C;sint+ Cosint Cacost) [tmg \/ﬁew;4201

2\/2‘6"/4 = Cy + (O,

- - /4
V2™t = ¢ = C=Cp= V2"

oy = V2%t (cost +sint)
T

= \/ie*(t_g) (cost + sint)

-

oscillating (t) 0
t

lim \/2_’—;:1—/—5 (sint + cost) ~ k lim
€ k.

t—oo



3.4.4
4 + 12y + 9y =0

t

y=e" = 4r2+12r+9=(2r+3)2z0 =% r =Ty =——==T7

Repeated real roots = y = Cje™ + Chte™. Thus

y = Cre 2 4 Cyte~3t/2

3.4.14 v
YV +4y+4=0 y(-1)=2, 3 (-1)=1

Find the solution of the given IVP, sketch its graph and describe its behavior for increasing t.

y=e€" = r’+4r+4=(r+2?=0 = rj=rp=-2=r
Repeated real roots = y = Cje™ + Cate™. Thus

y=Cie ¥ + Cote

y(-1) = Cre 2 + Cote™2 |juy = Cie? — Cre? =2
YV (-1) = 201 + (-2Cote % + Cre™2) |j=c1 = —2C1€2 +3Ce? =1

] Cy = y )

20, 4 3G, = 2 = (=5 Ci=Te

Sy = Te e 4 5te2e~2
7e~2(1+t) + Stevz(lﬂ)
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: ~2(1+1) ~2(1+z)] - T S5 e
ti‘]j& [7& + Sfe ?tl—lb‘n‘;} 82(1+t) + Stl_incln 82(1+t)

. 1 T
= 0+ 5‘&210 2630170 (L’Hpital’s rule)
= 0

3.4.23 Use the method of reduction of order to find a second solution of
v

t2yﬂ o 4ty’ + Gy = 01 t> 01 n (t) - t2

Let y2 = v (t) 1 (t). Then

Yo = vt?
¥y = v+
vi = v 44t + 2

Substitute y, and its derivatives into original DE,

£ (v"8 + 41’ + 20) — 4t (/% + 2t0) + 6 (vt?) =0
and simplify.

th" =0
Then, because t > 0,

Since yp = vy,

2 = yi(ct+k)
= ctyy + kyy

which is a linear combination of 1 and ty), so only ty; provides a new solution,
ya =ty =3

and our fundamental set is

{v1.12} = {1, tm} = {£2,¢%)
Therefore the general solution is

y=Cit? + Cyt®



