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2.3

1. Let Q(t) be the amount of dye in the tank at time t. Clearly, Q(0) = 200 g. The
differential equation governing the amount of dye is

Q′(t) = −2
Q(t)
200

.

The solution of this separable equation is Q(t) = Q(0)e−t/100 = 200e−t/100. We
need the time T such that Q(T ) = 2 g. This means we have to solve 2 = 200e−T/100

and we obtain that T = −100 ln(1/100) = 100 ln 100 ≈ 460.5 min.

5.(a) Let Q be the amount of salt in the tank. Salt enters the tank of water at a
rate of 2 1

4 (1 + 1
2 sin t) = 1

2 + 1
4 sin t oz/min. It leaves the tank at a rate of 2Q/100

oz/min. Hence the differential equation governing the amount of salt at any time
is

dQ

dt
=

1
2

+
1
4

sin t−Q/50 .

The initial amount of salt is Q0 = 50 oz. The governing ODE is linear, with in-
tegrating factor µ(t) = et/50. Write the equation as (et/50Q)′ = et/50( 1

2 + 1
4 sin t).

The specific solution is

Q(t) = 25 + (12.5 sin t− 625 cos t + 63150 e−t/50)/2501 oz.

(b)

(c) The amount of salt approaches a steady state, which is an oscillation of approx-
imate amplitude 1/4 about a level of 25 oz.

6.(a) Using the Principle of Conservation of Energy, the speed v of a particle falling
from a height h is given by

1
2
mv2 = mgh .

(b) The outflow rate is (outflow cross-section area)×(outflow velocity):

α a
√

2gh

44 Chapter 2. First Order Differential Equations

At any instant, the volume of water in the tank is

V (h) =
∫ h

0
A(u)du .

The time rate of change of the volume is given by

dV

dt
=

dV

dh

dh

dt
= A(h)

dh

dt
.

Since the volume is decreasing,

dV

dt
= −α a

√
2gh .

(c) With A(h) = π, a = 0.01 π , α = 0.6 , the ODE for the water level h is

π
dh

dt
= −0.006 π

√
2gh ,

with solution

h(t) = 0.000018 g t2 − 0.006
√

2gh(0) t + h(0) .

Setting h(0) = 3 and g = 9.8 ,

h(t) = 0.0001764 t2 − 0.046 t + 3

resulting in h(t) = 0 for t ≈ 130.4 s.

7.(a) The equation governing the value of the investment is dS/dt = r S . The value
of the investment, at any time, is given by S(t) = S0ert. Setting S(T ) = 2S0 , the
required time is T = ln(2)/r .

(b) For the case r = .07 , T ≈ 9.9 yr.

(c) Referring to part (a), r = ln(2)/T . Setting T = 8 , the required interest rate is
to be approximately r = 8.66.

12.(a) Let Q ′ = −r Q . The general solution is Q(t) = Q0e−rt. Based on the
definition of half-life, consider the equation Q0/2 = Q0e−5730 r. It follows that
−5730 r = ln(1/2), that is, r = 1.2097× 10−4 per year.

(b) The amount of carbon-14 is given by Q(t) = Q0 e−1.2097×10−4t.

(c) Given that Q(T ) = Q0/5 , we have the equation 1/5 = e−1.2097×10−4T . Solving
for the decay time, the apparent age of the remains is approximately T = 13, 305
years.

13. Let P (t) be the population size of mosquitoes at any time t. The rate of
increase of the mosquito population is rP . The population decreases by 20, 000 per
day. Hence the equation that models the population is given by

dP/dt = rP − 20, 000.
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Note that the variable t represents days. The solution is

P (t) = P0e
rt − 20, 000

r
(ert − 1).

In the absence of predators, the governing equation is dP1/dt = rP1, with solu-
tion P1(t) = P0ert. Based on the data, set P1(7) = 2P0, that is, 2P0 = P0e7r. The
growth rate is determined as r = ln(2)/7 = .09902 per day. Therefore the popula-
tion, including the predation by birds, is

P (t) = 2× 105e.099t − 201, 997(e.099t − 1) = 201, 997.3− 1977.3 e.099t.

14.(a) y(t) = e2/10+t/10−2 cos t/10. The (first) doubling time is τ ≈ 2.9632 .

(b) The differential equation is dy/dt = y/10 , with solution y(t) = y(0)et/10. The
doubling time is given by τ = 10 ln 2 ≈ 6.9315.

(c) Consider the differential equation dy/dt = (0.5 + sin(2πt)) y/5 . The equation
is separable, with 1

y dy = (0.1 + 1
5 sin(2πt))dt . Integrating both sides, with respect

to the appropriate variable, we obtain ln y = (πt− cos(2πt))/10π + c . Invoking
the initial condition, the solution is y(t) = e(1+πt−cos(2πt))/10π. The doubling-time
is τ ≈ 6.3804 . The doubling time approaches the value found in part (b).

(d)

15.(a) The differential equation dy/dt = r(t) y − k is linear, with integrating factor
µ(t) = e−

∫
r(t)dt. Write the equation as (µ y)′ = −k µ(t) . Integration of both sides

yields the general solution y =
[
−k

∫
µ(τ)dτ + y0 µ(0)

]
/µ(t) . In this problem, the

integrating factor is µ(t) = e(cos t−t)/5.
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(b)

(c) Numerical evaluation results in u(t) = 600 for t ≈ 750.77 s.

19.(a) The concentration is c(t) = k + P/r + (c0 − k − P/r)e−rt/V . It is easy to
see that limt→∞ c(t) = k + P/r .

(b) c(t) = c0 e−rt/V . The reduction times are T50 = V ln 2/r and T10 = V ln 10/r.

(c) The reduction times are

TS = (65.2) ln 10/12, 200 = 430.85 years;TM = (158) ln 10/4, 900 = 71.4 years;

TE = (175) ln 10/460 = 6.05 years;TO = (209) ln 10/16, 000 = 17.63 years.

20.(c)

21.(a) The differential equation for the motion is mdv/dt = −v/30−mg . Given
the initial condition v(0) = 20 m/s , the solution is v(t) = −44.1 + 64.1 e−t/4.5 .
Setting v(t1) = 0 , the ball reaches the maximum height at t1 = 1.683 s . Integrat-
ing v(t) , the position is given by x(t) = 318.45− 44.1 t− 288.45 e−t/4.5. Hence the
maximum height is x(t1) = 45.78 m .

(b) Setting x(t2) = 0 , the ball hits the ground at t2 = 5.128 s .
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(c)

22.(a) The differential equation for the upward motion is mdv/dt = −µv2 −mg, in
which µ = 1/1325. This equation is separable, with m

µ v2+mg dv = −dt . Integrat-
ing both sides and invoking the initial condition, v(t) = 44.133 tan(.425− .222 t).
Setting v(t1) = 0 , the ball reaches the maximum height at t1 = 1.916 s . Integrat-
ing v(t) , the position is given by x(t) = 198.75 ln [cos(0.222 t− 0.425)] + 48.57 .
Therefore the maximum height is x(t1) = 48.56 m .

(b) The differential equation for the downward motion is mdv/dt = +µv2 −mg .
This equation is also separable, with m

mg−µ v2 dv = −dt . For convenience, set t = 0
at the top of the trajectory. The new initial condition becomes v(0) = 0 . Integrat-
ing both sides and invoking the initial condition, we obtain

ln((44.13− v)/(44.13 + v)) = t/2.25.

Solving for the velocity, v(t) = 44.13(1− et/2.25)/(1 + et/2.25). Integrating v(t), the
position is given by x(t) = 99.29 ln(et/2.25/(1 + et/2.25)2) + 186.2. To estimate the
duration of the downward motion, set x(t2) = 0, resulting in t2 = 3.276 s. Hence
the total time that the ball remains in the air is t1 + t2 = 5.192 s.

(c)


