MATH 2107B TEST 1 February 4, 2016

Only nonprogrammable calculators are allowed.
Duration: 50 minutes. Total marks: 30

NAME (in ink): STUDENT NO (in ink):

PART I: [6] True/False questions. Circle the correct answer in ink.

1. 1f {v;,v,,v5} is independent, S0 is {v; —v,}. [True | False]
2. Basis is a linearly independent set of the vector space that is as large as possible. [True | False]

3. Three vectors in P, can be linearly independent. [True | False]

PART I1: [6] Multiple choice questions. Circle the correct answer in ink.

1. Let A be a 2x4 matrix. The smallest possible value of nullity Aequals to

a)0 b) 1 c)4 d) none of the above

2. Which of the following is a basis of P, ?
B, = {x,1+ x,x—xz}, B,= {l—x,l—xz,x+ xz}

B; = {Ll+x+x2}, B, = {l,Z—x,S—xz,x+2x2}

a) B, And B, b) B, And B, ¢)B;, B, and B, d) none of the above

1(|x]||0

3. LetS=<|-1||1/|2]|;.Whichvalues of x makes S linearly dependent?
01|03

a) x=0 b) x=1 C) x=2 d) none of the above

PART Il11: [18] Long answer questions. Show all your work.

[4] 1.Find abasisof M,, containing the linearly independent set {; ﬂﬁ ;H—Ol ﬂ}

1 11[-1 . .
ANS: The vectors { OHO M O}} are linearly independent and dimM,, =4
0 1||1 Ofj0 1

A vector from the standard basis {1 OHO 1“0 OHO O}} of M,, can be added to extend
0 0/|0 O||2 0|0 1

the given set to form a basis of M, .
Any linear combination of the three given set is given by

A P e PP R T b . In order to check which of the vectors from the
01 10 0 1 b a+c

standard basis is not in the span of the three given vectors (i.e. not a linear combination), we can
solve the following four simultaneous equations.

10-101000][to0o-101 000
01000100/ (01000 100
01 000010/ |00 2 0-1001
101 00001/ (00 0 0-100 1

0 1{(0 O .
Any one of the two vectors {0 0“1 0}} can be added to get the basis as these two vectors are

not in the span of the given vectors.
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1 -21 1 2 1 -2 112

-1 3 0 2 -2 0 1 130
[7]2. LetA= ~ =B.

0 1 1 3 4 0 0 0 01

1 2 513 5 0 0 00O

() [2] Find a basis for the column space of A .
ANS: From the row echelon form of A, the columns #1, #2 #5 have pivots. Therefore a basis for
the column space of A is

1 -2 2
-1 3 -2
o 11| 4
1 2 5

(b) [3] Find a basis for the null space of A.
ANS: From the row echelon form of A, x;, x, are free variables.

Let x; =s, x, =t

Also x;=0.

From the second row, we have x, +x;+3x, =0=x, =—s—3t

From the first row, we have x; —2x, + X3 + X, +2Xs =0=> X, =2(-s—3t) —s—t =—3s -7t

Therefore the solution of AX =0 is given by

[—3s-T7t] 3 7] (3] 7]
—-s-3t 1 3 1 3

X = s =-s|-1|-t| 0 |. So a basis of the null space of A is<|-1|,| 0
t 0 -1 0]-1

. 0 ] 10] [ 0] 101 0]

(c) [2] Find the values of rank A and Nullity A.
ANS: rank A=3 NullityA=2

[4] 3.Let {v,v,,v;} be abasis for a vector spaceV .
a) [3] Show that S ={v;,v; +Vv,,v; +V, +V,}is linearly independent.
ANS:
Let sv; +t(vy +V,)+u(vy +V, +V3) be alinear combination of v,,v, +V,,V, +V, +V,
sV +t(vy +V,) +u(vy +Vy +V3) = (S+t+u)v; + (t+ V)V, +Uvy,
S+t+u=0
Since {vl,vz,vs} is a basis of V , they are linearly independent. Hence t+u=0 (=>s=t=u=0
u=0

Therefore S ={v;,v; +V,,v; +V, +V,} is linearly independent.

b) [1] Is S a basis forV ? Explain.
ANS: yes, since dim(V )=3 and S has 3 linearly independent vectors.
Therefore they span V and form a basis.

[ 3] 4. Determine whether W = {Z ;{J} is a subspace of M,, . Explain.

ANS #1:

. b 10 01
Any vector in W can be expressed as 8 =a +b .
b 2a 0 2 10

. 1 1
ie. W= span{ OHO }} , two vectors of M ,.
0 2|1 0

Therefore, W is a subspace of M,,.

ANS #2:

Show zero vector isin W .

Show that W is closed under vector addition.

Show that W is closed under scalar multiplication. Conclude that it is a subspace.



