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[10] 1. Indicate true or false. No further explanation needed. You will get 1 point per
correct answer, 0 points for an incorrect or no answer.

T (a) Multiplication by the matrix

[
0 −1
1 0

]
rotates vectors in R2 anticlockwise

through an angle of 90◦.

F (b) If A and B are invertible n× n matrices, then (A + B)−1 = B−1 + A−1.

T (c) If A is an m × n matrix, b a vector in Rm and p a vector in Rn such that
Ap = b, then every solution x of Ax = b can be written as x = p + w, where
w is some solution of Aw = 0.

T (d) Any linear transformation from Rn to Rn that is one-to-one must also be onto.

T (e) The columns of any 3× 4 matrix are linearly dependent.

T (f) A subspace of a vector space contains at least one element.

F (g) The null space of an m× n matrix A is a subset of Rm.

T (h) Let B = {b1, . . . ,bn} be a basis for the vector space V . Then the coordinate
mapping x 7→ [x]B from V to Rn is a one-to-one linear transformation.

T (i) If A is an invertible n× n matrix then dim Nul(A) = 0.

T (j) The rank of a matrix is the dimension of its row space.
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[4] 2. Complete the following definition:
Let V be a vector space and B = {b1, . . . ,bp} a set of vectors in V . Then B is a
basis for V if . . .

1. The set of vectors B is linearly independent; and

2. The set B spans V . That is, Span {b1, . . . ,bp} = V .

3. Throughout parts (a), (b), (c) and (d) of this question, let the matrix B and the
vector v be given by

B =


1 2 3 4
0 1 1 2
2 −1 1 −2
3 1 4 2

 , v =


5
2
0
5



[2] (a) Find a such that the vector x =


a
a
a
a

 is a solution of Bx = v.

Note that x = a


1
1
1
1

. Hence, Bx is equal to:

Bx = a


1 2 3 4
0 1 1 2
2 −1 1 −2
3 1 4 2




1
1
1
1

 = a


10
4
0

10

 .

From this right-hand side, we conclude that Bx equals v only for a = 1/2.
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[5] (b) Find the solution of the homogeneous equation Bx = 0. If there are free
variables, express the solution in parametric vector form.

Row reduce the augmented matrix [B |0 ]:
1 2 3 4 0
0 1 1 2 0
2 −1 1 −2 0
3 1 4 2 0


1
1

R3 ← R3 − 2 ·R1

R4 ← R4 − 3 ·R1

∼


1 2 3 4 0
0 1 1 2 0
0 −5 −5 −10 0
0 −5 −5 −10 0


1
1

R3 ← R3 + 5 ·R2

R4 ← R4 + 5 ·R2

∼


1 2 3 4 0
0 1 1 2 0
0 0 0 0 0
0 0 0 0 0


R1 ← R1 − 2 ·R2

1
1
1

∼


1 0 1 0 0
0 1 1 2 0
0 0 0 0 0
0 0 0 0 0

 .

This reduced augmented matrix represents a consistent system of (effectively)
two linear equations: x1 + x3 = 0 and x2 + x3 + 2 x4 = 0. There are two free
variables. Introduce the parameters s and t in R, such that x3 = s and x4 = t.
Then x1 = −s and x2 = −s− 2 t. The solution of the homogeneous equation is
therefore 

x1

x2

x3

x4

 =


−s

−s− 2 t
s
t

 , for s, t ∈ R.

Expressed in parametric vector form, this is
x1

x2

x3

x4

 = s


−1
−1
1
0

+ t


0
−2
0
1

 , for s, t ∈ R.
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[1] (c) Is the matrix B invertible? Explain (shortly) why/why not.

No, B is not invertible.
An n × n matrix B is invertible if and only if Nul(B) = {0}. It follows from
Question 3(b) that the homogeneous equation Bx = 0 has infinitely many
solutions: dim Nul(B) = 2. Thus, B cannot be invertible.

[2] (d) Give the solution of the equation Bx = v without doing any further row
operations.

Every solution x to the equation Bx = v can be written as the solution
from 3(a) plus one vector in the solution set of Bw = 0 that we calculated in
3(b). See also the (true) statement in Question 1(c).

In parametric vector form, the general solution to Bx = v is therefore
x1

x2

x3

x4

 =


1/2
1/2
1/2
1/2

+ s


−1
−1
1
0

+ t


0
−2
0
1

 , for s, t ∈ R.
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[5] 4. Show that the matrix A =

 2 1 0
1 1 1
1 3 3

 is invertible and give its inverse A−1.

Row reduce the augmented matrix [A | I ] as follows: 2 1 0 1 0 0
1 1 1 0 1 0
1 3 3 0 0 1

 R1 ← R1 − 2 ·R2

1
R3 ← R3 −R2

∼

 0 −1 −2 1 −2 0
1 1 1 0 1 0
0 2 2 0 −1 1

 1
R2 ← R2 +R1

R3 ← R3 +R1

∼

 0 −1 −2 1 −2 0
1 0 −1 1 −1 0
0 1 0 1 −3 1

 R1 ← R1 +R3

1
1

∼

 0 0 −2 2 −5 1
1 0 −1 1 −1 0
0 1 0 1 −3 1

 R1 ← (−1/2) ·R1

1
1

∼

 0 0 1 −1 5/2 −1/2
1 0 −1 1 −1 0
0 1 0 1 −3 1

 1
R2 ← R2 +R1

1
∼

 0 0 1 −1 5/2 −1/2
1 0 0 0 3/2 −1/2
0 1 0 1 −3 1

 reorder rows

∼

 1 0 0 0 3/2 −1/2
0 1 0 1 −3 1
0 0 1 −1 5/2 −1/2

 .

1. This row reduction shows us that A ∼ I, so A is invertible.
2. The inverse is now given by the block on the right-hand side of the reduced
matrix. So

A−1 =

 0 3/2 −1/2
1 −3 1
−1 5/2 −1/2

 .
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[6] 5. Let P be the space of all polynomials.
The sum of two polynomials f and g is defined such that (f + g)(x) = f(x) + g(x)
for all x ∈ R, and scalar multiplication is defined by (c f)(x) = c f(x) for all x ∈ R.
The zero element is the polynomial z such that z(x) = 0 for all x ∈ R.

Given: P is a vector space (do not prove this).
Show that P4, the space of all polynomials up to degree 4, is a vector space.

We first show that P4 is a subspace of P . To that aim, we have to check:

1. that the zero element from P is also in P4. It is trivial that z such that
z(x) = 0 for all x ∈ R is a polynomial of degree 6 4.

2. that P4 is closed under addition. The sum of two polynomials a0 + a1 x +
a2 x

2 + a3 x
3 + a4 x

4 and b0 + b1 x + b2 x
2 + b3 x

3 + b4 x
4 in P4 is

(a0 + a1 x + a2 x
2 + a3 x

3 + a4 x
4) + (b0 + b1 x + b2 x

2 + b3 x
3 + b4 x

4)

= (a0 + b0) + (a1 + b1)x + (a2 + b2)x
2 + (a3 + b3)x

3 + (a4 + b4)x
4,

for all x ∈ R, where the coefficients are real and might or might not be zero.
The right-hand side is again a polynomial of degree 6 4, so P4 is closed under
addition.

3. that P4 is closed under scalar multiplication. The multiplication of a polyno-
mial a0 + a1 x + a2 x

2 + a3 x
3 + a4 x

4 in P4 by the scalar c ∈ R is

c (a0 + a1 x + a2 x
2 + a3 x

3 + a4 x
4)

= (c a0) + (c a1)x + (c a2)x
2 + (c a3)x

3 + (c a4)x
4,

for all x ∈ R, where the coefficients are real and might or might not be zero.
The right-hand side is again a polynomial of degree 6 4, so P4 is closed under
scalar multiplication.

Conclusion: P4 is a subspace of the vector space P . Any subspace of a vector
space is a vector space itself, so P4 is a vector space.


