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Q1 (20 points). Use Jacobian method to find %}I/;, oc” 9L without calculating
Y* C* and T*. (see ch8 for simultaneous equations) for the national income model:

Y =C+ 1)+ Gy

C=a+bY—-T)a>0,0<b<1)

T=d+tY(d>0,0<t<1)

Solution:

Rewrite the model:

Y-C—-1—-Gy=0

C—a—=bY-T)=0

T—d—tY =0

(The following step is not neccessary, but helpful for finding which column of
Jacobian determinant to be replaced. )

Take Y to be y1, C to be yo, T to be ys,

Iy to be z1, Gy to be x4, a to be x3,

b to bexy, d to be 5, t to be g

then the model becomes a set of simultaneous equations:

FY(y1, 92, y3, 1, T2, T3, T4, T5, ) = 0

F2(y1, Y2, Y3, T1, T2, T3, Ty, T5, L) = 0

F3(y1, Y2, Y3, 1, T2, T3, T4, T3, T) = 0

Jacobian determinant is
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ov* _ Oy1 9C* _ Oy 9T* _ Oys :
5L = Bey0 04 = or 84 = on by the sub-number of y, we know this column

in Jacobian should be replaced.

For example, to calculate %7 it equals g—zi, here the sub-number of y is 1, to

obtain Ji, the first column of the Jacobian should be replaced by the negative

derivatives w.r.t. Iy from the simultaneous equations.
To calculate %, it equals g%, here the sub-number of y is 2, to obtain .J5, the
3
second column of the Jacobian should be replaced by the negative derivatives w.r.t.
a from the simultaneous equations.
To calculate %, it equals 772, here the sub-number of y is 3, to obtain J3, the
third column of the Jacobian should be replaced by the negative derivatives w.r.t.

Jys

d from the simultaneous equations.
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Q2 (5 points). Find the stationary value and use the N-th derivative test to
determine the nature of the stationary value: f(x) = (3 — )% +7.

Solution:
fz)=-6B-2)°=0=2"=3,y" =7
f(x) =308 —a)", [ (") = 0.
fiw) = =120(3 = 2)*, f"(2*) = 0
4)(96) 360(3 — ), fW(2*) =0
O(a) = =720(3 — z), fP(2%) = 0
f( (z) =720, fO(2*) = 0
Because 6 is an even number and f(®)(z*) is positive, so according to the Nth

derivative test, x* = 3 and y* = 7 is a local minimum.

Q3 (5 points). Find the first 5 terms of Maclaurin Series and Taylor series with
zo =2, f(x) :i_i‘

Solution:
f/(x) = (1_236)2

f(x) = (1 )
N(z) = = a:)5

F0)=1,f(0) =2,f(0) =4, f"(0) =12, f¥) = 48

Maclaurin Series ( because it is a nonpolynomial function, we should have a
remainder.):

f(x):%+@*x+%*x2+f;f) 23 4+ 120 ()*x + Ry

=142z +22% + 223 + 22" + Ry



f2)=-3,f(2)=2f(2) = -4, f"(2) =12, fV(2) = —48

Taylor Series ( because it is a nonpolynomial function, we should have a remain-
der.):

flx) = %Jr@*(x—Q)Jr fl;(f) *(m—2)2+#*(x—2)3+%*(w—2)4+R4

=-3+4+2x—-2)-2(x—-2*+2(x—-23-2(x—-2)"+ Ry

= —2z* + 182% — 6222 + 98z — 63 + R,

Q4 (10 points). Use determinantal test to find the extreme value:

z = f(x1, 29, 73) = 32 — 221 + 4173 + 523 + 472 — 27973,

Solution:

fi=06x; —2+4x;

fo =102y — 223

f3 =4x1 + 8x3 — 215

Ji1 =6, foa = 10, f33 =8
J12 =0, f1i3 =4, faz = =2
F.O.C.

fi=fa=/f3=0

6x1 —2+4x3=0

10xy — 223 =10

4r1 +8x3 — 229 =0
x“{z%,xéz—l x;ﬁ):—%

2% = 3(x})? — 227 + daiay + 5(x3)? + 4(ah)? — 22373

=3x(33) =2+ 2 +4x 2 (—3) + 5% ()2 +4*(—52)? —2x (=) * (—3)
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Hessian Matrix is

Juu Sz fi3 6 0 4
H = Joar fa2 Jfa3 =10 10 -2
a1 fa2 fas 4 =2 8
Leading principal minors:
’Hl,va
6 0
H, = =60
0 10




6 0 4
Hy=|0 10 —2|=29
4 -2 8

All leading principal minors of Hessian Matrix are positive, so the Hessian Matrix

. .- . s 19 : * _ 19 * 2

is positive definite. z reaches local minimum —zZ at point x] = 32, 23 = —3-,
« _ 10

.T3 - 37-

Q5 (20 points). Assume a monopolistic firm produces 3 products @1, @2, Qs,
Q1+ Q2 + Q3 = Q. According to the following inverse demand functions P, =
63 —4Q1, P, = 105 — 5Q9, P3 = 75 — 6Q)3, and the total-cost function is C(Q) =
20 + 15Q + Q?. Find the equilibrium quantities and prices and verify that the

second-order sufficient condition is met.

Solution:

Total revenue function: R(Q) = R1(Q1) + Ra(Q2) + R3(Q3)

= PiQ1 + Qa2 + P3Q3

= (63 —4Q1)Q1 + (105 — 5Q2)Q2 + (75 — 6Q3)Qs3

Profit function: 7 = R(Q) — C(Q)

= R1(Q1) + R2(Q2) + R3(Q3) — C(Q)

= (63 —4Q1)Q1 + (105 = 5Q2)Q2 + (75 — 6Q3)Q3 — 20 — 15(Q1 + Q2 + Q3) — (@1 +
Q2+ Q3)?

F.O.C.

a%rl:63—8Q1—15—2(Q1+Q2+Q3):0:>24—5Q1—Q2—Q3=0

65 =105 =100 =15 = 2(Q1 + Q2 + Q3) =0 =45 —6Q2 — Q1 — Q3 =0

o =T5-12Q3 =15 = 2(Q1 + Q2+ Q3) =0 =30 = 7Q3 — Q1 — Q2 =0

= Q=% =2, =2

Q"= Qi+ Q3+ Q=120

5.0.C.
T =—9 ,mg = —1, m3 =—1
To1 — —1 ,TTo9 = —6, T3 = —1

31 = —1 ,m3p = —1, M35 = =7



Hessian Matrix:

T T2 Ti3 -5 -1 -1
H = To1 T2 T23 - -1 -6 -1
31 732 733 -1 -1 -7
Leading principal minors:
|H1|:_5>
-5 —1
H, = =29
-1 —6
-5 -1 -1
Hy=] -1 -6 —1|=-194
-1 -1 =7

Because odd number leading pricipal minors are negative and even number leading

pricipal minor is positive, so the Hessian Matrix is negative definite and profit is

maximized at Q7 = 282 , Q5 = 69373, Q5 = 285

Equilibirium Prices:
P* =63 — 4@1 =63 — 4 % 282 __ 4983

e
Py =105 —5Q3 =105 — 5% &2 633 = 120
Py =175-6Q3 =175—6x 285 =25

(It is OK if you do not have following steps because I did not ask in the question.)

4 282 2 2 434891
R* P*Ql +P*Q2+P*Q3 983 * i 4 1020 70 0 633 4 5965 5565 * % — 79346399

_ * _ 1200 1200 _ 3374180
C* =20+ 15 Q" + (Q*)? _20+15*7+(7) = 25109
=R — (C* = 7434891 3374180 __ 41863

9409 9409 97

Q6 (5 points).Use the lagrange-multiplier method to find the stationary value
of z and use the bordered Hessian to check whether it is a maximum or a minimum.

v=flz,y)=2—3y—wzy

s.t.x +y=6.

Solution:

Lagrangian function:
L=(z-3y—ay)+ A6—z—y)
F.O.C.

g—i =1l-y—A=0



oL _ _
o= 3—r—A=0

oL _ _
x=6—x—y=0
=>rr=1Ly" =5\ =—-4

z*:f(x*,y*)zx*—3y*—:p*y*:1—3*5—5*1:_19

Bordered Hessian:

0 gz gy
[Hl = g0 Low Ly
Gy Lay Ly
0 1 1
=11 0 -1
1 -1 0
=-2<0

Thus z* = —19 is a minimum.

Q7 (5 points). Is the following production homogeneous?
Q(K,L) = A(6K— 4+ (1—6)L™")"»

Find the elasticity of substitution between K and L for the production function.

Solution:

Q(LK,tL) = A(S(tK) ™ + (1 — 6)(tL) ") »

= VABK " 4 (1 —8) L)%

=t"Q(K, L)

Thus production function is homogeneous of degree ~.
(K = 272

= (—2)AGK "+ (1= 0) L) v §(=p)K !

= SYAQDK =" + (1 —8) L)~ %" K0+

x
P

QL = g—%
= A(=2) (6K~ + (1= 8)L) "+ (1= 8)(—p) L~
— (1 = 6)YAK# + (1 — §)L°) 5" [~(+7)

Marginal rate of substitution between K and L
MRSk, = S_ILf = _(lgé)(%)prp

_1
= () = (%) MRSyc1) ™

(%) = 15 In(25) + 15 In(MRSgy).



Elasticity of substitution between K and L
dln(£) 1

g = m = Fp = constant

This production function is a CES production function.

Q8 (5 points). Use L’HoPital’s Rule to find:

i) lim, ,o+ zlnx

xn

ex

i)lim, o0

Solution:

1
Inz =
lim zinx = lim —— = lim —%5~ = lim (—z) = 0.
z—0t rz—0t = r—0t (——2) z—0t
X X
(i)
oa™ . ona™t  on(n—1)an? .onl2® . nl
lim — = lim = lim ————— = ... = lim = lim — = 0.
z—oo et r—oo et T—00 er rz—oo er z—oo ¥

Q9 (5 points).Use bordered determinant to check the following function for

quasiconcarity and quasiconvesity.

2= f(z,y) = —2* — y*(z,y > 0)

Solution:

Jo==22, fy = =2y, fay = =2, fay =0, fyy = =2

Bordered determinant

0 fo fy
fy Jyz Ty
0 -2z -2y
=| 2z -2 0
-2y 0 -2
Leading principal minors:
0 —2z

|Bl‘ = ‘ = —41’2

—2r =2




0 -2z —2y
|Bo| =| =22 -2 0 |=8x"+8y
2y 0 =2

Because |B;| < 0 and |Bz| > 0, the function is strictly quasiconcave.

Q10 (20 points) A consumer lives on an island where she produces two goods,
x and vy, according to the production possibility frontier z? + y* < 200, and she
consumes all the goods herself. Her utility function is: U = xy3, The consumer also
faces an environmental constraint on her total output of both goods. the environ-
mental constraint is given x + y < 20.

(a) Write ont the Kuha-Tucker first-order conditions.

(b) Find the consumer’s optional x and y identity which constraints are binding.

Solution:

(a) max U = zy?

s.t. 22 4+ y? < 200

x+y <20

The Lagrangian for the problem is:

L =2y + X\ (200 — 2% — y?) + A2(20 — 2 — )

Kuhn-Tucker conditions:

Ly=9%=2 Nz — X <0,2>0,and 2L, =0

L, =3zy* —2\y— X2 <0,y >0, and yL, =0

Ly, =200 —2%—9y*>0, A\ >0,and \\Ly, =0

Ly,=20—2—y >0, Ay >0, and \yL), =0

Use Trial and Error Method to solve Kuhn-Tucker conditions.

Step 1: Assume the 1st constraint is nonbinding and the 2nd constraint is binding
in the solution then Ay = 0,A\y > 0. Let x > 0,y > 0, then by complementary

slackness conditions, the Kuhn-Tucker conditions become:

Lx—yg—)\2:0:>y3:>\2 .............. (1)

L, =3zy* — X = 0= 329? = Aageeervnen. (2)

Ly, =20 —2 — 4y = 0eeeeorririiiiiiiiiiccec (3)
H L =1y =30 (4)

Substitute (4) into (3):
20—z —3r=0=z"=5and y* =32 =15
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Check whether the solution satisfies the 1st constraint:

"% 4+ y*2 = 250 > 200.

The solution does not satisfy the first constraint, the solution should be rejected.

Step 2: Assume that the 1st constraint is binding and the 2nd constraint is non-
binding in the solution, then Ay > 0, Ay = 0. Letx > 0,y > 0, then by compementary

slackness conditions, the Kuhn-Tucker conditions become:

L, =y*—2\z =0 then y* = 2\jz ........ (1)

L, = 3zy* — 2\1y = 0 then 3zy = 2\ ........ (2)
Ly, =200 = 22 = 4% = 0 eeooeeeoeeeeeeeeeeeeeee (3)
%: % =z then y? = 32%.......... (4)

Substitute (4) into (3), 200 — 2 — 32% = 0, z* = /50 y* = v/150.
From Equation (2),

Check whether the solution satisfies the 2nd constraint:.

¥+ vy =v00+v150 =~ 19.3 < 20 .

So the solution satisfies both constraints, accept it.



