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88 Chapter 2. First Order Differential Equations

Integrating this we obtain that v = c cos t− (1/2) sin t, and the solution is y =
sin t + (c cos t− (1/2) sin t)−1.

35.(a) The equation is y′ = (1− y)(x + by) = x + (b− x)y − by2. We set y = 1 +
(1/v) and differentiate: y′ = −v−2v′ = x + (b− x)(1 + (1/v))− b(1 + (1/v))2, which,
after simplification, turns into v′ = (b + x)v + b.

(b) When x = at, the equation is v′ − (b + at)v = b, so the integrating factor is
µ(t) = e−bt−at2/2. This turns the equation into (vµ(t))′ = bµ(t), so vµ(t) =

∫
bµ(t)dt,

and then v = (b
∫

µ(t)dt)/µ(t).

36. Substitute v = y′, then v′ = y′′. The equation turns into t2v + 2tv = (t2v)′ = 1,
which yields t2v = t + c1, so y′ = v = (1/t) + (c1/t2). Integrating this expression
gives us the solution y = ln t− (c1/t) + c2.

37. Set v = y′, then v′ = y′′. The equation with this substitution is tv′ + v =
(tv)′ = 1, which gives tv = t + c1, so y′ = v = 1 + (c1/t). Integrating this expres-
sion yields the solution y = t + c1 ln t + c2.

38. Set v = y′, so v′ = y′′. The equation is v′ + tv2 = 0, which is a separable
equation. Separating the variables we obtain dv/v2 = −tdt, so −1/v = −t2/2 + c,
and then y′ = v = 2/(t2 + c1). Now depending on the value of c1, we have the
following possibilities: when c1 = 0, then y = −2/t + c2, when 0 < c1 = k2, then
y = (2/k) arctan(t/k) + c2, and when 0 > c1 = −k2 then

y = (1/k) ln |(t− k)/(t + k)| + c2.

We also divided by v = y′ when we separated the variables, and v = 0 (which is
y = c) is also a solution.

39. Substitute v = y′ and v′ = y′′. The equation is 2t2v′ + v3 = 2tv. This is a
Bernoulli equation (See Section 2.4, Problem 27), so the substitution z = v−2 yields
z′ = −2v−3v′, and the equation turns into 2t2v′v3 + 1 = 2t/v2, i.e. into −2t2z′/2 +
1 = 2tz, which in turn simplifies to t2z′ + 2tz = (t2z)′ = 1. Integration yields t2z =
t + c, which means that z = (1/t) + (c/t2). Now y′ = v = ±

√
1/z = ±t/

√
t + c1

and another integration gives

y = ±2
3
(t− 2c1)

√
t + c1 + c2.

The substitution also loses the solution v = 0, i.e. y = c.

40. Set v = y′, then v′ = y′′. The equation reads v′ + v = e−t, which is a linear
equation with integrating factor µ(t) = et. This turns the equation into etv′ + etv =
(etv)′ = 1, which means that etv = t + c and then y′ = v = te−t + ce−t. Another
integration yields the solution y = −te−t + c1e−t + c2.

41. Let v = y′ and v′ = y′′. The equation is t2v′ = v2, which is a separable equation.
Separating the variables we obtain dv/v2 = dt/t2, which gives us −1/v = −(1/t) +
c1, and then y′ = v = t/(1 + c1t). Now when c1 = 0, then y = t2/2 + c2, and when
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c1 != 0, then y = t/c1 − (ln |1 + c1t|)/c2
1 + c2. Also, at the separation we divided by

v = 0, which also gives us the solution y = c.

42. Set y′ = v(y). Then y′′ = v′(y)(dy/dt) = v′(y)v(y). The equation turns into
yv′v + v2 = 0, where the differentiation is with respect to y now. This is a separable
equation, separation of variables yields −dv/v = dy/y, and then − ln v = ln y + c̃,
so v = 1/(cy). Now this implies that y′ = 1/(cy), where the differentiation is with
respect to t. This is another separable equation and we obtain that cydy = 1dt, so
cy2/2 = t + d and the solution is defined implicitly as y2 = c1t + c2.

43. Set y′ = v(y). Then y′′ = v′(y)(dy/dt) = v′(y)v(y). We obtain the equation
v′v + y = 0, where the differentiation is with respect to y. This is a separable
equation which simplifies to vdv = −ydy. We obtain that v2/2 = −y2/2 + c, so
y′ = v(y) = ±

√
c− y2. We separate the variables again to get dy/

√
c− y2 = ±dt,

so arcsin(y/
√

c) = t + d, which means that y =
√

c sin(±t + d) = c1 sin(t + c2).

44. Set y′ = v(y). Then y′′ = v′(y)(dy/dt) = v′(y)v(y). We obtain the equation
v′v + yv3 = 0, where the differentiation is with respect to y. Separation of variables
turns this into dv/v2 = −ydy, which gives us y′ = v = 2/(c1 + y2). This implies
that (c1 + y2)dy = 2dt and then the solution is defined implicitly as c1y + y3/3 =
2t + c2. Also, y = c is a solution which we lost when divided by y′ = v = 0.

45. Set y′ = v(y). Then y′′ = v′(y)(dy/dt) = v′(y)v(y). We obtain the equa-
tion 2y2v′v + 2yv2 = 1, where the differentiation is with respect to y. This is a
Bernoulli equation (See Section 2.4, Problem 27) and substituting z = v2 we get
that z′ = 2vv′, which means that the equation reads y2z′ + 2yz = (y2z)′ = 1. Inte-
gration yields v2 = z = (1/y) + (c/y2), so y′ = v = ±

√
y + c/y. This is a separable

equation; separating the variables we get ±ydy/
√

y + c = dt and then the implicitly
defined solution is obtained by integration: ±( 2

3 (y + c)3/2 − 2c(y + c)1/2) = t + d.

46. Set y′ = v(y). Then y′′ = v′(y)(dy/dt) = v′(y)v(y). We obtain the equa-
tion yv′v − v3 = 0, where the differentiation is with respect to y. This separa-
ble equation gives us dv/v2 = dy/y, which means that −1/v = ln |y| + c, and then
y′ = v = 1/(c− ln |y|). We separate variables again to obtain (c− ln |y|)dy = dt,
and then integration yields the implicitly defined solution cy − (y ln |y|− y) = t + d.
Also, y = c is a solution which we lost when we divided by v = 0.

47. Set y′ = v(y). Then y′′ = v′(y)(dy/dt) = v′(y)v(y). We obtain the equation
v′v + v2 = 2e−y, where the differentiation is with respect to y. This is a Bernoulli
equation (See Section 2.4, Problem 27) and substituting z = v2 we get that z′ =
2vv′, which means that the equation reads z′ + 2z = 4e−y. The integrating factor
is µ(y) = e2y, which turns the equation into e2yz′ + 2e2yz = (e2yz)′ = 4ey. Inte-
gration gives us v2 = z = 4e−y + ce−2y. This implies that y′ = v = ±e−y

√
c + 4ey.

Separation of variables now shows that ±eydy/
√

c + 4ey = dt and then
± 1

2 (c + 4ey)1/2 = t + d. Algebraic manipulations then yield the implicitly defined
solution ey = (t + c2)2 + c1.

48. Suppose that y′ = v(y) and then y′′ = v′(y)v(y). The equation is v2v′ = 2,
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which gives us v3/3 = 2y + c. Now plugging 0 in place of t gives that 23/3 =
2 · 1 + c and we get that c = 2/3. This turns into v3 = 6y + 2, i.e. y′ = (6y + 2)1/3.
This separable equation gives us (6y + 2)−1/3dy = dt, and integration shows that
1
6

3
2 (6y + 2)2/3 = t + d. Again, plugging in t = 0 gives us d = 1 and the solution is

(6y + 2)2/3 = 4(t + 1). Solving for y here yields y = 4
3 (t + 1)3/2 − 1

3 .

49. Set y′ = v(y). Then y′′ = v′(y)(dy/dt) = v′(y)v(y). We obtain the equation
v′v − 3y2 = 0, where the differentiation is with respect to y. Separation of variables
gives vdv = 3y2dy, and after integration this turns into v2/2 = y3 + c. The initial
conditions imply that c = 0 here, so (y′)2 = v2 = 2y3. This implies that y′ =

√
2y3/2

(the sign is determined by the initial conditions again), and this separable equation
now turns into y−3/2dy =

√
2dt. Integration yields −2y−1/2 =

√
2t + d, and the

initial conditions at this point give that d = −
√

2. Algebraic manipulations find
that y = 2(1− t)−2.

50. Set v = y′, then v′ = y′′. The equation with this substitution is

(1 + t2)v′ + 2tv = ((1 + t2)v)′ = −3t−2.

Integrating this we get that (1 + t2)v = 3t−1 + c, and c = −5 from the initial con-
ditions. This means that

y′ = v = 3/(t(1 + t2))− 5/(1 + t2).

The partial fraction decomposition of the first expression shows that y′ = 3/t−
3t/(1 + t2)− 5/(1 + t2) and then another integration here gives us that y = 3 ln t−
3
2 ln(1 + t2)− 5 arctan t + d. The initial conditions identify d = 2 + 3

2 ln 2 + 5π/4,
and we obtained the solution.

51. Set v = y′, then v′ = y′′. The equation with this substitution is vv′ = t. Inte-
grating this separable differential equation we get that v2/2 = t2/2 + c, and c = 0
from the initial conditions. This implies that y′ = v = t, so y = t2/2 + d, and the
initial conditions again imply that the solution is y = t2/2 + 3/2.
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(c) y0 = 4(6+β)3

27(4+β)2 ≥ 4 , as long as β ≥ 6 + 6
√

3 .

(d) limβ→∞ t0 = ln(3/2), limβ→∞ y0 =∞ .

27.(a) Assuming that y is a constant, the ODE reduces to c y = d . Hence the only
equilibrium solution is y = d/c .

(b) Setting y = Y + d/c , substitution into the differential equation results in

aY ′′ + b Y ′ + c(Y + d/c ) = d .

The equation satisfied by Y is

aY ′′ + b Y ′ + cY = 0 .

3.2

1.

W (e2t, e−3t/2) =
∣∣∣∣
e2t e−3t/2

2e2t − 3
2e−3t/2

∣∣∣∣ = −7
2
et/2.

3.

W (e−2t, t e−2t) =
∣∣∣∣

e−2t te−2t

−2e−2t (1− 2t)e−2t

∣∣∣∣ = e−4t .

5.

W (et sin t , et cos t) =
∣∣∣∣

et sin t et cos t
et(sin t + cos t) et(cos t− sin t)

∣∣∣∣ = −e2t .

6.

W (cos2 θ , 1 + cos 2θ) =
∣∣∣∣

cos2 θ 1 + cos 2θ
−2 sin θ cos θ −2 sin 2θ

∣∣∣∣ = 0 .

7. Write the equation as y ′′ + (3/t)y ′ = 1 . p(t) = 3/t is continuous for all t > 0 .
Since t0 > 0 , the IVP has a unique solution for all t > 0 .

9. Write the equation as y ′′ + 3
t−4y ′ + 4

t(t−4)y = 2
t(t−4) . The coefficients are not

continuous at t = 0 and t = 4 . Since t0 ∈ (0 , 4) , the largest interval is 0 < t < 4 .

10. The coefficient 3 ln |t| is discontinuous at t = 0 . Since t0 > 0 , the largest
interval of existence is 0 < t <∞ .

11. Write the equation as y ′′ + x
x−3y ′ + ln|x|

x−3 y = 0 . The coefficients are discontin-
uous at x = 0 and x = 3 . Since x0 ∈ (0 , 3) , the largest interval is 0 < x < 3 .
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13. y ′′
1 = 2 . We see that t2(2)− 2(t2) = 0 . y ′′

2 = 2 t−3, with t2(y ′′
2 )− 2(y2) = 0 .

Let y3 = c1t2 + c2t−1, then y ′′
3 = 2c1 + 2c2t−3. It is evident that y3 is also a

solution.

16. No. Substituting y = sin(t2) into the differential equation,

−4t2 sin(t2) + 2 cos(t2) + 2t cos(t2)p(t) + sin(t2)q(t) = 0 .

At t = 0, this equation becomes 2 = 0 (if we suppose that p(t) and q(t) are contin-
uous), which is impossible.

17. W (e2t, g(t)) = e2tg ′(t)− 2e2tg(t) = 3e4t. Dividing both sides by e2t, we find
that g must satisfy the ODE g ′ − 2g = 3e2t. Hence g(t) = 3t e2t + c e2t.

19. W (f , g) = fg ′ − f ′g . Also, W (u , v) = W (2f − g , f + 2g) . Upon evaluation,
W (u , v) = 5fg ′ − 5f ′g = 5W (f , g).

20. W (f , g) = fg ′ − f ′g = t cos t− sin t , and W (u , v) = −4fg ′ + 4f ′g . Hence
W (u , v) = −4t cos t + 4 sin t .

21. We compute

W (a1y1 + a2y2, b1y1 + b2y2) =
∣∣∣∣
a1y1 + a2y2 b1y1 + b2y2

a1y′1 + a2y′2 b1y′1 + b2y′2

∣∣∣∣ =

= (a1y1 + a2y2)(b1y
′
1 + b2y

′
2)− (b1y1 + b2y2)(a1y

′
1 + a2y

′
2) =

= a1b2(y1y
′
2 − y′1y2)− a2b1(y1y

′
2 − y′1y2) = (a1b2 − a2b1)W (y1, y2)

This now readily shows that y3 and y4 is a fundamental set of solutions if and only
if a1b2 − a2b1 "= 0.

23. The general solution is y = c1e−3t + c2e−t. W (e−3t, e−t) = 2e−4t, and hence
the exponentials form a fundamental set of solutions. On the other hand, the fun-
damental solutions must also satisfy the conditions y1(1) = 1, y ′

1(1) = 0; y2(1) = 0,
y ′
2(1) = 1. For y1, the initial conditions require c1 + c2 = e, −3c1 − c2 = 0. The

coefficients are c1 = −e3/2, c2 = 3e/2. For the solution y2, the initial conditions re-
quire c1 + c2 = 0, −3c1 − c2 = e. The coefficients are c1 = −e3/2, c2 = e/2. Hence
the fundamental solutions are

y1 = −1
2
e−3(t−1) +

3
2
e−(t−1) and y2 = −1

2
e−3(t−1) +

1
2
e−(t−1).

24. Yes. y ′′
1 = −4 cos 2t ; y ′′

2 = −4 sin 2t . W (cos 2t , sin 2t) = 2 .

25. Clearly, y1 = et is a solution. y ′
2 = (1 + t)et, y ′′

2 = (2 + t)et. Substitution into
the ODE results in (2 + t)et − 2(1 + t)et + t et = 0 . Furthermore, W (et, tet) = e2t.
Hence the solutions form a fundamental set of solutions.

27. Clearly, y1 = x is a solution. y ′
2 = cos x , y ′′

2 = − sin x . Substitution into the
ODE results in (1− x cot x)(− sin x)− x(cos x) + sin x = 0. We can compute that
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