Concordia University February 9, 2007

Engineering Differential Equations
Section J
Exam I (A)

ANSWER KEY

(1) (10 points) For each of the following first-order differential equations, state whether it is
separable, linear, homogeneous, or none of the above. You do not need to explain your
answers.

Each equation may correspond to more than one listed type (in which case you must
list all types) or none of those.

d
(a) e Y This DE is linear.
dx
d
(b) d_y =Vr—y This DE is none of the types listed above.
x
d
(c) d_y =yVT This DE is both separable and linear.
x
rydy —ydx = is is both separable and homogeneous.
d d d 0 This DE is both bl dh
d
e TY — =T — Y 1S 1s none of the types listed above.
- This DE i f th listed ab
x

(2) (10 points) Find a general solution of the first-order linear equation

y/ — 2y + 6—233'

Solution: We first write the equation in its standard form:

xT

Yy —2y=e*  where y=y().
We note that an integrating factor is u(z) = e >, hence multiplying both sides of
the equation by u, we obtain

2x, 1

e 2y — ey = e,

Equivalently
(e—QIy)/ _ 6—4:127
this integrating both sides of the equation with respect to x, we obtain

1
e 2y = 1 e +C, (O = arbitrary constant.

From here, the general solution of the given linear first-order differential equation is,
in explicit form,

1
y(z) = 1 e Ce*, C= arbitrary constant.
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(3) Let

2x 2y
5 d Y dy = 0.
(x2+y2+1+y> x+(az2+y2+1+x) Y

(a) (5 points) Check that this is an exact differential equation.

(b) (5 points) Solve the equation leaving the general solution in implicit form.

. 2x 2y
Solution: (a) Let M(z,y) = Errl +y and let N(z,y) = Er Tl +
Then, using chain rule, we note that
oM dxy ON

oM _ 1=20 for all R.
a9 (z,y) 8w<x’y)’ orall z,y €

24241
This proves that the given DE is exact.
(b) Consider f(z,y) such that

af 2x
oY T E Y
of _ 2y
8y<x’y) 24241 e

Integrating the first equation with respect to x (you may use the substitution u =
2?2 +y? + 1, du = 2z dx for the first antiderivative), we obtain

f@.y) =In(*+y*+ 1) +ay+ C(y).
To find C(y), we evaluate

of 2y 2y
—_— = —— C, = —
ay(aj,y) :1:2+y2+1+x+ (v) :c2+y2—|—1+x’
hence C(y) satisfies the ODE: C’(y) = 0. Therefore C(y) = ¢, where ¢ is an arbitrary

constant.
Finally we have that f(z,y) = In(z? + y*> + 1) + 2y + ¢, and we conclude that the
general solution of the given exact equation is (in implicit form)

In(z? + 9?4+ 1) + 2y +c=0, where c¢ is an arbitrarry constant.

(4) A rabbit population P satisfies the growth equation

P _p ko
dt

(a) Find the general solution of this differential equation.

(b) Suppose that at time ¢ = 0 (months) the population numbers 100 rabbits and is
increasing at the rate of 20 rabbits per month. How many rabbits will be there one
year later? (Give the exact value calculated with this model, do not approximate.)
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Solution: (a) This ODE is a simple separable differential equation. Its general
solution is P(t) = ce*, where c is an arbitrary constant, or in, an equivalent form,

1dP
P(t) = Pye*, where Py = P(0). (To see this rewrite the equation in the form P k

and integrate both sides. Afterwards, apply the exponential function to both sides of
the resulting equality.)

(b) Based on the form P(t) = Pye*, we immediately get that P(t) = 100e*. We need
to use the second condition to find the value of the constant k. The rate of change of
P(t) at time t = 0 satisfies

dpP
E(O) = kP(0) = k- 100 = 20,
thus k = 1/5.

We conclude that P(t) = 100e'/?. Consequently P(12) = 100e'?/5 which is the exact
answer. (Of course, P(12) ~ 1102 rabbits. However, note that the question was asking
for the exact value of the solution to the ODE at time ¢ = 12.)
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