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26 Chapter 2. First Order Differential Equations

11.(a)

(b) The solutions appear to be oscillatory.

(c) The integrating factor is µ(t) = et, and hence y(t) = sin 2t− 2 cos 2t + c e−t. It
is evident that all solutions converge to the specific solution

y0(t) = sin 2t− 2 cos 2t.

12.(a)

(b) All solutions eventually have positive slopes, and hence increase without bound.

(c) The integrating factor is µ(t) = et/2. The differential equation can be written
as et/2y ′ + et/2y/2 = 3t2/2 , that is, (et/2 y/2)′ = 3t2/2. Integration of both sides
of the equation results in the general solution y(t) = 3t2 − 12t + 24 + c e−t/2. It
follows that all solutions converge to the specific solution y0(t) = 3t2 − 12t + 24 .

14. The integrating factor is µ(t) = e2t. After multiplying both sides by µ(t),
the equation can be written as (e2t y)′ = t . Integrating both sides of the equation
results in the general solution y(t) = t2e−2t/2 + c e−2t. Invoking the specified con-
dition, we require that e−2/2 + c e−2 = 0 . Hence c = −1/2 , and the solution to
the initial value problem is y(t) = (t2 − 1)e−2t/2 .2.1 27

16. The integrating factor is µ(t) = e
∫ 2

t dt = t2 . Multiplying both sides by µ(t), the
equation can be written as (t2 y)′ = cos t . Integrating both sides of the equation
results in the general solution y(t) = sin t/t2 + c t−2. Substituting t = π and setting
the value equal to zero gives c = 0 . Hence the specific solution is y(t) = sin t/t2.

17. The integrating factor is µ(t) = e−2t, and the differential equation can be
written as (e−2t y)′ = 1 . Integrating, we obtain e−2t y(t) = t + c . Invoking the
specified initial condition results in the solution y(t) = (t + 2)e2t.

19. After writing the equation in standard form, we find that the integrating factor
is µ(t) = e

∫ 4
t dt = t4 . Multiplying both sides by µ(t), the equation can be written as

(t4 y)′ = t e−t . Integrating both sides results in t4y(t) = −(t + 1)e−t + c . Letting
t = −1 and setting the value equal to zero gives c = 0 . Hence the specific solution
of the initial value problem is y(t) = −(t−3 + t−4)e−t.

21.(a)

The solutions appear to diverge from an apparent oscillatory solution. From the
direction field, the critical value of the initial condition seems to be a0 = −1 . For
a > −1 , the solutions increase without bound. For a < −1 , solutions decrease
without bound.

(b) The integrating factor is µ(t) = e−t/2. The general solution of the differential
equation is y(t) = (8 sin t− 4 cos t)/5 + c et/2. The solution is sinusoidal as long as
c = 0 . The initial value of this sinusoidal solution is

a0 = (8 sin(0)− 4 cos(0))/5 = −4/5.

(c) See part (b).
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If this satisfies the differential equation then

y′ + p(t)y = A′(t)e−
∫

p(t)dt = g(t)

and the required condition follows.

(c) Let us denote µ(t) = e
∫

p(t)dt. Then clearly A(t) =
∫

µ(t)g(t)dt, and after sub-
stitution y =

∫
µ(t)g(t)dt · (1/µ(t)), which is just Eq. (33).

40. We assume a solution of the form

y = A(t)e−
∫ 1

t dt = A(t)e− ln t = A(t)t−1,

where A(t) satisfies A′(t) = 3t cos 2t. This implies that

A(t) =
3 cos 2t

4
+

3t sin 2t

2
+ c

and the solution is
y =

3 cos 2t

4t
+

3 sin 2t

2
+

c

t
.

41. First rewrite the differential equation as

y ′ +
2
t

y =
sin t

t
.

Assume a solution of the form

y = A(t)e−
∫ 2

t dt = A(t)t−2,

where A(t) satisfies the ODE

A ′(t) = t sin t .

It follows that A(t) = sin t − t cos t + c and thus y = (sin t − t cos t + c)/t2 .

2.2

2. For x "= −1 , the differential equation may be written as

y dy =
[
x2/(1 + x3)

]
dx .

Integrating both sides, with respect to the appropriate variables, we obtain the
relation y2/2 = 1

3 ln
∣∣1 + x3

∣∣ + c . That is, y(x) = ±
√

2
3 ln |1 + x3| + c .

3. The differential equation may be written as y−2dy = − sin x dx . Integrating
both sides of the equation, with respect to the appropriate variables, we obtain the
relation −y−1 = cos x + c . That is, (c− cos x)y = 1, in which c is an arbitrary
constant. Solving for the dependent variable, explicitly, y(x) = 1/(c− cos x) .

5. Write the differential equation as cos−2 2y dy = cos2 x dx, or sec2 2y dy = cos2 x dx.
Integrating both sides of the equation, with respect to the appropriate variables,
we obtain the relation tan 2y = sin x cos x + x + c .

2.2 33

7. The differential equation may be written as (y + ey)dy = (x− e−x)dx . Inte-
grating both sides of the equation, with respect to the appropriate variables, we
obtain the relation y2 + 2 ey = x2 + 2 e−x + c .

8. Write the differential equation as (1 + y2)dy = x2 dx . Integrating both sides of
the equation, we obtain the relation y + y3/3 = x3/3 + c.

9.(a) The differential equation is separable, with y−2dy = (1− 2x)dx. Integration
yields −y−1 = x− x2 + c. Substituting x = 0 and y = −1/6, we find that c = 6.
Hence the specific solution is y = 1/(x2 − x− 6).

(b)

(c) Note that x2 − x− 6 = (x + 2)(x− 3) . Hence the solution becomes singular at
x = −2 and x = 3 , so the interval of existence is (−2, 3).

10.(a) y(x) = −
√

2x− 2x2 + 4 .

(b)

(c) The interval of existence is (−1, 2).

11.(a) Rewrite the differential equation as x exdx = −y dy . Integrating both sides
of the equation results in x ex − ex = −y2/2 + c . Invoking the initial condition, we
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obtain c = −1/2 . Hence y2 = 2ex − 2x ex − 1. The explicit form of the solution is
y(x) =

√
2ex − 2x ex − 1 . The positive sign is chosen, since y(0) = 1.

(b)

(c) The function under the radical becomes negative near x ≈ −1.7 and x ≈ 0.77.

12.(a) Write the differential equation as r−2dr = θ−1 dθ . Integrating both sides
of the equation results in the relation −r−1 = ln θ + c . Imposing the condition
r(1) = 2 , we obtain c = −1/2 . The explicit form of the solution is

r(θ) =
2

1− 2 ln θ
.

(b)

(c) Clearly, the solution makes sense only if θ > 0 . Furthermore, the solution
becomes singular when ln θ = 1/2 , that is, θ =

√
e .
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32.(a) Observe that (x2 + 3y2)/2xy = 1
2 (y/x)−1 + 3

2 (y/x). Hence the differential
equation is homogeneous.

(b) The substitution y = x v results in v + x v ′ = (x2 + 3x2v2)/2x2v . The trans-
formed equation is v ′ = (1 + v2)/2xv . This equation is separable, with general
solution v2 + 1 = c x . In terms of the original dependent variable, the solution is
x2 + y2 = c x3.

(c)

33.(c)

34.(a) Observe that −(4x + 3y)/(2x + y) = −2− y
x

[
2 + y

x

]−1. Hence the differen-
tial equation is homogeneous.

(b) The substitution y = x v results in v + x v ′ = −2− v/(2 + v). The transformed
equation is v ′ = −(v2 + 5v + 4)/(2 + v)x . This equation is separable, with general
solution (v + 4)2 |v + 1| = c/x3. In terms of the original dependent variable, the
solution is (4x + y)2 |x + y| = c.
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