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Example 1: A icosahedral (i.e., 20-sided) has two sides marked 1, two
sides marked 2,. . . , and two sides marked 10. We would like to test if the
dies is fair or not on the basis of the results of 200 independent throws of
the die. The results of the 200 throws are shown in the table below:

Observed No. of Expected No. of
Face no. Samples, fi Samples, npi (fi � npi)2

(fi � npi)2
npi

1 17 20 9 0.45
2 19 20 1 0.05
3 26 20 36 1.80
4 18 20 4 .20
5 16 20 16 .80
6 23 20 9 0.45
7 21 20 1 0.05
8 24 20 16 0.80
9 20 20 0 0.00
10 16 20 16 0.80

200 200 5.40

If the die is fair, then the probability of each number from 1 to 10 is
2/20 = 0.1, so we expect that on everage, in 20 independent throws, each
number turns up 20 times on average. The question we ask, then, is whether
the set of observed fi is compatible with the null hypothesis that the die
is fair...that is that pi = 0.1 for each i. We note that npi � 5 in all cases,
and apply the �2 test. In this example, the number of bins is 10, and the
distribution we are testing is fully defined, so the �2 statistic is expected to
have a �2 distribution with 9 degrees of freedom. From the computation in
the above table we have that the value of the statistic here is

10X
i=1

(fi � npi)2

npi
= 5.40.

From the table of the tail probabilities of the �2 distribution in the lab
sheets, we observe that for 9 degrees of freedom and a 5% level of signif-
icance, the threshold value for the test is 16.92. Since the observed value
is 5.40 which is less than 16.92, we accept the hypothesis that the die is
fair (i.e., that the probability of each number is 1/10) at the 5% level of
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significance. Put another way, the results of the throws do not contradict,
at the 5% level of significance, the null hypothesis that the die is fair.

It must be pointed out that it would be quite incorrect to state, for
example, that we know the die is fair from the above results—accepting a
hypothesis that the die is fair is not a claim that the die truly is fair, just as
rejecting a hypothesis in a statistical test is not a claim that the hypothesis
is truly incorrect. We must be careful in writing conclusions to avoid any
such extravagant claims from a statistical test. Statistical tests rarely permit
such absolute conclusions.
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Example 2: In telephone system engineering, knowledge of the distribu-
tion of the load of telephone calls being placed is important when deciding
how much capacity for handling calls is to be installed. It is believed that
the number of telephone calls placed in a given time interval is accurately
described by the Poisson distribution. In this description, the probability
that k calls are placed in a given interval is

µk

k!
e�µ,

where µ is a parameter of the distribution (which is the average number of
telephone calls that could be expected in the interval). In an experiment,
the number of calls placed in a two minute interval in a certain telephone
o�ce was monitored for 100 such nonoverlapping intervals with the results
reported below. The telephone engineers would like to validate the Poisson
model they use for the frequency of telephone calls, and so would like to
test the above distribution against the observed data. No assumption is
being made about the value of µ.

No. of Observed No. of
Calls Placed 2 min. Intervals

0 1
1 5
2 16
3 17
4 26
5 11
6 9
7 9
8 2
9 1

10 2
11 1

100
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The parameter µ of the model is not known, so it must be estimated.
Given the interpretation of µ as the mean, a good estimator of µ would
be provided by the sample mean. From the data in the above table, the
average number of calls per interval is found to be 4.20 which is our estimate
of µ. With this choice of µ, we have then that the model predicts that the
probability that there would be k calls initiated in an interval is given by

pk =
(4.2)k

k!
e�4.2.

Thus for 100 intervals, we would expect 100pk two minute intervals would
be found in which k calls were placed on average (for k = 0, 1, 2, . . .). The
table below lists the observed frequency and the predicted frequency of k
calls in a two minute interval.

No. of Observed No. of Expected No. of
Calls Made 2 min. Intervals 2 min. Intervals

0 1 1.5
1 5 6.3
2 16 13.2
3 17 18.5
4 26 19.4
5 11 16.3
6 9 11.4
7 9 6.9
8 2 3.6
9 1 1.7

10 2 0.7
11 1 0.4 [� 11]

100 99.9

In order to use the �2-goodness of fit test we cannot simply compute
the �2-statistic and compare it to a threshold determined from the distribu-
tion function tables for the �2-distribution, since the �2-statistic is closely
described by the �2-distribution only when at least 5 observations are ex-
pected in each cell. To achieve this we simply group observations into cells
(lumping the case of k = 0 and k = 1 together as well as the cases of k = 8,
k = 9, k = 10 and k � 11. [Which cells are grouped with which is some-
what arbitrary.] This produces the table below from which we see that the
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�2-statistic for our grouping into 8 classes has the value 6.257.

Observed No. of Expected No. of
Samples, fi Samples, npi (fi � npi)2

(fi � npi)2
npi

6 7.8 3.24 0.415
16 13.2 7.84 0.594
17 18.5 2.25 0.122
26 19.4 43.56 2.245
11 16.3 28.09 1.723
9 11.4 5.76 0.505
9 6.9 4.41 0.639
6 6.3 0.09 0.014

100 99.9 6.257

Since one of the parameters of the model was estimated, the �2-statistic
we have is supposedly well described by a �2-distribution with 8�1�1 = 6
degrees of freedom. If we test at the 5% level of significance, the threshold
for the test is found from table in Appendix B to be given by 12.59. Hence
we find that the observed data is consistent with a Poisson distribution
hypothesis for the number of telephone calls placed in the chosen interval in
the particular telephone o�ce at the 5% level of significance. We have also
estimated the appropriate parameter for the Poisson distribution to apply
is µ = 4.2.

Note that this test is NOT the same as having tested for the observation
being described as a Poisson distribution with mean 4.20 (the value 4.20 is
assumed fixed before the observations were made and is only exactly the
sample mean by a lucky coincidence). If we were making this test, the
computation of the �2-statistic would be exactly as above, but this statistic
would be described by a �2-distribution with 7 degrees of freedom, for
which the threshold increases to 14.07 at the 5% level of significance. This
test is also passed, from which we would be able to state that the observed
data is consistent with a Poisson-distribution-with-mean-4.2 hypothesis for
the number of telephone calls placed in the chosen interval in the particular
telephone o�ce at the 5% level of significance. (The di↵erence here between
the two tests is that we are testing the value of the mean as well as the
distribution shape, while in the first test we are only testing for the shape
of the distribution; had the sample mean not been 4.20, the computations
of the �2-statistic would be di↵erent for the two tests.)
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