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Problem 1 [5 pt] Let V' be the vector space indicated below, case by case. In each case find if the specified vector v
belongs to the span of the given set S.

V =RY% v=(21,1,1); S:={(1,0,1,1),(1,1,1,1),(2,1,2,2),(0,1,0,0),(0,0,0,3)} (1)
V=PsR), v=32"+22-1, S:={2"+222-12%2"+3} (2)

Problem 2 [5pt] Let u, v, w be three linearly independent vectors in the vector space V. Show that the three new
vectors x,y,z given below are also linearly independent

x=2u+Vv+w, y=u—-v, z=u-+w. (3)

Problem 3 [5 pt] Let V = Matax3(R) and consider the following subspaces:

. a a—b a+b o e g
Wl.{[Hd P } a,b,c,deR}, Wz-{[e T | ergter (4)

Find bases and dimensions of Wy, Wy, W7 + Wy, Wi N W,

Problem 4 [5 pt] Let T: V — W be a linear transformation between two finite dimensional vector spaces. Suppose
that dim V' = (dim W) — 2 and that rank (7') = (dim W) — 3. Can the map be one-to-one? If yes give an example, if
not explain why.

Problem 5 [5 pt] Let T : P, — R? be given by T'(p(z)) fo Let B = {x + 2,z — 3,2%} be a basis of
Py and o = {1, z, 2%} another basis. Let v = ((1,1), (1, — >) be a bas1s of R2 Compute [T73, [T]V.

[0}

Problem 6 [5 pt)
Consider the transformation T : P, — P, where P, denotes the finite dimensional vector space consisting of
polynomials of degree up to n:

T(p(x)) = p(z*) + 3p(z — 2) (5)

Note: here p(z —2) means the shift of variable, for example if p(z) = 2% +2 then p(z —2) = (z —2)? +2 = 2% — 42+ 6;
similarly p(z?) means the change of variable, for example if p(x) = 222 + 2 then p(z?) = 2(2?)? + (2?) = 22* + 22.

1. Show that T is linear;

2. Find [T]g where 8 = (1,x,22),vy = (1, 2,22, 23, 2%) are the standard ordered bases of Py, Py.

Problem 7 [Bonus 3 pt]Let T:V — W and U : V. — W be two linear transformations between the indicated vector
spaces. Prove that R(U +T) C R(U) + R(T), where R(U), R(T) denote the ranges of the indicated transformation.
Give an example where the inclusion is strict.



Solution to Problem 1 First case. We try to write them as a linear combination (in column form for brevity)

a+b+ 2c
_ b+c+d
- a+b+2c (6)
a+b+2c+ 3e

— == DN

The system clearly has no solution because the two equtions marked in red are incompatible. Thus the vector v is not
in the span.
Second case

323 + 20 — 1 =a(z? +2) + b2z — 1) + ca® + d(2® + 3) = az* + (c + d)z> + 2bx +2a — b+ 3d (7)

Equating the coefficients of both sides we get the system

a=0 a=0
c+d=3 c=3
2 — 2 NS (8)
2a —b+3d = -1 d=20
Thus
v = wy + 3ws (9)

where w1, ws, w3, wy are the four polynomials listed in S. O
Solution to Problem 2 We try to write a linear combination of x,y,z giving zero

ax+by+zz=au+v+w)+blu—v)+clu+w)=_2a+b+cu+(a—bv+(a+cw=0. (10)

Since the vectors u, v, w are independent, the above equation has solution iff

2a+b+c¢=0 a=0
a—b=0 = b=0 (11)
a+c=0 c=0

Thus they are linearly independent. [J
Solution to Problem 3
Basis for W7 Any matrix in W7 is

| a a—=b a+b| |1 1 1 0 -1 1 0 00 0 00
M‘{Hd i d ]_“{000]”{0 0 0}“[100}“1[111} (12)
The four matrices appearing in the linear combination above are linearly independent because the l.h.s. is zero iff

a =b=c=d=0. Thus they form a basis and dim W; = 4.
Basis for W5. Any matrix in Ws is

' f -f g | _,l1 -1 0 0 0 1 0 0 0 0 0 O

M‘{eez—e_fooo+gooo+goo1+e11—1 (13)
The four matrices appearing in the linear combination above are linearly independent because the lL.h.s. is zero iff
f=g=/¢=e=0. Thus they form a basis and dim W5 = 4.



Sum space W; + W5, A matrix in the sum W; + W5 has the form

a+f a—-b—f a+b+g

c+d+e d+e d+/f—e (14)
. .. . . A B C
We claim that any matrix in V' = Matax3 can be expressed in the above form. To see it let M = D E F
Equating the entries we have
a+f=A4
a—b—f=B18B
a+f a—-b—f a+b+g| | A B C N a+b+g=C (15)
ct+d+e d+e d+¢—e | | D E F c+d+e=D
d+e=F
l+d—e=F
We can eye a solution by setting f = 0 = e (for example) and then
a=A
b=A-B
g=C—-2A+B
c=D-E (16)
d=F
{=F—-F

Thus the dim(W; + Ws) = dim V' = 6 and a basis is for example the standard basis.
Intersection Equating the defining equations we have

a a—b a+db| | f —-f g
{c—i—d d d ]_[e e 6—6] (17)

which yields the system

a=f a=f

a—b=—f b=2f

atb=g g=3f CTF —f 3f1_.J1 -1 3 00 0

crd=e T\ c=0 M=\ o =10 0o olT¢1 11 (18)
d=c¢e d=c¢e

d=/0—e¢ ! = 2e

The two matrices on the right side above are linearly independent because M = 0 iff f = e = 0. Thus dim(WNWs) = 2
and the basis consists of the mentioned two matrices. [J
Solution to Problem 4 From the nullity+rank theorem

nul(T) +rk(T) = dim V (19)

we have

nul(T) = dimV — rk(T) (20)
Since rk(T) = dim W — 3 and dim V = dim W — 2 we have
nul(T) =dimW — 2 —dimW +3 =1 (21)



The map cannot be one-to-one because the kernel (null-space) is nontrivial. [J
Solution to Problem 5

! 5, 15 5
T(x+2)= (3+2,/0 (z+2)dz) = (5,5) = Z(1,1)+1(1,f1)
T(r—3)= (3—3,/0 (z—3)dz) = (0,—%) :—2(1,1)+Z(17—1)
1
T(z*) = (32,/0 z?dz) = (9, %) = 2—68(1,1)+§(1,—1)

15 _5 28
m=| 1 5 4]
4 4 6

1
T(z°) = (30,/0 ldz) = (1,1) = 1(1,1) + 0(1,-1)

7 5

T(z) = (3,/0 rde) = (3, %) = L)+ 50,-1)

T(a?) = (32’/0 2?dz) = (9%) = %(171) + %(1,—1)

|

=
Q=2
I
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Solution to Problem 6 The map is linear;

T((p+q)(z)) = (p+ @) (z*) + 3(p+ @) (& — 2) = p(a®) + 3p(x — 2) + q(¢”) + 3q(z — 2) = T(p(x)) + T(q(x))

T(Ap(x)) = Ap(?) + A3p(z — 2) = A(p(a?) + 3p(a — 2)) = AT (p())

Then:
T(1) =1+3 =4
T(r) =224+3(x—2) =—6+3z+a%
T(a:Q) =2t +3(x—2)%2 =12— 12z + 322 + 2*
Thus
4 —6 12
0 3 -12
Tlg=1]0 1 3
0 O 0
0 O 1
O

(30)

(31)
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Solution to Problem 7 If w € R(U +T') is an arbitrary vector in the indicated range, then there must exist v € V
such that w = (U 4+ T)(v). Then
w=U+T)(v) =U(@)+T(v) =w +w, (37)

where, by definition of range, w; € R(U), w, € R(T). Then, by definition of sum of vector subspaces w €
R(U) + R(T). Therefore we have the stated inclusion.

To give an example where the inclusion is strict consider T : R? — R? to be the identity and U = —T. Then U 4+ T
is the zero map, and its range is trivial. On the other hand the ranges of U, T are the whole R?, and hence their sum
is also R2. O



