Differential Equations and Laplace Transforms

June 17, 2015 2:26 PM

Chapter 1 — First-Order Ordinary Differential Equations
e Check if the DE is separable (g(y)y' = f(x) or g(y)dy = f(x)dx)
o To solve, we integrate on both sides.
e If the DE M(x,y)dx + N(x,y)dy is not separable, check if they're both
homogeneous of the same degree.

o If they are, then making either substitution u = %or u= iwill make

the DE separable.
e If the DE M(x,y)dx + N(x,y)dy is not homogeneous of the same

degree, then check if it is exact (M,, = N,).
o Ifitis, then solve knowing M (x,y) = g—i.

= Find F(x,y) by solving F(x,y) = [ M(x,y)dx + g(v), then find

g(y) (after finding g'(y)) by solving g—i = N(x,y).

aF

oy’

= Find F(x,y) by solving F(x,y) = [ N(x,y)dy + g(x), then find

o Another possibility is to solve knowing N (x,y) =

g(x) (after finding g'(x)) by solving %g = M(x,y).
e If the DE M(x,y)dx + N(x,y)dy is not exact, then check if we can make
it exact by multiplying the DE by an integrating factor u(x, y).
o If@ = g(x), then the integrating factor is u(x) = el 9(ax
Multiply the original DE by u(x) and check if it's exact, then solve.
o If% = g(y), then the integrating factor is u(y) = e~/ 9y,

Multiply the original DE by u(y) and check if it's exact, then solve.
e |f a DE can be written in the form y' + f(x)y = r(x), it is called first-
order linear.

o Its general solutionis y = ﬁ [f u(x)r(x)dx + C], where

u(x) = eJ f@ax,

e |f a DE can be written in the form y' + p(x)y = g(x)y%, where a is a
real constant, it is a nonlinear Bernoulli equation. If a = 0ora =1, itis
linear.

o Letu(x) = [y(x)]17%, thenu' + (1 — a)p(x)u = (1 — a)g(x); itis
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linear in u(x).

Chapter 2 — Second-Order Ordinary Differential Equations
 To find the solutions of y'' + ay’ + by = 0, we have to solve the
characteristic equation 22 + al + b = 0.
o If A; # A, are real distinct roots, then the general solution is
y(x) = CieM* + C et2”.
o If A, = a £ if is a complex conjugate pair, then the general
solution is y(x) = C;e** cos(Bx) + C,e** sin(Bx).
o If A; = A, = A are real repeated roots, then the general solution is
y(x) = Cie? + C,xe?*.

e To find the solutions of a second-order homogeneous Euler-Cauchy
equation x%y" + axy’ + by = 0, a,b € Z, we have to solve the
characteristic equationm(m — 1) + am + b = 0.

o If my # m, are real, distinct roots, then the general solution is
y(x) = Cy;x™ + C,x™2,

o Ifmy, = a +1if is a complex conjugate pair, then the general
solution is y(x) = C;x% cos(B In(x)) + C,x* sin(B In(x)).

o If my = m, are real repeated roots, then the general solution is
y(x) = Cix™ + C,x™In(x).

Chapter 3 — Linear Differential Equations of Arbitrary Order
e For any nt" order linear homogeneous DE, find the characteristic
equation and solve for A.
e If all roots are real and distinct (A; # A, # - # 1)), let y;(x) = eix;
o The general solutionis y(x) = Cyy;(x) + Coy,(x) + -+ + C .y, (x)
= C,e™M* + C,e?2* 4 ... + C et
e |f all roots are real and repeated,;
o Aj = Aj41 is areal, repeated root, we'd put Cje)lfx and Cj, xe
the general solution.

A]-x in

o If ; = Aj41 = Aj4p isareal, triple root, we'd put Cje)‘fx, Cj+1xe’11'x
and Cj+2xze)‘1x in the general solution.

o IfAj = Ajy1 = Ajyp = =* = Ajym—q is a real, root of multiplicity m,
we'd put Cjet%, Ciyqxe®, Ciypx2e™, ..., Ciimo1x™ e in the
general solution.

e |f all the roots are complex;
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O A;j+1 = a x if are complex conjugates, we'd put Cje“*cos(fx) and
Ci+1esin(Bx) in the general solution.

o Ifdjj41 = ay £ ify and A4 j43 = ay £ 1f,, where (a4, B;) #
(a3, B2) (i.e. distinct conjugate pair), we'd put C;e*1* cos(f;x),
Cit1e%* sin(Byx), Cj4,e%** cos(B,x) and Cj3e%2* sin(f,x) in the
general solution.

o IfAjj+1 = a+1B,Aj42,j+3 = a — 1f i.e. a repeated conjugate pair,
we'd put C;e* cos(Bx), Cjr1e®* sin(fx), Cjxe“* cos(Bx)
and Cj;3xe®*sin(fx) in the general solution.

e A third-order homogeneous Euler-Cauchy equation has the form
x3y"" + ax?y" + bxy' + cy =0,a,b,c € Z.

o To solve it, we need to first solve the charactaristic equation
m(m—1)(m—2) + am(m —1) + bm + ¢ = 0. The general
solution is then y(x) = C;x™ + Cyx™2 + C3x™s.

o If any root is repeated, we multiply them by In(x) as many times as
needed (once for the second repeated root and twice for the third).

e |f the DE is nonhomogeneous, then it has the form
M +an 1 (y® T 4+ ag ()Y +ag()y =r(x),  r(x) Z0

o If the left-hand side only has constant coefficients and r(x) has a
finite number of independent derivatives (so polynomials with
positive integer powers of x, sin(x), cos(x) and exponentials only;
any power of x that is not positive or an integer, every logarithmic
functions and everything else is not okay), then we can (and should)
use the method of undetermined coefficients.

= First, find y;, (x), which is the general solution of the
corresponding homogeneous equation.
= Then, we make a guess for y,,(x) based on r(x).

If this is in (x) You put thisin y,,(x)
A polynomial of degree n  apx™ + ap_1 X"t + -+ ayx? + a;x + ag
An exponential ek* aeh*
sin(wx) or cos(wx) acos(wx) + Bsin(wx)

e**cos(wx) or e**sin(wx) ae** cos(wx) + Be**sin(wx)

x"ek* (apx™ + -+ ayx + ag)e’*
x™cos(wx) or x™sin(wx) (A x™ + - + a1 x + ap) cos(wx) + (Bpx™ + -+ + B1x + Bo)sin(wx)
= If a guessin y,(x) is already in y;, (x), then we use the
multiplication rule and multiply the whole part by x as many

times as needed.

Cheat sheet Page 3



= We then differentiate y,(x) and plug those back in the original
nonhomogeneous DE, solve for our variables and finally we can
say what the general solution is.

o If neither of these are true, then we have to use the variation of
paramaters method.

= First, solve the corresponding homogeneous DE to find y;, (x).

» Then we have to solve u;y; + u;y, = 0 and uyy; + u3y, = r(x)
for u; and us.

= The particular solution is y,,(x) = u; (x)y; (x) + u,(x)y,(x) and
finally the general solution is y, (x) = vy (x) + y,(x).

= A third-order nonhomogeneous DE has the form
y" +a,(x)y" +a,(x)y" + ag(x)y = r(x), and to solve it
using variation of parameters we need to solve
uy1 +uzyz +uzys = 0, uyy; + uzy; +ugys = 0anduyyy’ +
Uy, +uzys =r(x).

Chapter 4 — Systems of Differential Equations
e A system of DEs has the form j' = Ay + f. If f (x) = 0, the system is
homogeneous. To solve a homogeneous system, we need to solve

det(A—ap) = |1~ A4 Gz |_g

az1 Azz — A
Let's consider the cases when the system is homogeneous.
o If A; # A, are real distinct roots, then the general solution is

Y = 0P ) + GP (x) = €M% Dy + Cre2* D,
= For each 4, solve for (A - /1]-1)13]- = 0 and find any nonzero
solution for 17]-. We can then say what the general solution is.

o We will not consider the case where A4, , = a *+ ip.

o If l; = A, = Adis a repeated, real eigenvalue, then the general
solution is y(x) = C;e* ¥ + C,e?™ (x¥ + U), where U satisfies
(A—2ADu = v.

« A nonhomogeneous system of DEs has the form 3’ = Ay + f, where
F(x) # 0. The general solution has the form Vg(x) = ¥ (x) + Y (%),
where y, (x) is the general solution of the corresponding homogeneous
system ¥’ = Ay and y,(x) is any particular solution of the
nonhomogeneous system.

o To find y,(x), we simply solve the corresponding homogeneous
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system y' = Ay.

o Then we make a guess for y,,(x) based on f, differentiate our guess
and plug everything in y' = Ay + f After that we solve for every
variable and finally we sum y;, (x) + 37p (x) to find our general
solution Y, (x).

* The method we use to find )7p(x) will depend on the components

of ]?,' we will try to use the method of undetermined coefficients
but we might have to use variation of parameters.

Chapter 5 — Laplace Transform
e Consider a function f(t) defined for t > 0. Its Laplace transform is

F) = L) = | et @ e
0
e With this, we can define a lot of Laplace transforms:

o L{t"} = '

Sn+1
; 1
o L{eM} = —
s—a
= Because of this one, partial fractions can be necessary to solving
an inverse Laplace transform, L=1{F(s)}.

_ w

o L{sin(wt)} = 2 -I:ga)_z_' s>0

o L{cos(wt)} = S—Z—_I_?, s>0

o L{sinh(at)} = ———, s > |al
s?2—a

o L{cosh(at)} = — s > |a|

2 _ g2’
o And many more (L{5(t — a)}, L{u(t — a)}, L{e* f (1)},

c{ut - a)f(t — )} L{f) ) du}, £{E2), L F(6)) and
L{(f = g)(t)}), all of which will be on the exam's formula sheet.

e To solve an initial value problem using Laplace transforms, start by
finding the Laplace transform of each term. Then, solve for Y (s) and find
its inverse Laplace transform. Most of the time partial fractions will be
needed.

e The first shifting theorem says that L{e%'f(t)} = F(s — a) and the

second shifting theorem says that L{u(t —a)f(t —a)} = e " L{f (t)}.
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e To solve an initial value problem with the unit step function, you do like
you did before; find the Laplace transform of everything, solve for Y (s)
and find its inverse Laplace transform.

e To solve an initial value problem with the Dirac delta function, everything
is the same but you have to know that L{6(t — a)} = e™%5.

* |t can be useful to know that

dTl
Lt f (O} = D" o= LD = (-DF ™ (s).

e The nt" Laguerre polynomial is defined as being L,,(t) = £71 {

(S—l)”}_

sn+1
e The convolution of two functions f(t) and g(t) is

(f *+ 9)(®) = j Fedgtt=x)dx.
0

o L{f » g} = L{f()}L{g(®)} = F(s)G(s)

o LTHF(s)G()} =L THF()}*LTHG(s)}=f*g

o Forthe g(t) in f(t) * g(t), it's usually easier to put exponentials
first. If there's no exponentials it is easier to put a trigonometric
function, and if there's only polynomials it's easier to put the one of
the smaller degree.

Chapter 6 — Power Series Solutions
e Won't be on the exam.
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Numerical Methods

August 5, 2015 8:02 PM

Chapter 7 — Solutions of Nonlinear Equations
e Fixed-point iteration

o Find your g(x) (usually done by solving for the
lowest-degree x).

o Check that |g'(x)| < 1 on your interval.

o Then choose an x, that's close to a root, and then
plug g(xo) in your g(x), and keep repeating until the
first n decimals are the same.

e Newton's method

O Xn+1 = Xn — )
n
o We have to know this formula by heart.

e For an iterative scheme x,,,.1 = g(x,;,) for finding root p,
the order of the method is the lowest-ordered derivative

of g(x) that is not zero at p.

Chapter 8 — Interpolation and Extrapolation
e To find a polynomial that passes through n + 1 data

points, we find

p,,(x), where p,,(x) = Z L;(x)f; with L;(x)
j=0

1—[ (x — xl)
(2 —
z:t]
e If we are using p,,(x) to interpolate a value at x, then the
error is

len()] = 1f (x) = pr(2)]
] Fo ()
= (x —x0)(x — x;) ... (x — xn)m

where tis in [xg, x,,].
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e All formulas (p,(x) = -+, Lj(x) = -+ and |ey(x)| = --*)
will be on the exam's formula sheet.

Chapter 9 — Numerical Differentiation and Integration
e Consider 3 equally spaced data points

(%0, fo), (X1, f1), (x2, f2), where Ax = x; — xg = x, —
X1 = h. It can be shown that

1

o fo = f'(x9) = p3(x0) = ﬁ(—?’fo +4f1—f2)
1

o fi =f'(x1) = py(xy) = E(—fo + 12)

1
o f; = f(x2) = pa(xz) = ﬁ(fo —4f1 + 312)
e We can estimate the area under a curve using different
ways.
o The midpoint rule:

] bf(x) dx ~ hi f(x/)
a =

o The trapezoidal rule:

Lbf(x) dx ~ gz (£ (0) + £(x)

J=1
o Simpson's rule:

jbf(x) dx

n-1
h
~ 52 (f(ij) +4f (x2541) + f(x2j+2))
j=0

o Those three rules will be given on the exam's formula
sheet.

o Finally, we can use the Gaussian quadrature to
estimate a definite integral. First we must convert

x=%(a(1—t)+b(t+1)) and dx=%(b—a) dt.
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Therefore fff(x) dx becomes

11 1
j f (E (a(1—1t) +b(t+ 1))) (E (b — a)> dt,

~1
which can be approximated as being

e o) )

The values for the Aj and the tj can be found in a
table that will be on the exam's formula sheet.

Chapter 10 — Numerical Solutions of Differential Equations
e There are different methods to approximate points of a
function, given its derivative and a point on the graph.

o Euler's method:

" Yn+1 = Yn + hf O, yn)
o Improved Euler's method:

= yE = y8 4 hf (e v5)

1
" Vi1 = Yn + 5 hlf G 3i) + f (nas, yoied)]
o Fourth-order Runge-Katta method:

1
" Yn+1 = In + g (kl + Zkz + 2k3 + k4)
" ki = hf (xn, ¥n)

1 1
u k2 = hf(xn +Eh,yn +§k1>

1 1
. k3 = hf (Xn +§hryn + §k2>
" ky = hf(xn + by + k3)

o Only the improved Euler's method and the fourth-
order Runge-Katta method formulas are on the
exam's formula sheet; we have to know how to do
Euler's method.
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Formula sheet

August 5, 2015 9:01 PM

Formulas

1) | Fs) = £{7(@)
tn nl/s"H n=0,1,2,... and s > 0
et /(s —a) PS> a
sin(kt) E/(s*+ k) ;s>0
cos(kt) s/(s+ kY 5s5>0
sinh(kt) k/(s* — k%) p s>k
cosh(kt) | s/(s*=k*) s>k

o(t —a) e is>0
u(t —a) = 15 >0
£Uf)e) = [ et
L{e"f(t)} = F(s—a)

b= e ™F(s)

)
L{u(t —a)f(t —a)
Liefy = (-1

dsm
ﬁ{ )di} = %F(s)
IOV _ (™ pravds
{T} = [ Fx)dx
{drn } = s"F(s ) - n_lf( ) — SH_QI}”(O) - f[ﬂ.—l)(o)

(fxg)t) = /f:;-“)r,r{f—g
L{(f=g)(t)} = F(s)G(s)

F(s)

n ) 1 )
h‘. Z .f{-’f_-j) H] |f| E ﬂ .’lf (b — (E) h_2 , U = Tnal‘ag:-gb |f ("B)l

/: flx)dx
[ s
lb f(z)dz

h < 1 .
3 Z (flzj) + f(zj), | < M (b—a)h®, M =maz,c.c |["(7)]
=1

M (b—a)h*,

n—1
J‘F_; Z (f(x2;) +4f (X2501) + f(@2542)), el < %

U = MAT g rp |f (T)|
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pa()

|en ()]

2
yn+l
'
yn+1
ky
ks

k.‘3
ks

Yn+1

[ s

DA f(ty)
j=1

Order

T

J=0

|(z — zo)(x — 1) -~

v+

v +h fza,yr)

h f(;rns yn)

1
hflx, + =
fla +2

h f(an +

L;L{J‘

1
h Yn + 5

T ¢

J= Uﬁﬂ\( &
fn+1(
(= - ')(H-l)

1
By, + = k
Yt 1)

1
5 k)

hfle, + h,, Yp + k)

Nodes

t

1
Yn + E(kl + 2ko + 2 ks + ky)

Coefficients
A

J

2

3

-0.5773502692
0.5773502692
-0.7745966692
0.0
0.7745966692
-0.8611363116
-0.3399810436
0.3399810436
0.8611363116
-0.9061798459
-0.5384693101
0.0
0.5384693101
0.9061798459
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1.0
1.0

0.555555556

(0. 888888889

0.5555555506

0.3478548451
0.6521451549
0.6521451549
0.3478548451
0.2369268850
0.4786286705
0.5683888889
0.4786286G705
0.2369268850

__TJ

)
' |

%h (F@a.vS) + f@nsn, ulh0)

x:%(a.(l—t)+b(t+l))



