MAT 1320 A Fall 2011 October 5th, 8:30 Prof. Nevins

Solution:
1. [2 points] Solve for x: €**° =27 (Hint: use In.)

Solution:

35 = 27 = In(e*1°) = In(2%) = 3z + 5 = 2In(2)
=3z —zIn(2) = -5 = z(3 — In(2)) = -5
B -5
T3 T

Grading scheme: Deduct 1 point for each error (to a minimum of 0).

2. [3 points| Evaluate the following derivatives:
(a) . (3:6 + Te —\/E—l—ﬁ) =

Solution: q
We use the linearity of the derivative, that is: d—( f(z) + g(x))
T

d df
(el (@) = (@),

df

dg
= @(x) + —(x) and

dx

5 d d d d /5
—(33:4—1—76”0—\/54—;):@(3 4)+@<7€x)_£($1/2)+£<ﬁ>
o d oy d ood o, d
—BdI(:c)+7d$(e) dx(x )+5dx(a: )
=3 (4953) + 7e* — <%x1/2> +5 (—Zx’?’)

1
= 1222 4+ Te® — 5:5_1/2 — 10273



Grading scheme: Each derivative is worth 0.5; but deduct 1 point for “+c¢” (minimum

0)

d "/ 1 ; B
o[ () o
Solution:

d xX
We apply Part I of the Fundamental Theorem of Calculus, that is, e / f(t)dt = f(x)

whenever f is continuous. Thus
d [/ 1 . 1
— — —¢ | dt=——¢€"
dz /2 (\/z_f ) VT

Grading scheme: 1 point for correct answer (independent of method use to obtain it);
deduct 0.5 for “4¢”; deduct 0.5 for answer in ¢ rather than  (minimum 0)

4
6

3. [2 points] Evaluate / (7696 —Vr+ —4> dx.
1 x

Solution: , ,
We first use the linearity of the integral, that is, / (f(z) 4+ g(x))dz = / f(z)dx +

b b b
/ g(x)dx and / (cf(z))dz = c/ f(z)dz. Then, we use Part II of the Fundamental

Theorem to evaluate the resulting s%mpler integrals.

Grading scheme: 0.5 for each of the 3 correct anti-derivatives and 0.5 for correct final



answer. FKither decimal approximation or exact answer accepted. Write “simplify” if
student does not simplify; points will be deducted on Midterm #2.

4. [2 points] Which of the following expressions is the right Riemann sum with n

1
subintervals for estimating the value of the integral / sin(v/z) dx ?
0

n n—1 n

A: Zsin (\/%> % B: Zsin (ﬁ) % C: Zsin( %) %
i—1 i=0 i—1
n n—1

D: g sin (\/%)
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Solution:
Since
f(x) = sin(v/x)
1—-0 1
Ax = = -
n n
and
) )
r,=— for 1=0,1,2,...,n,
we have

S|

T YT oY

1
n
i=1 i=1

)

Grading scheme: 2 points; no partial credit. Only one answer may be circled.

The correct answer is thus A.

5. [2 points] Consider the velocity data of a car in the table below.

t(s) 0 |2 |4|6 |8
v(m/s) | 14|10 |8 | 2| 4




Compute the left Riemann sum with 4 subintervals of fogv(t) dt. Include the unit of
measurement in your answer.

Solution:
Since Ax = 2, we have

Ly = (0(0) + v(2) + v(4) + v(6)) Az = 2(14+ 10 + 8 — 2) = 60 m

Grading scheme: 1 for correct formula/expression, 0.5 for correct number, 0.5 for correct
units.

6. [2 points] Suppose
9 9
/ flz)dr =3 and / f(z) de = —4.
0 7

7
Evaluate/ (3f(z) +2) dx.
0

Solution: , )
We apply the property that / f(z)de = / f(z)dx +/ f(z)dz.

Here, we have
/OYf(x)dx:/ng(x)dx—ﬂgf(x)dng_(_4):7

Thus, by linearity of the integral, we have

/07(3f(x)+2)dx:3/07f($)dx+/072dx:3(7)+(2$)|Z:21+14:35.

Grading scheme: 0.5 for formula to find the required integral of f; 0.5 for correct value;
0.5 for expanding the integral as a sum; 0.5 for final answer.

7. [4 points]

(a) State the definition of the derivative of a function f at an arbitrary point x in the
domain.



Solution:
The derivative of f at a point x in the domain of f is

o) — 1 L) = @)

h—0 h

if the limit exists.

Grading scheme: 1 point. Write “if limit exists” if this is missing but do not deduct.

2
(b) Use the definition of the derivative to find f'(z) if f(x)= 521" Write your
solution correctly, logically, and clearly.
Solution:
2 2
. flx+h)=f(x) .. 3(x+h)—1 3xr-—1
/ _ _
Fo=m——  ~ h
 lim 23z —1) = 2(3(x +h)—1) - —6h
hs0 h(3(x+h)—1)Bx—1) =0 h(3(x+h) —1)(3z — 1)
—6 —6

=1
hoo 3w+ h) — D)3z — 1) (3z — 1)2
whenever x # 1/3 since 3(x +h) —1 -3z — 1 as h — 0.
Grading scheme: 1 for correctly plugging the function into the formula for the difference

quotient, 1 point for successful simplification of the difference quotient, 1 for correct final
limit.

8. [3 points] We are given the function

x? ifo<z<?2
g(x) =144 if2<z<4
1222 if4<x <&

Evaluate f08 g(z) du.

Solution:



We split this integral into regions upon which we can find an anti-derivative, and then
apply the Evaluation Theorem.

/OSQ(LL‘)dx:/029(x)d:c—|—/Qzlg(x)dx—i—/jg(gg)dm
:/OQxde—l—/244da:+/48(12—2as)da:
-3

+ (dz) | + (122 — 2?)
_ (§ —o> 1 (16 — 8) + ((96 — 64) — (48 — 16))

0 2 4
3

32

3

Grading scheme: 1 point for breaking it into parts; 2/3 for solving each integral either
by finding the area or by finding an anti-derivative



MAT 1320 A Fall 2011. October 5th, 8:30 Prof. Nevins

Solution:
1. [2 points] Solve for z: €**~* =3%. (Hint: apply In.)
Solution:

e =3" = In(e* ) = In(3") = 27 — 4 = 21In(3)
=2r—zIn(3)=4=2(2—-1n(3)) =4
4

=)

Grading scheme: Deduct 1 point for each error (to a minimum of 0).

2. [3 points] Evaluate the following derivatives:

d 5 . 3\
(a)%(QI + 7Vr — 2e +ﬁ)_

Solution: q d d
We use the linearity of the derivative, that is, that d—(f(x) +g(x)) = d—f(x) + d—g(x) and
x x x
d df
Lies@) =)
d 3 d d d d (3
il 2 5 _2 x -~ _ 2 5 el o 2 T el -~
dm(w+7\/_ 6+x2) dx<$)+dx(7\/§) dx(€)+dx<x2>
d d d d
=92 — (2° — (22 99— (e® &2
dx(x)+7dx(x ) dx(e)—i-?)dx(:c )

=2 (5904) +7 <%x1/2> —2e"+3 (—2:1:’3)

7
= 10z* + ix_l/z — 2¢* — 68



Grading scheme: Each derivative is worth 0.5; but deduct 1 point for “+c¢” (minimum

0)

d [* 1
b) — —— 42 dt =
( )d:c/5 (w‘?’* €>
Solution:

We apply Part I of the Fundamental Theorem of Calculus, that is,

— / f(t)dt = f(x) whenever f is a continuous function. Thus

d /“”( 1 t) 1
= (== +2t) dt = ——= +2¢°
dr J5 \vt3 Va3

Grading scheme: 1 point for correct answer (independent of method use to obtain it);
deduct 0.5 for “+c”; deduct 0.5 for answer in ¢ rather than z (minimum 0)

S 4
3. [2 points] Evaluate / <8\3/§ — be’ + —3> dx.
. x

Solution:

b
We use the linearity of the integral to simplify the question, that is, we use / (f(x) +

g(x))dz = /bf(x) dz + /bg(x) dz and /b(cf(x))dm - c/bf@) da. Then we apply

Part IT of the Fundamental Theorem to evaluate the resultinga simpler integrals.

/1 (8\/_—56 +—= )dz_/ls(g\e/g) dx_/18(56x)dx+/18<%) s

—8/18(x1/3) da:—5/18( )dx+4/8(93_3) da
:8(2x4/3> j—5(e’”) (——:1:
6(8%—1)—5(e®—e)—2(87%—1)= %—5(6 —e) (~—14799.23)

Grading scheme: 0.5 for each of the 3 correct anti-derivatives and 0.5 for correct final



answer. FKither decimal approximation or exact answer accepted. Write “simplify” if
student does not simplify; points will be deducted on Midterm #2.

4. [2 points] Which of the following expressions is the right Riemann sum with n

1
subintervals for estimating the value of the integral / sin(v/z) dx ?
0

n n—1 n
A Dsn(yR)E B Yan(yi)d o Tsi(yi)
i=1 i=0 i=1
n n n—1
D: ZSin (\/%) % E: Zsin <\/%> % F: Zsin (ﬁ) %
i=1 i=1 i=0
Solution:
Since
/(@) = sin(v)
1— 1
Ar = 1-0 = —
n n
and
{ .
ri=— pour 1=0,1,2,....n,
n
we have

e Sorosse- S ()

The correct answer is thus C.

S|

Grading scheme: 2 points; no partial credit. Only one answer may be circled.

5. [2 points] Consider the velocity data of a car in the table below.

i) J0[3]6]9 12
v(m/s) |2|5|1]-2]-3




Compute the left Riemann sum with 4 subintervals of f012v(t) dt. Include the unit of
measurement in your answer.

Solution:
Since Ax = 3, we have that

Ly = (0(0) +v(3) + v(6) + v(9))Az =3(2+5+1—2) = 18 m.

Grading scheme: 1 for correct formula/expression, 0.5 for correct number, 0.5 for correct
units.

6. [2 points] Suppose

/05 fx)dr=—-5 and /25 f(z) dz = 3.
Evaluate /0 2 (2f(z) — 4) d.

Solution:
We use the property that / flz)dz = / f(z)dz + / f(z)dz. Here,

/f dx—/f dx—/f r=-5—-3=-8

Thus, using the linearity of the integral, we have

/(2f() dx—2/ f(z dx—/4dx—2( 8) — (4x)}0——16—8:—24.

Grading scheme: 0.5 for formula to find the required integral of f; 0.5 for correct value;
0.5 for expanding the integral as a sum; 0.5 for final answer.

7. [4 points]

(a) State the definition of the derivative of a function f at an arbitrary point x in the
domain.



Solution:
The derivative of f at a point x in the domain of f is

o)t L) = @)

h—0 h

if the limit exists.

Grading scheme: 1 point. Write “if limit exists” if this is missing but do not deduct.

(b) Use the definition of the derivative to find f'(z) if f(z)= 5 ?ii-l . Write your
T
solution correctly, logically, and clearly.
Solution:
3 B 3
flx+h)— flx) . 2@ +h)+1 2z+1
/ _ _
L N h
— lim 32 +1) =32 +h)+1) lim —6h
Ch=0 R +R)+ 1Dz +1) =0 h(2(x +h) +1)(22 + 1)
—6 —6

h—0 (2(x+h)+1)2z+1) (224 1)?
whenever z # —1/2, since 2(z + h) + 1 — 2z + 1 when h — 0.
Grading scheme: 1 for correctly plugging the function into the formula for the difference

quotient, 1 point for successful simplification of the difference quotient, 1 for correct final
limit.

8. [3 points] We are given the function

—z? ifo<xz<?2
g(x) =< —4 if2<zr<3
20 —10 if3 <z <6.

Evaluate f06 g(z) dx.

Solution:



/OGQ(I)d:BZ/OQQ(x)dx+/239(:v)dx+/369($)d$

2 3 6
:—/ x2dx—/ 4dx+/ (2z —10) dz
0 2 3

:_<‘%3) Z—(4$) z+(x2—10x) i
:_(§—0>—(12—8)+((36—60)—(9—30))
__»

3

Grading scheme: 1 point for breaking it into parts; 2/3 for solving each integral either
by finding the area or by finding an anti-derivative



MAT 1320 A Fall 2011. October 5th, 8:30 Prof. Nevins

Solution:
1. [2 points] Solve for z: e*™* =27. (Hint: apply In.)
Solution:

e =2"=In(e**) =In(2") = 4 —r = xn(2)
=4=z+zn(2) =4 =2(1+In(2))

B 4
R P YC)

Grading scheme: Deduct 1 point for each error (to a minimum of 0).

2. [3 points] Evaluate the following derivatives:
d , 3

(a) — (5958 + 5/x — 5e” + —) =
dz x

Solution: 1
We use the linearity of the derivative, that is, that d—(f(x) +g(x))
x

d af
—(ef(@) = ()

_df
dx

(x)+ j—i(m) and

A s isom_ser 3 = L mesy o+ Loy - Lpery 4 L (3
dx(m +5v/x 5e+x)—dx(5x)+dx(5\/5) dx(5e)+d$ »
— i 8 i 1/3\ i T i -1
_5dx(x)+5dx(x ) SdI(e)—l—BdI(x)

=5 (8:67) +5 (%xQ/?’) —5e* +3 (—:L"Q)

5
= 4027 + §x_2/3 — Be® — 32



Grading scheme: Each derivative is worth 0.5; but deduct 1 point for “+c¢” (minimum

0)

d [* 3
b) — e — — ) dt =
OF Y ( ﬁ)
Solution:

We apply Part I of the Fundamental Theorem of Calculus, that is, that di / f)dt =
x a

f(z) whenever f is a continuous function. Thus

d * 3 3
— 3¢l — ) dt =3¢ — ——
daz/l ( ﬂ) C T

Grading scheme: 1 point for correct answer (independent of method use to obtain it);
deduct 0.5 for “4c¢”; deduct 0.5 for ¢ instead of  (minimum 0)

4
3

3. [2 points] Evaluate/ (6\/_— 2e” 4+ —2) dx.
1 T

Solution:

b
We use the linearity of the integral, that is, the properties that / (f(z) 4+ g(x))dx =

/ f(z dx+/ g(z)dz and /b( f(x)) dx:c/bf( ) dz, to simplify the question, and

then we apply Part II of the Fundamental Theorem to evaluate the resulting, simpler
integrals.

/1<6\/_—26+3) = 14(6\/_)dx—/14( dx—l— < >
/14 1/2) / dx+3/

(3o
_ 121

=442 —1)—2(e"—e) =34 —1) = - —2(c'—e) (~-T351)

@

1

Grading scheme: 0.5 for each of the 3 correct anti-derivatives and 0.5 for correct final



answer. FKither decimal approximation or exact answer accepted. Write “simplify” if
student does not simplify; points will be deducted on Midterm #2.

4. [2 points] Which of the following expressions is the left Riemann sum with n

1
subintervals for estimating the value of the integral / sin(v/z) dx ?
0

A: iilsin (@) 1 B: Zsin <\/%) = C: Zsin <\/%> 1
D: gsin (ﬁ)
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Solution:
Since
f(z) = sin(v/x)
1-0 1
A= — = —
n n
and
) )
ri=— pour 1=0,1,2,....n,
n
we have

L, = ;f(a:i_l)Ax = ;Sin (\/ ! ?_1 1> %

The correct answer is thus D.

Grading scheme: 2 points; no partial credit. Only one answer may be circled.

5. [2 points] Consider the velocity data of a car in the table below.

i) 1013 6[9]12
v(m/s) |-7T|-2|14]5




Compute the right Riemann sum with 4 subintervals of f012 v(t) dt. Include the unit of
measurement in your answer.

Solution:
Since Ax = 3, we have

Ry = (v(3) +v(6) + v(9) +v(12)) Az =3(—2+1+4+5)=24m

Grading scheme: 1 for correct formula/expression, 0.5 for correct number, 0.5 for correct
units.

6. [2 points] Suppose

4
Evaluate/ (3f(z) —2) dx.
0

Solution:
We apply the following property of the integral: / f(x)dx = / f(x)dx + / f(x

This gives
/f dx—/f dx—/f r=—-6—-3=-9

Thus, using the linearity of the integral, we deduce

/O(3f(:p)—2)dx:3/0 f(x)dx—/o 2dz = 3(—9) — (22)|) = —27 — 8 = —35.

Grading scheme: 0.5 for formula to find the required integral of f; 0.5 for correct value;
0.5 for expanding the integral as a sum; 0.5 for final answer.

7. [4 points]

(a) State the definition of the derivative of a function f at an arbitrary point x in the
domain.

Solution:
The derivative of f at a point x in the domain of f is

o) — 1 LE D) = )

h—0 h




if the limit exists.

Grading scheme: 1 point. Write “if limit exists” if this is missing but do not deduct.

4
(b) Use the definition of the derivative to find f'(z) if f(z)= P 1 Write your
x p—
solution correctly, logically, and clearly.
Solution:
4 4
. fle+h)—f(x) . 5(x+h)—1 br—1
/ _ _
fo=m—— = h
4Gz —1)— 4GB +h)—1) —20h
= lim = lim
h—0  h(5(x+h) —1)(bx —1) h—0 h(5(z + h) — 1)(bx — 1)
. —20 —20
= lim =

h—0 (5(x +h) —1)(bz —1) (bz —1)2
whenever = # 1/5 since 5(z + h) — 1 — 5z — 1 when h — 0.
Grading scheme: 1 for correctly plugging the function into the formula for the difference

quotient, 1 point for successful simplification of the difference quotient, 1 for correct final
limit.

8. [3 points] We are given the function

222 fo<z<l1
g(x) =<2 ifl<z<4
—2r4+10 if4<z<8.

Evaluate fog g(z) dx.

Solution:



/ :/o g(x d:x+/ ($)dx—|—/489(x)dx
:/ 222 dx—i—/ 2dx+/48(—2x+10)dx

4 8
+ (—2* + 10z)

4

()]

—9 (% —0) —2) + (=64 + 80) — (—16 + 40))
4
3

Grading scheme: 1 point for breaking it into parts; 2/3 for solving each integral either
by finding the area or by finding an anti-derivative



