MAT3377
Fall 2015

Solution to Assignment 1

1. (i) Since
> Ple=k)=1=c+2c+c+c/c+c/2=5¢c

we get ¢ = 1/5.
(ii)
p=B(z) = 24: kP(x = k) = 0(1/5) + 1(2/5) + 2(1/5) + 3(1/10) + 4(1/10) = 15/14 = 1.5.

and

4
E(@*) =Y K*Px=k) = =37
k=0

therefore

o2 =3.7—225=1.45.

This gives 0 = 1.204159

(iii) We have u — 2.50 = 1.5 — 2.5(1.204159) = —1.510397, u + 2.50 = 1.5+ 2.5(1.204159) =
4.510397, p — 2.70 = —1.751229 and p + 2.70 = 4.751229. Therefore

P(lx —pl <250)=P(p—20 <x<p+20)=Plz=0)+Plxr=1)+ Pz =2)
+P(z=3) + P(X = 4)
=1
and
P(lx —pu|<270)=Plp—3c<z<p+30)=Plx=0)+Plax=1)+ Pz =2)

+P(x=3)+plr=4) =1

For the chebyshev’s inequality the minimum probabailites are 1 — 1/(2.5%) = 0.84 and 1 —
1/(2.7?) = 0.8628258 while for the normal distribution these values are 0.988 and 0.993.



2. (i) We have

n n

n n n n
S(wi =)y —9) =D (vl — Ty — G + TY) = Y iy — YTy — > _Yri+ Y TY
i=1 i=1 i—1 i1

i=1 i=1
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Similarly

Notice that

(ii)) We have

(i — 2P

Therefore expanding both summations gives:

*Zl Lo =3T3 a? 4+ 3723w — na?
" (X 2?2 =223 + nx?)3/?

nmg — 3nmyms + 3nm3 — nm?

n—1
(nmg — 2nm3 + nm3)3/2

This can be simplified to

Vn =1 (nmg — 3nmymsy + 2nm3) n—1 {mg — 3myma + 2m3 }

7= (nmg — nm?)3/2 a n (mg — m3)3/2

3. We have
x> Yy nT4+my
w = average = = )
n—+m n—+m

Therefore, for the total variance V', we can write
m+m—-1DV=>(z;i—w)?+> (yi—w)?=> (i —Z+T—w)’*+> (yg+7

Since

and



we get

= - L 7)2 M Y )2 M
(n+m—1)V—;(m’l )2+ ()2 Jrig;(yZ y)* + CEEE

— (n—1)s2 )2
(n )s1 + (m )s5 + ntm

This will give

n—1)s2 + (m — 1)s2 4 "mE=9)?®
1 5

n-+m
n+m—1

V=

4. There are 6 possible distinct samples

Sy = 12,4}, 85 = {2,0}, 85 = {0,6}, Sy = {2,61, S5 = {6,4}, S5 = {0,4}.

(i) We have
0+2+4+6
M:—:3
4
and .
1 1+1
aQZfEXK—3Y=2i—i—i9=5
4= 4

(ii) We calculate the mean and the variance of each sample from the formula

1 2 2

y= ;%’/2, §° = 51 Z(yz —9)°=> (v —9)*

and tabulate them for each sample.

1 |81 | S2| S3|S4| 85| Sg
T | 3| 1|3 1]4]5]| 2
2121211818218

Now the average of all the s is

3+1+3+4+45+2

3
6

which is the population mean p. Calculating the average of the variances gives

3414+3+4+5+2 2+2+18+8+2+8 40
+ +-g%—+ _ 242+ ; +—+::6:6m%02

Calculating

1 X o (2-3)2+(0—3)*+(4—3)*+ (6 — 3)?

X ; — 6.67,




This shows that
E(s%) = S* E(s*) # o*.

2

Therefore s? is not an unbiased estimator for o2 but it is an unbiased estimator for S?. Also

notice that E(fj) = 3 = p. In other words ¢ is an unbiased estimate for =Y.





