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X_? rd - == "S not /"””‘ Ioéama,/'n, —;’ oHheok I-f MI’?
: one-51dt Ejprits: ' Ax# _ 2371
: 1_&_6,1”'4—}—*? = rE————
J)&‘mg __——'z*’;/ = 'z-____-‘BV-H = - o
_ ¥?-3= X+ o-
’&.:obi)x"ff ‘/mré Fe ;’é,/oé,) we need f frpvre ourt ohat Aoyopaens ald x P —ox
Mole—ag = G & 2) = oo

Fx. [ (rem)< dogldu] ]| Gme 232 = o X0 %) g s o

.,Zy‘ul P X"(l* \/xq) - % oo




O7her fwn af oo

Ex gy VBEE | gn XM Gy b Taeg
T xores 57&x ”"m _—-.z,) X—t:l’vo x (/%—2)

Jibet| Y9 -0 = X <0 over 7here = /x/=-x = © -%2_d4
2

—

Z&otu /2.

b fm (3w -7) =7

— 4
Joleal: & (1)x"+ Vo) = o8 - o© <« BAD \

Y- 2
Tew 2s Eim (VXCO+ ) =% ) 3 %:;»Q T =X) = 5 (1A 1) = =0

% "- = — =

i - o ¢ BAT‘D

L’m,i’az,n (m_x), & e X i 4Xvr— y"-) (Nxtexr +X% ) 7

% — =

X 0o (th)
v,
= O X x=y " . — . 3“04./

X200 X (TT+a + 1) R g'l”;. (0(-!—/)(»'-!-1_)—. o2
R and g " and '7"(75 at 1T oo

é" &'max = oo Ex. g'm’&x - o Ocan P /2712
asy X7 e, XS =
O<a< 4
Gim a*% = o. Gim 2% = v
2= V= —bo

Remari : Q /fgmm// "7{ AZ does e Umit m/f/ﬁ?

We, L2/ nod ex/st., 09 — iy ayets e
¢ ”Z‘JWM’W? I Hhe wéz/m wré o //b/o
rnet , DNV.E Y

5 tnlgcm B bndged ]
2 oo —

az4 . oZa</ eX-—)m p— >
m- CogaX = DNME. e v = DME
-ﬂ_m@ ‘xﬁ_m@a D (L. I/\

é’ bGm Sihx =DMNE Cirm cosSN=DNE
e A "o 0\ Y= 00
m Sihy =D MNE Lim tosx = DNE

S —-)—ood Y- —0°

c. 26| £inlshed:
sliqo 'Gp Fc.y:'s:_ def. ot the encl of See 2. 6.

‘Mt 'l'.ouahcs" the %mPh ot P.

\a ZOVOAN ¥

W
u.se\.-“b-ba wis: "'0‘0‘: au. "HM* 'En-ha %'b \\ne. ‘ko ta=s|nx 4
> Y=x w(: P= (o, o) 2. the flo,oe- s 4 L N "
NOI“-’. ] l Y = -+ - : ,' ‘l ‘ :I
Jo, it was Ae/Pfu,f e y mxs € Hen im = slope. ‘ —




Compute“slope of The tangent Ifhe at

peint P.
Cnsider all  |lines Fa .

oy
the ilope of ovy & Hem i ri

> m='éméaf,‘/=-7m— s S a

&MI'O{,@V

Q/ ye. X2a-

he y ent? if P very elose (o
thn/f/ , Mz 2 ’;zu i/,,z P bm £ FA)
7 b% “ 4 al ‘ X o X—a

fq,w'm/enfg: if h=x-a , then
W X2a  Hhen foo and

O 15)- £00) _ 2, Flh+a) — £66)

X2 a X— a Ao A

Def. ]/ Om 7 oxists Hhen H#is CmE is The derrvative of f6)

T et point a: £la).

~

- : $/040) — 5142 00)
Lx. my=Sin'fh) = Gm 2 = &m 77X _
- X220 X -0 Y=o X

!}ﬁﬁ eﬂ/{ 5/2& & % %&#rm; =/ %6 = g= X+g
) (0,0) shoutel betorg o the Mo Y=x+€ D 0=0+6 D=0

= Y=ynx pas aZ (50) WZ’ Ine g=X

E A — o / - _ -
£X é ’/o)='5m, tan k) — tanlo) = Com, W;y-'&'m, o = 7= 1
X— 0 =Y/ Y20
I; )} ! : 1){@,; ent  Gne s o e form: =/ %t 6 = Y= X
! ! | 2)(00) should bebrg 4o Zhe /,Z/ /g=x+é = #=0
; : ; =7 751‘”)( Aas z’dm/enz’ Jne =X at (59) .
_ﬂ.: o /-r'r :3,,- —> Kemark,«. ’{‘ahgcn't hhe Can. cross the 8r-a/;/L
S| F 1 T several peints bt onf one cotmon
| [ | 27/ i ) ” o .
e Se v3-vw. PR WL L
General For mula for 'l:amae.nt line at xza |pead 2.1, 22!
7: 1{(0,,) v+ & When s=a grafA,; 7=/’5<) and Gf/aﬂgeaz‘

must e inkrsected) =
flo)= £6) o +8 = &= {£la)-16)a
4= Flo)x + fla)- L) > y-/’ﬁ«)= £ (x-a)

Derivative as a function plieg x(;“m.#ﬁﬁh)- £&)
Det- erivative of funcbion () Vs .?(x)= /L-:'; h

/a/be

—



\_/

IS dlfferehffaele at o i{' .Fl[a) exists .
is dt{-kre.n{:faéle on (a,8) [a can e "") it £'(% /s A a?

8 can Be +oo

0)NT
-f’(x) is [ffemnﬁa@le ot a 'M&n it o COMNT. az‘a

Yemork:, CAn G COVI 6ut NOT DIFF
E}- 7[%(} /X/ at X=0 7/’/0) /)gn SO0+A /) — /a/_ o L

) R s 7: L, £
o *4/— /o - _ O~
/ﬁ’;t A —fm- % =7 o
WoFat/on o =L P
Fhe /o//muxhj; ey e same:  £Ux)= g’-’— 7){’—'% Zx f5))=
/y) &) DAR) | Pl 2
— /: srentiation Wa/&‘aﬂf w=e
When derivative exists?
I. &thlo(l'i’ /
function
From The right as £ In Fenrcs 7‘0 /)
Frer f/& /éf -‘“Zlgi ” ef/ —_— - //—- Z _:,/.)_e ame
=) ﬂ&/ Z _r/qj&,f /=//)7/ZS) =) gf»/&‘ A/p/e/ alt x=0 DWNE. =2 wih
s corner® or kink" A J=5k/
1. X'L+l3"“=| Jor 20 //‘1 >
o L”
/?570/“ 3 f&)= 1—X +0
% = L, TA+A) - f/i) Lo Vi~ (4+4)" fj?
1 Ao e Ao A .
O f—/--Z/z—-A"'= L Vhlf-a=4)
Ao A b O >
TP hvo = A=UiE end b LA
fao+ Uk
=5'm=z>”f = Af/  puE
A~ 04 - th.t
If A<0 D fooffd mnd bim -va/'z': =l g =
”wke,u vertical asy mptote __f"”___m h*  fao- g



W When L&) W discont.

Hiah Derrvatives.
SB) = i afuncton D Aas b own derimbire LK), in il fury

jn ! X Ty Xl X - 7 U .
’ Sédvﬁv%?—@zﬁmé% .
), s Aa»_sivm. whot js the slo’be of 'Fo.hge,mé lines here ?
~ — Pl _ !
N = fl(he) =0
9 - ? T )
= . : =
R — S = 4 {
\/ ~ =D r/gbe m >0 =D _p//a‘/ﬂe:ej
"t oponts /
3) N ,\a—_-slvnc E‘,“ha,e <J
Sc Dfan 20 =) mco =) 7L _<0

M%kubdn‘_%=—fl(x):
)
/ ~ 'leo'k.s 'l,tim, =CcOs Y

= pecd,  (inx) = cosx.

lectuye| 19 Sc. 3.1 and 3.2  coniurn ma?éﬁ/d/af;%é
e "/’Jﬂ Afjﬁ sehoo/ course = AT HOME ,QEFR.E.S‘H_Z‘/V&

(o ~ N \

dec. 3.3. e’=0 (@X) e

o TRIes. WW@W Fg+fg

Mast Fime: Intuibion sugppstd us 5-,,,),) = cosx
WNow | show This wsing /:r.rz‘ proncgples , e o Aoy Eron

fx. Sln’()() = gm, ﬂ”/x’%’} h X - P Siny cash + Soinh-cosx— Finx

o Ao A Loy Z

—_—
d% /= .&, $1hx /WJ/L i) 2 & !/ZA‘%X

THM. | Sin'k) = cosx , cos'(x)= -sinx ___——_,
£, / ,&)_/rmx)l (sinx) cosy — JrnX €osX)_ cwix-#smi_ 500

— |, cosx/ cos 2x cos °x

:H'N' 7
N v (x)= €C W == CSC (X)




/_ [ 1 \y 17" ”J*" 7cos’x _ ﬂi’i = .
-Ez' /ec x)'= {Jos)! = T wix anty ~ €CX tanx
<. [ N\ iggz_f__’i’_’_i: —fe3x .
— ( SCX.) - (.S‘mx) - Jinty Sintx” csex: oot x
lectu Is. Devivatives of T"'lgs.
Ex. s(35) (x) =7 -
—_— . (n
005['2(: -sinx M~& W cos )x = tosx whenever
095‘:1'))(: = cos ¥ y n «a divisiéle % Y.
oq;i’)g: Sihy => fake The cdoses] number Jo 35 —3 BI=SY
('/OS{‘_)X= GOS?C ::)405/3 ,2-—- cosX =D mﬂ) -S)7X =2
Oesr‘) = —=5%thy y :)m,/"’{ —LOSN =
oS x = —tosy
- Method 2:  al/ p&fefmé 85 The perrovinolesr a;f

the ArV/ISIon of 35" #
// Frem= {1 =) —sinx
if rem =2 = -cosx = 35,78 1o 3=

o rem = 3 = siny @
,‘7£ Fern =O = cos¥

EX. ﬁ?r wAf&A l/ﬂ/MZS' X pé“ y=6m5x—3>( /’la/S fahg“‘i u)i?% S'a/J& ‘37

/3!: —6smnx -3 =-3 Sinx x=o+z_'lTk or x=T+2TL
Siny =0 — -y =7 where =0 +// rz,
What does it mean? )’3 (%) = 3= thpe of 722y, e & =3 = "E“”“"—3

Lan () =tan (-2 ) = ~tana ==(-3)=3
we m construct 3 |'
“hr\* g conctrect p Gy lokng 273,

-Z) ol — ahgle_ Celtwern Ox ovmnd 4o *"H'L' 1'"4 2 *éfo‘ﬂ]
tand =-320 = K[ 5 JT "1 '

dra w -Hm‘s?

A

>

the aqMa:!:\oh of the targent line af one of those /:a/frg X=o0
,g-—-_;y—i-g , azﬁ‘gxa /6605)(-3)!%("'6"7 "“3>(+6'

Fhe ﬂroy% Jooks like s e

u are osr10Us )

t line
,L on
.

>.




Derrvatives in Physres .. 0.3
Rat, #%anjef Y=FIx) —given Sec. 3.3,
Instanbeneows rate of change of k w-ti7. g 4, L) £6)

(/4
Ao # K,A:,nf f’jfxf//b%ﬁ; :A;?/f)% a iy smal namr: M

=A i S [(
Velo Yyl ckahge_ a:f Posi'{n'on X(‘f) ag t dnanaqa&‘{, =) U'/'lf)=)< ¢)

Accel tion: how speed vE) changes when t d‘ah{gfa o &t XYt)
Sihlt

f_’f‘ let rnovement c{ A ijeci 1S de.scr.@J P(t)= - 200 0%)

B vel and o\c(_&’- . s
wlw)= Plft)= _Cost-6- 2cot)= Sint: 3-2cp5t ) _ Bwst- 2u0t = 2sin €

(3- 2eostd)) > (3- 2costd))”
cost -2

3- 2esth))?
Ganx) = cec’x (see x)'= secx-tanx

Memorize: @ih %) = cosx |
(coS )()I"-—' -S/'/yx ép-éx) — -—C;a'zx (GSC X) = ~-c8¢cX 'CﬂZ(X

Chair Rule. Sec. 3.u.

m(o))=?  ([Toxa)=? (e"m)/-”— 7

Suolw, derivgtives cowm ée. wm/owzﬁ-w[ 7Yy
THM. 22 FR)=Fogb)=f (b)), §&)- Al at'x | ¢ -d7f ot g&)

=) / = / . 4 X
J /@f'gv'{:) Mia/f//goz)) ?ﬁé’f}: % ;”i_(‘: [ wsg &I
forma //Jl F7x)= @aﬂ/'o(e)’. (ohsicle)!
Ex. ( ih2y) =7 FE=5inx 9O | .= gl)= 2
(S’n.Zx)’= a:;Z“ o :z'(" = Coste * %)= oS- 2 = Rcosdx
Ex. ( 5 x+i )'=? PEY=TX | g =bxst = g6)=Exes




tedu

re |6.

._E.’.‘-‘ (ser_[{— 5x>>l‘—‘ ds;a: - al(f) = faru-secu- (5)=
Ex. ((?:t?’—\— cost)?C) 'L 50 (at3+ cost) ' (2t3+ cast)'=

=50 - (2t>+ cost) . ( 6t*—sint)

Derrvatives of & omol X

xth * o
PGl S g R g
= we stuck!

= a @‘)/

Derivotive U W/»’ﬂfe/ 72~ o&r/af

= HERE comMes &
There |are severa/ pé%mz?/:m o, & ’ %eyfﬁa {a%"“/mz‘/e Aty ne
DEFS. 1. e= bm (»H' )
— n- oo e~
2, e o +he 241/7“5 ﬁﬂf/£IV£ mm&r /ﬂl’ WA»{M, %0 T:/
S (9= e* tm2 L= e’ = Thm. @)=
A-0
. / .
MNow (ax)l =7 72 =ea““ = [a¥)'= /&a X e.,a x (674._-;;)'
= a*bma THM. (O. =0*Gnoc
el= f'_;’; (H‘i)h' = lme't = e'wv (4' )
At | i nmon > 4o o = g,,,,g’if_i
Ao L

w/no/; ,ba/ﬂ)fr 7—3 X Aa.d' Ao;—,zw,ﬁn,f zéahje_nz‘ /e ?

(( RN R —

d° (3

0,. a,//)( = nré€ver O = »ro Abor. tar. &'heg
What | 15 +hen y=0? ASYMPTOTE not t—omgu‘t line .
lonqg Chains.
Ex. (s:nﬁws (u‘"’))) = co.s[oas(d?c)) . (w-ﬂ)—')

oé!s[ws 2)- Esinvy)- (x2)'
= —F cos(w@x ) s,h(r)
50,5 (einx) = Yy, cosls)- (x Y
:3””/)(-)575- wj/()-,éx

= cos (cos V%) + (-5ind%) -(Ux)"
= o feos R )+ (~sinUx)s (_)
‘ Sl'h(xz‘) ) _

II

/

—-

l

"
1)?




$o for we tave concioleres! ﬂ::;

Implicite Differentiation. Sfec. 3.5

Functrions s e [forr»

= &)} se. functrons ' CZ %//c//?.
Zrmplicit 4 defiped functsons
Ee 5% *ZM Ex Inter y)= y “cose 5 far #
£x. Xicosy + of coSm = L /-”/:é’,m{?%y_
How 4o oli#. such -func:bu'o;-us?
ff(_' aV7=i %9 7
a) (zy)/= (z)’ A Sotve for '
x.y'-}- z’.y = 0 y,= - 3? < Fhe answer-
-y + 4 =0 Most answers here will rnvotve
Bo7TH x and y
Remark: Xy=g = y=j [x=o0 c{o&; not &/wg Zo He
/ el  Jndp -~ Y . /nA /7
s P&éy J = 1 7 ol /_f)/
7’: - —X/—)-‘ = -J—;-?_ =) the same a4 /f we wm/)«ﬁé- X
é. &’r+J3=;53+j
4 A Ayt Ay 4 5yTy s 3%y’ = 3x%3
) & g o Y (71T
Ay’ oy dy o 542 4
) ady # Ay J ygxz
2 Jo lve ﬁr /s ‘= _
lectue 77 d 7 fy’#.B 2 .
Lx. Findl e ,r@/.:e of e 7’@/2(7%&‘ Sne @t (01) o
— e gka./;é 9/ z-w.sy—/-g-dwxa{
1) (Q-w;j)’: z‘cwé/ # %-(w‘fg)/--— ngv"Z‘/—-S/by)-y’
}/ osx) = y’cogy - y-@q%) =y /. cosx + y-/—f/bx)
Jogether: m.ry—az_’- 5175 -r‘_gz’-cwpoﬂr//;z g =0,
oZ) Jotve J’ar g/ ' ‘e Y Iinx — 2y
y LOS 2. — Z 5/
Slope m=tans = y/ = limo-ws/_ —cor/ = —cos/
l9,1)  cosO-© 55/ /




«De,n vatives of Lnverse 719, Functions.

(arcS/n x) &
? = arsrTrX

Imeans J‘/'/yg:.-y , ye[ 77_7

PA‘

\

) Crg)s G G-y y
=) exvy-y'= g
-y =/

V40 ,
o?) MI: = / - \ = 7
7 iy s [ arcsthX)
T . /e ere sinlt
n/ce /f 1772/ w ”n
4 . , T . 2
Y /) _/
Ky =+ J 4 é-,,;.,dl.l\z'
Put Me,—f' ) =D Oy = 4 [
d 2 ) 2 - 4 K /
Now ! - Vi = 7
/gl U1 - éf‘/n /ou—c;smxﬂ V41— x>
THIN! oresins ) = —1 Yoo .~
/ l—xz / - U‘f‘)‘"

(.;‘ec_'x')'s ? ¢7 J‘ec/cyr_ X __..> J‘ec\///‘/: %
” AN IS lony secy -4 '=

/_ o/ /

1\[: ’I / /,'Z/Zang .reay X U7=x?
ET4 s a0 = DT
2 2
4 ; I CO
Ex. [ton™ (sinx ) ) = ————
— ( s 7/ 1+8/nx)*




THM. | If £6) and g(x) are inverses of each other
then (-\36())'— !
- g'(sln)
Ex. 67/><)= ban x £ he)= arctan x ,
=) W&fan I-:_ / < = T
/ ‘ '\-\_m—ft
Aenole: arctany=¢ = tar b= X =) x ( >
OelZ, Z]1= 003050 =5 coxpe —
lecture /g, ’ Vi+x~

@cn’vai:‘ve o.f Lag;x. Sec. 3.6,
V. of /P VEFSes :

J&/W{ Lu/'rz e
9= X

K 1nvesse Jor 47= = ,

(%~

@],

a

- g“i(&g_ B X'&q,n,

)=

X= a’gn\(

7 /'”40 when 7(’\\,

<) when f ohanges howly
4

/L) o smal

3) when [ ohang¥ /—a//'/c/yl

/P & targe
{

Y4

= 49y — 5

w
=Y 2bnz-

\ .= & /7("x>0 = G /x| = ,&.;éyg—/%i

)

Y>>0

=)

THH. (k)= <

'/"/') ) X< 0

4

=

X
A
=X

l !
+ = [£. -
. 5 /4('/'3/' = FTX43)

\




_ { ?a./-/ Phmye D/ﬁ/’eren tratson.
x” I B X dderm. — x5+ (eleAerm)’

Jov

< IDAJ !

= 77 (7-10x )- 1/x’-+.2 d-° [/—lﬁxf— (x*+2)

(2) =2 oo amd (™)'= nx""

WKS becounse we need BoTH the 6base

and —the M/pohewl; to contasr a voriab/e.

b y= xbrx —?Z:: X-(lnsxc) '+ X' bnx

,"" M./I-/—Z,.v)

=% v"/t
d d

24 —_—_ \/x /s y

d N @ {/""WX/

Fx. 4y = //-'3x)

1) &xq

= ¢osx bf)-3x)

J-) ﬂ—-: —-sthx b (7- 3x) 7 COSX" 7 ——3- 3) 7’=,.,

2
3 \ ¥ ) . .
= ( (7)) = @y #)7" b F = -sine )L F
THN. ) (16)€) "= € $6)6 3) \/f&)g“{ )" —we impt Ay
S ) )/ = g &) !

A
/




lecture 20.
"y Famows Eirmsly conpected with <.

= — +hen ‘*’he“ h-—)O) n—oS ‘H\eh 'H'ns llrmt con Ke
re-wriHeh s

Examplés On 'DlHer'e.n'lﬂ. ation.

\ 3¥ &5

. /
Cx. < avceos = - (
—  dy (27 Vi— @4~ - 2=
%&“WM 5
— I'I-‘
gEl Li .. G
—_— ) X )
the fon i given implicitly s we imp hicit a(./#—on:
2\

(.""8)‘ (x+x~<1 * xa‘) = x'ai-r- x'-(a’)'
(x =

Cos

"‘5) (|+ xa %) ”_,_g_a.afl

1 ) [] n [ )
He.re we would norma.lla_ e/xPY'es_c 6_ \n tevms a:f’ o‘l-hersj

bt we need only ylat moy =y

w8stitute immediate ely:

d I
3) Eq,wo:é- L‘.'H"a*eupOre) \,1=’_“‘ﬁ.'x+g

(@)
the -l-omqe/h{: line wust pass ‘Hu—ougl'\ (JFL0> =)

—-—-l—. = =

\/thwe.r‘_ 3—_- —-3!—., Y + |



Ex. Find '
ety % J—F 3= arcsfh"’(zx)
J‘O/wfmﬁy: _ ; 2)'
ks = ((a.rcsm [Zx))) = 5<arcsfn (2x) )1-'@%(1}12;\
’?/= .3'<C‘AYCS1'V1[ZX)>7'— l “(2x)
m ZX)
’2 = .3<arc§m[2s<)) _lr__. L
&. Flhdl % | & l“@x)"—
l-f g-: 2 810
Solution: dy _y! 009 10
o 3 bz - [fog,ﬂ)':
:‘5gogmx_ &43 d
Ex  Find gi | X G 1O
S | ’ I—/ /g: ,&g (-[:an(x—&))
olution: ﬁ,,,y/w,, ha
i 'S g,,ve.n lh'\‘»llt‘/l'l’:l} —> wse ”"PJ afolffbon
% éna- o (XY) &W\ (x—@)
] { =
g - —5\43-&&»&—%) - See (x—-a\. [X—S)\
| { e
4= Tz banley () - (x=¢)
| (
d = 03 - tanlxy) see () - (1-¢)
EXFY&S ! b
J
s sl :
% ens tan(xY) e (x 2\7 ens {:om,(x-a) - See (x—a\
y = en.z.%;m\,(x—%) - See ("“23
/ —/- { T -
El. - én3 - tanlx—y) T see (x—a\
Sdlukie 4 i y= logs (x-57) 8
or 95 (x-5%) = fogsx + 69(75-5 = Zagb—x + %
/g = m -+




lecture 21. Review.
&m O (arow.s (1——x1)> = -
X=0 7
1) x=0 2) owrctss ((—x%)— o+ ,
X*20+ —t -
7"1[’ o-
~x*3 /- %
4
3) buf~0+) — k.
{ ==
XZ'”"’ X'L'C%[’i):? 74PE: O DNE 4
R /s
-1 écos(;%) < | g
-x* ke Ve x* = ©u +h ' Leosy =
x—’o/)ﬂi)(-cos(—;)_x e 743 %eezc ) x;;X S X
¥ L¥
0 SIhéx 0 D 7
. i <o 9 NE
im sk~ Tope v oo
X200
=/ _f‘ﬁ'/l.;)(ﬁ / .
_(_ #+hx = 6mx_
;-(_- 5x = 5% X200 X
X DO\/_/ ¥ oo
o 0
Linn, xqu < b X (X—%) _ &m X TupE tonst
X= Y- XL”9Y+I6 - x:n(’,{_ (x-ut)z- XY - X"'"l u O
’ =30
-::7 f u/t v ’ X—, l/— H+l
Figue ot the mynr 2T 0TS
K~ —> u
bm L _ g, @R X
X224 ‘Q'U/tl x__,m(; “ °2_JE = ,7’
1 = v/ v
(X-‘;)'= G Q(_;.L,\q_ X ‘I= &-‘MKQ(’*'L'\"— x'/")‘ﬂ-- + )
h-o !,\, | s o (. ) =
T _ w2
= Ly +h)? - x
h-0o

l"b((X'f“\)*f' + x'/")

_— (()(+LL)7(— x%-)-((¥+k)iz+ X’/L)

h-0
X-f/L— Y

l""([x”‘)% + X'/l')' ((Y—fk)Ll + X ’/Lj
/

/

Z h,-((xH\)Jq_ X'/'f). ((x+k)iz+ X’/L)

AxX1 9y T Y



/eoz’um 23 .
Aeview 3.

2 ?pa o questions:

—WW@S%;Q—‘—?—B—
= 9 \ cahce“A'b'-O"\— ru./e

] Bet mipcl Aorrarns.”

Y ad [T " W |
Canhcellation Kuwles:

Vo \ . .
Cos (arceos x ) =¥ -fov all x n the domqin
X) = r 0= X <€7T.

RX) = or all x n dhe domain

e - or <~_ £ £ -~

. . 2 2
= S =arcsin(x < beeoue arciiny o

o = = X cosfarcios(-X)= cOS —akc cos x
=X-=cCos7]- ¢
#8172 /7 SIn(ares/nx)
X = =X ~Yrue.
Ex- | cos (aveeos (-4)) = -4 5
My _ 9 =2/ cannod apply
W*wﬂ;ws(’ws ?/—. 6 > =) < 5
7 3
Cos) =)= cos/—+ = Cos S 7] — Mh—?“l—-flnﬁz -—=
& 6 & — € — 2
Ny o
ST

arcms/—?): T - a.rows/?/) = J- 27-7=

ﬂ/éﬂhtb éfl/&% g akcws'[_é) =1

&
O
=

Firnol yx Jor whick qd= V £&) continiows .

) £6¢) cont. on o~y 1Jo L1, +o)
//,\TK\L - o‘() we ne telw w i x
/-1 I =2 L6) v e ZO  <&=>
xe i1, Do (122
3) | { = -/ )

——
- | 2




lecture 2y, (moterial Sor after” midtern)

See. ¥ Windrmuwm omnd Maximum Va/ues.

Juppo
/7
prree

¢ Shat The %;n&oréaﬁ A ™\
of Share can be NN

deicrifee, N

When |il 8 & good tLtime o ] ‘ -
Def. /et L&) be a function .

(e) & ity Local miw if P ALY Femsme ) 2 pg)

() s 06 LOCKL MAX i i T 2469
L ' Z o all x
A . ,'_F _’{’(/0/\ >/7‘/_»{/)(/\
(abso/ute) from Fhe domairn

All mox omd run — ,extreme values” of f6)

miolg M

Does EVERY %MC?ZI'O)) bas 1y arnd pras?
S 4eX no as Y=X increases without bound ag

d o X209  agnd
> decreases without Bornod a3 XY= —oo

E‘:X'kkew\u
Whal

e /nferval

Coan 90 wrong 7

q,’\ é wo max on (28]

Discontinmi 'La :

o \‘ >
Open  interval:  if LK) i doppred on ar gpoen snferal
N /{ ho max as f(x) —> oo on +he right
m_o_/". ho min as ‘F('x) —> (0 en He '4.6
;' ? ) heveyr re.aoh\'ha it
NO"’itina Can g0 wrohg with ...
—THE E ) %
S w/
. 1,01,
S B fer gpt o Eed
. /. /] . L
' tocal mw ot X=O

bocal may . ok X=-1, X=2Z

abs. min: gk X=0,




When local or aBs. max and min may oppear?

Exy. = cosX _EL(. = Ix]
— Aw\a.»‘ la wao ¥ nwo o(.tm‘l/a'l:f'l/e at X=0)
| X/M{v\, R ’r\zo > gu)t mih I'S +lﬂem.l

:D_:E- Point e —frovn domain O:F —F(K) s calleq CRITICAL
i-['— _F'(c>=0 OR .(:‘(C) does not exist.

FER M TIS THM ! /'/' C U4 /oca/ U OF IraX Ofor 7[%() =D
C a it crrtreol porhT.
El('. ZF Ua/w ﬁr 7= cos x
crivical poiwds: 1) "= -S/inx =0 9 x= b, €&
3~> "exists enery where
Ex. = /x/ 4 d

X L x>0 /_ / ¥>o
7 ’7[ g = / Ny >
—X /'7/ X220 , X<°

1) derrvative exrst MI'JW"‘W& @XCQP-(-, at %x=0O = a/—/'z‘/'cn//w,',,t

Y=
.Z) derrvoctrve &3 nowhere =0 o’./g_o
Ex. A = x3
21': 3x% | ') =0 <> x=0

But thue iy NO extr. at all.

ﬂm@ horiz. dongent e i Fhere !
Not e,veg erticol Pofh't 1S extrenum “

Tﬂ. If £&) i cont. on CLOSED interval Ta461 then
{  extrermum exists AT ﬁLL) it O
either in a  critical Fofh‘t o Ih XS4 OF 1n X=

.



[.ecfu.ve 2.5.
Finding Absolute extrema of f6) on [a,61]
SeE'- Veai‘r‘a that ‘runc‘{ll'oru i contlinious on the interval la,€1]
Step 2| Moake a list of tecting points:
\> "‘“'DNE ) oL“ c'r\'{:l‘Co«.\ oints
o‘L) ‘F =0 ove \nere_r
3) dubious points
+oke 0h|a. those which Qdor\a to La81
ng3. Evo.lua'be -JC[X) at -quse POih'LS-
SLep . Compore et volus . > e AP S
Simple Ex. 9(0)= 243t 2t +4  on [-9 2]
[ %{ﬂ:) 3 cond. on ["117—]
2. ESTING %I('E) exists ev where. =7wo,,obu@iou.s” porhts
POINTS! 8![_&}____ 61524' 6t—12 = G'/é"'-&)'(é‘/) =0 <&=>
t=-2 and t=i
e; g(-2)=29  g(1)=-3 gly)=-wp g(d)=¢&
: QY > > -3> -2&
Therefore | 2Y- abs. mox amod  —29- abs. min.
Ex  g(n= 2P+3t'-12+4 on [0, 2]

(a,mos‘t the same as obove )6wt the interval c’/i-ﬂeren‘t.

the same as above

2. 'H\ﬂ_ sameée as a‘éove } X= -2 alhol Y =) 3 614.'(: OHIH X= |\ é[olz_]
= eritlcal Poih'l' to consioles: x=1 Oh}%
2 9=y  g()=9 gl)=-3
4. > Y>> -3 = abs. min & —3 and occurs a x=,
abs. ax /S L and occurs o X=o2
7) Kememecr 4o excludde eritical Poih‘ts not g&/ohghua to the interval.
Other wise we wouwld %(—2_)=.‘Z°I omd  abs. max

wowld 6o J—oum.c/ wrohala_




Ex. f;umoose that the amount of mohey in a Bank account.
after 4 gear: Q 31‘veh 6’3 A= 2000 — |0-+.e°" 4
Determine the i and mas atrowunt of 1o /n Zhe
account  during the Frrst 10 yeowe that s cpen.
V“D/eéﬁly 7 E#ﬁanrﬁ)—mziﬁ to The /“”yﬂﬂjc (%MQZAJ
e @l we reed to Ao i Fo dekrrine
abes. miph arde may for Al) on Lo /0]
Slep |l AR) b cont. for atf L[5 0T
2.

Jlep 2 ctitica / points: . 2
¢2/£)= _/Oéé5—%)/4-(/_i/,_0)é)/- (fi_gz
Igliv/* s )l r0e’ 7
Fz, - = —/0-& ?/%L—/-/): O <=> t=1g

only t=2 @e_/ahgr o fo0/0]
- %
Stepd.  A[l1)=2000-20 -2 = % 19966

A/a): 2000 Y0_ /100 Ve
A li0)= 2000 100 -8 T =2000-100- &2 = 1999 99

_{fﬁi?' So Hhe max & 000 and £ Aﬁﬁ/wﬂ: /'m‘zf/'a/{:)az‘ Z=p
the mun  wil be = 799, E& whrch occers al Zhe
< Years Ihark.

Ex- D&‘[Zekmihe_ the aBsolule exirema For Q(g)= 38'(%‘*"4)?_/3

on [-5-1]. 7

Sl‘E_'_- Q(g) iy cont. on [5,-11

S{:GPE Q' = @a)'-(lé#ﬂz/'g + 3»\3 .((84—‘1)%)(:
2/ , iyl

3‘(3“!) ° +3y- (5 ) /3*V> °= Béagq;ls% - %3

v 10 & contiruceol Formprrow .

“Y+h

A’/mncea/ Aome work
g = xees (57
/et W'{e%/ek X=o0 86 @ crrtrcal JPOIHE Or rnot.




Lectl re 26.
E_X. Determine the a8solule exirema for 6?(3)= 38-(%+‘4>L,3
on [-5,-1], 97}»
=9+
Sﬁ-’-‘ a(a) iy cond., on ES’,—(]
l | 2/ z\ |
Stepd. @ = @zﬁ(%wﬂ >+ 34 -((34—‘1)5) =
— 2 - =+
=3[R eoy- (2) (yea)s M2 Fyiz
0 @H)”:’ (yﬂ/)//B
what }'»argr,e ns at a:—q.
Steps.  Q'[-y)= Gm SCHH L — 3LY).0
B A>0 /4 -
= f‘m 3 ‘/A'I")' = 3. Gm (AP~ ) = - oo
20 A3 A-0 \_\0 5 DneE
=> a C/’/lfl.ca/ /pa/'/;zL 2o
BUT! dou can add x=—y Ho the list of 4 s-l-l’ha poin‘ts as
“du iow" one \ without computationg
)= L 2
g?/j)—o <= (7 = “—/5—.- ——>ﬂna7%w cfl'z//'c'ﬁ/,oﬂzaz’.
SHept | Br5)= -t )= —6.29
4r-y)=o0 Q/-1t) e -9.2%9
. . 5 _ 7z
=) /uhn. U ~ —-3, 0029 w‘/&é occur s aZL g—' "5’—'
tnax o — /5 whi b Occer s al =-5.
Rela{:eol, Rotes . Sec. 3.9.
T deoc: A Rate U’f ahou«g,a in 2erms of other rate of chahge-)
" wce chain rule?
EXGMP‘GS ﬁ/'k e/ /oum/ped /n Lo S‘ﬁﬁéf/'cd/ Ba//oor > o
- a rate o;f 5 122 rrstr, Delerrcne 7he rale
at which' & the racliws the Gallocosr 3 /'hc/’gaz/'/?
cober Fhe yarme Lo o Fbe Balbrs o8 ROcrr.
V(lode//,'b_,‘g,, given: , & rate a;f 5 122 mrssr ¥
Pl : Path con e =2 Manfé/ o volume
lqa«i& Ry M @ ﬂ/é’/‘kﬁz//'p w/s i/mﬁ
S| = = Vt)-5
L_/ question: , race ., radices ... when.. o=20"
= find (7)) when r/f)=__;_’= 10

=) n«g,gol Yo relate

V) and r2)-



V(£)= “\%5\'@(&))3 — wmroaf& of—nhofl'an,

%}[ % %) = -é’iJr-BrZ- F'o= gt r!
=  Ygrt =5
=) when r=s0 , we bave  YT-/00-F'=5 => Pl;—f’y/}/—cmm/'h
Ef A /5 foof lfacer i rea//»ga 741//:;—/ #he wald
Jle bottorm a injbaty 10 jet from, Hhe walt

and v Becr /us%&cé Howaoros e wald a2l a
rate of 7’ FL fsec. TTow JMT G the #p of Hhe ‘adbler

/naw'/}f uhp e waly /2 cec after we stard /a,rA/‘/g.

Sée‘)tCIL: Q'. 5 {3th
% eoHo
lO{:eMgE X

Moole:  since distance from The Wa-//, X 4 a’ecfwuz'/g
Jhep, Fhe rate & hrym.‘/i/e: 6(/5))’_ /

— P

7
Be co.re.&u\ with Signs . dhese pImGIuns!

“g",w;&@"—v spead = devvative 1 y'n) < 7
F relactformslﬁiy; Bedween Adwo rvatts: Q((t))z'.(.(%(-t))": (c%

3.
.Tlmt:!- G(IH ,‘Z,x-x’ -+ -2-3 -3' = O
= ot Lime +=12 we howe:
l \
x (1) x\/l/z) + g(l?.)-g (12) =0
~1 7
L
a _ . = 0. L=
) Jg?fk::)a{iseco‘(frsfahce_ = /2 JPWZ /2y =3

= x(ia)=lO- 3 =F

(D) + (4 ()= 15% = mlia)= 1176
(x(2)™ (4

235 = L)+ 0y ()=o
? [‘1) "gl(ll_)g 1»7;
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ta

~

lecture 27.
Tbuo People are 50 -fe,z_t apar‘t':. Ohe 54‘ therm start

wolks nworth. at o rate so that +the ahg le
shown h the olt'a.aram, (s chan flmg at a eonstant
rote rad [min., At what rote /s distance

ge,'lwez.h too prl-e. Jlo.hafwg, when @ = _-?11 radtang

I) let x= x/'é) b distance Getwesy. theo,

X

mo vip rsoh
g re =) 0058=-5% =) sec b= —

X(t
(t) 2) 50
[ s4a-6:'0ha;—(j Pekspy.,
T 50 feet

79 0(4‘”) (Sec@)':(%)' w.r T. h't”

tonb- sech -6 = _5%
v/ JT
:-’o—;', dan L. sece T . p.ol = X /—q—)
! “ 50

[+ V22 0.01:50 = %'(10)
q
X' (%) =% <4 Answer
-.4 +tant uf water 11 a .S/ape of cone. /M}y wa s
st a crstont rate 2 P [lour.  The Base radius of
the Fonk u 5 ft and A 0’?-74 of He core o /9K
7

(a) At what rate g The obpth of Hhe water 1 Fhe
Sart Maly/'fg cwhen Fhe 0@7% of e wa A “@7

6) AL what rate & the radiws  of Fhe 7294 of
+he water Ma}y//?o when Fhe péf/% of . wa A 4 é'ﬁ‘/
.é—;—a__/ 2. 3 s =~/ _
2 A o S V)=~ 2
7 Zinol : B(E) when AH)= ¢

N




Relate The g: vem

derivative frate) W) = '31 aT-r *(2) /LKL‘)
anol the one we are seawdhing
Ure cheun rule: 7' _j'\',lr ' h + -L:lTr L
c “**}vruowh.
Notice H4wo sirm'low A ‘:“_’ A

r-




lecture 28.

Vi Aj%—/ X on Hhe #p of a [l A2 7’2///00/4 ara/
o 5.5 f¢ Zalt persor

y /5 wwa ke aw
pole at a rate of 24 Ssec.

A\N

L) Al what rals o Fe 7‘//: #7‘& Shaoow prou/
dway ¢ '

€) — /) —

Y
Srom The pole  coherr e percon o A5 f
/;am e /;a/c Z
) //_

Xy (//'vm 7!44_
(4 o v

Y ven: Xp =2
T Find:  x! when x.=25
e ‘ P~
55 - .
§§ Similay As
a ~ P <& >
5 Xp. Ag o 12 _ 5.5
X X X s
I‘Q,“X5=515‘X
lo‘l-x; = 5.§-><E
——
dont know
X=¥,+¥s = xsxoixl = x/=¥-2
r \9\\ > 2
\1(,74"&‘):55'\(' . 2M
65x'= 24 X = és
But uo\f\y\ did wol we wse XP=2§'? .
Becomne it tuvned oud Yhok x! & eonstauit . =2 RARE
¢) X{=7 when x, =25
4= el X :
24 2 =) OXE e
L&AW#L@%_&c $3.
 THM T () >0 on an interval = _((x)f,
Tf £'&) <o e D PO
I_F _G(K) =0 Ve s 2 =) —'F()() - “w"Sfa.ht,’




-E_)i. 'De{e_rmihe, a” "Hle ;hll'brva{s Wl"a’e '(:“V‘C- 7\0" N
= X+ yx®
Hl:__ "'4X —~+ b2y __yx"[x 3) — continiouns -{-th_'tl'oh_
’-‘—7 UfH\e. Ohl\i UJO-AA H, can_ ehame, the Slgn u
1o 40 -f/wug/n/ 2ero
g'::o %:'-) ;{:‘O _) 1 . - ' -
VSV
pick. ANY point Prom each inferval
‘ ; amaL check wAe%Zzy ’/'1/>0 or <.
pick | x=-1 for (Fo5,0) = yl-1)=-47%F(/-3) >0
/b,'ok, X= | —f’or (0,?)) = \g’[l):-‘/' /'2'//“5) 70O
piok X =Y fr (3,92) D §l(g)= ~4 9% [b-3) <O
/ ’ v
p A 7\,
T ~ 1 g ! \U\x
—F’I + 0 + 2 _ X
.AM wes ! /ncre ase: (- oo, o) U/a,, 2 )
dectease : (3, +0°)
Kema.rk,: ﬁ'non whf/hu_oa,g 70 mm/ Maﬂyg ‘/ée .r//yﬂz_
a,/w when 70 DNVE
Reca”: \
4':1 A as o OCo oy abs. ) /< OF mih
—-‘HM—W@h C 1S @« cw’-t';l‘ca.} raoih‘L".
EJw(: Recall / {2"‘*3 q':?) T _n &L X =0 —-cw’il‘ca/
> but XxX=0
/ heither rmax  rnor mih.
—Wﬁﬂﬁﬁmﬁm.—
ZECT crRIV Let il cr1Zlica/ porrZ.
7EST Then :

£le) /acd/ oz L L c/aﬂ;a /fa/n—

-_ ¥0 » + mf’ <.

7

//"7" 710 /’_4’ zﬁ .

F£le) bas ﬁegﬁw 4 75” ol oes o7 :Aa/ye_

She ¢



Ex.
hs

Skp!

Skp3

o (o 1
i

%’ has

Finol ABSOLUTE extrema for Y= /x23) on [-55]
e ’WN/J own "Fv(o(o?j (Sec y. l) ‘

g/= ox , X33 Sep 2 /Tcs-l—,f;\% pom—bs:/
._.a?X) X2£5 |)4g,:o o*z) 7 DNVE
X< O X= =+ 03

3) Fnol points;  x=-% amd  x=5

(d(O): /0'.3/':3 5 ABSOLUTE Mot 22
a(iﬁ)r—la—sho mahl 0,

M (15) = [as-»] = 22
Zinol-all LOCAL extrema for G- XZ3) on [-55]
Gritical points ; X=0 ), x=+03

wt O’ +93  On -———DX anol determine s;'gm

On +he fh-/cyva_‘ﬁs @J Pic,kfrzy ve lues

local max
> 1 - +A

/

$a
cal gl
local s Y=o at x=+03 mihh min

LOCCL[ maxs : sz al x=o



lecture 30 . Sec 43

Cbhcavi‘t TQS{Z ]7[‘ _('”/X)>O on | = < oI
gle: I :
If f'6d<0 on I ~ onl
In(’lco'l.l'On Toint: x=c fgr cont. —Fuw\c_-&l'oy. ,F(x) ,'_F wncmu'%

c,’/low\%% at X=c .

Second Derivative Test: I# ,F'(C§=O 5 ,F”(X) — eont.”

c

') 70 &  LocaL MIN. o/
fU(c)<o =  LOCAL MAX.

'F“ (c\ =0 = no conclusion .

— F'(£)=o

')
A1'£ (" ﬁ Dets )(:o,_Z— Q the /70/');/ af
/ = Infle Aron £
2 |’T’ no!
3
\f&‘“ A\m x=_E"IDCa{ extie rmo Jor -FG‘)?~

_..-;'+'|-|-/ fl +7;"__7‘ ,.),a,q/om/
£ N i

Iv\ 'H\\'s Pakfl'ou./auy case wWe e \/e_h'-Fa His :

1

WX
AL
e
I N

Z %albizla/ s Bule. Sec. 4. 9.

THN: el p 49 0 2= gy o4, 1
0

X oo 8(") =9 \’X"a'g,l
E whele a w‘aa be o0 I'F /e:x,‘s-l.s ov too
X. " SihX 07 _ p.  sx
=X A 22 2] = b= =



Indeterminate Product [o- (+o0) |
EZ.: ’Zm, x-e”: [—m- 0] gm, e” — [.,_J._

\(

X—> - X — —C© ’/ X
X—JJ oo I/X [_—J X—-?-—oo+ /X3 "
=) "‘V\& ana‘ll}‘)-elf ‘Fuhctl'oh Ih He an

=bm Xy o[22 ) =dim =g O

L’H Can 64 Lnatolaq Ih
Ex. Gim X = =] oo J

- X2 oo ; l
led = XF D b bim = 8 Gin X bax =
3 X—”r;«3 X"‘” X7 0o
- =l G [ 2 ]l
= \LQ{M% =\ X=TO )(—-"ba
\..')m
X
Ei’ /Ihﬂ' (Lzan)(>ws ::[0 0_7 /eZ /yz (ﬁany)wjx
=
o o
/‘(
llm |V1,La = (\\M, Ccos X /h, [-éany> = [0. -fmj:
s i L e
\y
— i, Inlanx) i7z°
)/-):7ZT_ See X AN
-/ ! . Seetx /
= fim  Tam X Jeex . Zax
o 7
‘/' osx / . cos X R
R e R e C bl P

2

=) lqswek : /.




Wore

la

CLOsE
ThM

OP-l-imiia'l:l'on. Sec. Y. 3.
X Proelws u)L)le we obe IO.,L_,';.\,,S '{OV a sma”&f or
"Hna.‘é' o '-}Mhn.{\'wh uJOM.(o( '{'Q/CQ_

At volue

DT D wual onowb.«raxTorlrha points  enodl points.
c-evib point i flvo por x<e _ x=c
f- conts T amd flio gor x5c | ABS.
1— Olha ;h"elf\/a’ MAX .
it fleo fpor x<e __ x=c
andl 150 for X>c AB.S.
mins .
lecture Al

Wh ich  dimensions of a reciamg(e inscribed in a riaht A

ui'H-, cm’/evf/' 5 and & maximize its avea !

des o [ are paralle] o the legs [=ca—fhe—h') of A.
B

/|

2) g= X1

N 3)77—;-.0/ con v Pop re 4_7//7 x ard &
AL l ¢ s/rn/'/ar A-s /N_H _ 5—-X
H x C P =
5 i 7
/y= -5_—[5—X>
- g
=) A= X-= . (5-x)
4 L 6., 6/ 5
)H—X—;x—;ff_x)
5) Ch"fl'Con/ poihfa; A'DNvE % A'—.:O => x::zs—-
6) Find —interals xe(6,5) — open
q) /4'00"56- K"'g' critical — use eria-"l'anoj%\rs’{‘ des, Hest (7‘”' afove)
7[ ;/, \( — far 04)(45 we  have /4/_>0
7£l ° + 25- = for f‘X < we hlave A'Zp
= akbys. max. or . /19/5')
ﬁhswer: X =

) = 3 _ _
RN SO Vb &




9500 m=2

_E_)i- gﬂ/armer wants 7o fence o# al/recz’ahga_/ay 74?,/0/ Wa 7
Aivs ?lr/'yer. The prie a//'/nvéa///% Fe Serna a? e /}a”%

srele B [.E6 Fimes par m move Fhan the other “4wo.

What showlod be 7T é”j% bf the frafﬂ’ oty sv Hhat

the cos?  wounlo be Min;rmal?

(/11717 7))

<00 FL)=Frice (4) =t6A+~ 2+ A~ —?f—w- 2
I Pl(1) =16 A —2A -mo-z/z =
L
Plry=A(/6 L, —20900) /1>
10
Crittcal points: 4=¢ et L >0
Plly=0 <> | = Jaousws as  L>0
\6
3
L= 10 Jussg = #5X3 . 35
4 Y
Lvterve /' (0, ¥500) — open
R
} t —
b o\ IS 4so0

—s absolute punipwm on (0,4500)
Fhswer; 45

fntides/vatives. Sec. 4.9
?_e_'f' ?—M aﬂﬁ-/ﬁ/'Va‘//-Vé 0‘% 7Z on I /'_IZ ;—/:7? on .I_

kt Fefeg' = (F-¢)'so = F-6=c
. u m Besr
= If one /{inows one an't‘-idu/i\ra-éive) F&) num
a” others can Ge woritten Q4 ‘F&)4—Q.,

—J
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