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Instructions:

1. Please provide your name, student number and signature below.
Last Name ___| : Given Names
Signature Student Number _

2. This examination contains 17 pages. Please report any missing pages to the proctor. Pages
15, 16 and 17 contain tables of Laplace and Fourier transforms and a summary of Founer
series. These pages may be detached for easier viewing.

3. Problems 1 - 14 are multiple choice, worth 3 marks each. Circle the correct answer. Only the
answer will be marked. In problems 15 - 20, show your work.

Problem | Maximum Mark | Mark
1-14 42
15 ' 10
16 10
17 9
18 10
19 9
20 10
Total 100
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1. L{e % cos(3t)} =

e—23
8249
s—2

(b) (s—2)2+9

s+2
©) Grap+o

s+2
s24-9

(e) None of the above.

2. L{tsin(2t)} =

2
(s—1)2+4

S
(2 + 4)2
5
(2 +4)?

4s
(s% +4)2

(e) None of the above.

(d)

Name

j/)
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He~4s
-1 _
3. L {32—3—6} -
(a) u(t—4)[* - e

(b) u(t —3)e¥ — u(t — 2)e~2

(c) e3t—9) _ o=2t-4)

(d) u(t —4) [3¢D — g~2-9)]

(e) None of the above.

-1) 5\ _
1L {s2+2s+5}

(a) e *sin(2t)
(b) e~t[cos(2t) — -;-sin(2t)]
(c) etcos(2t) — e~tsin(2t)
(d) e *cos(2t)

(e) None of the above.
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5. The general solution of the differential equation 422y” +y = 0, valid for z # 0, is given by

1
(a) ¢ cos <§ln |xl) + ¢y sin (—;— In |x|>

(b) ¢ cos (—;-z) + cpsin (%x)

(© alzlt +colal?
d) |z|* (¢ + 2 1n|al)
(e) None of the above.

6. The general solution of the differential equation z%y” + 2zy’ +y = 0, valid for z # 0, is given,
by '

(a) alal™ +colal™

(b) |z|™(c1 + c2Inal)

(©) || [cl cos (—? In |z|) + ¢z8in (?lnlx!)}
(d) |x|‘% [cl cos (?a) + ¢ sin (—\—2—53)]

(e) None of the above.
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7. The general solution of the differential equation oy + zy’ + (522 — 9)y = 0, valid for z > 0,
is given by

(@) e1d5(32) + cpJ_ 5(32)
(b) c13(v52) + c2Y3(v5 z)
(©) a1 5(32) + e;Y 5(32)
(d) a1Js(vV5z) + e J_s(vV5 )
() None of the above.

8. Let f(z) = { ;,’ (1) f z ; ; } on [0, 2f At z =79, the Fourier sine series of f converges to

(a) 2

() 3

(c) 0

(d) -3

(e) None of the above.
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9. The differential equation z2y” + 32y’ +y + My = 0, when placed in the Sturm-Liouville form
(py")' — qy + Ary = 0, has the weight function r(:z:)

(a) zed®
©) et
(c) =*
d) z

(e) None of the above.

10. Given the Bessel identity 14 [zVJ],(az)] = 2¥J,_i(az), v >0, a #0, f02 23 Jo(22) dz =
(a) 8J1(4) - 4-]0(4)
(b) 4J1(4) —245(4)
(c) 8Jo(4)
(d) 8J:1(4)

(e) None of the above.
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11. ]:{eZz'z—-lz+3|} e

De—3i(A+2)
142
9e—3i(\+2)

1+ (A +2)?
2e—3iA

T+(A+2)
9e—3iA

1+(A—2)2

(e) None of the above.

(b)
(c)

(d)

12. Fize >} =
(@ e
(b) 2i7r,\e-2*2
© 4&-4
(d) %Ae-%f

(e) None of the above.

Name

S

Page

:
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13. F! {——633— =
1+4(A+2)2

(a) l e2i(a;—3)—|z—-3|
2

1.,
(b) §eZn:—Ia:—3|
© %e%(m—3)—|zl
(d) le2i(z+3)—|z+3[
2

(e) None of the above.

14. F e M} =

.z
(1 + z2)
-z
(1 + z2?)

(a)

2iz
(1 + z2)?

-2z
R e

(e) None of the above.

Name

Page g
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15. Employ the Laplace transform to solve the initial-value problem
y" +y =u(t — 2)sin(t — 2), y(0) =1, ¢'(0) = -1, where u(t) = { (1)’ z i‘ 8 }
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16. Find one (non-zero) series solution y; of the differential equation 2zy”" +y —y =0, va.lici
near xo = 0.
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17. Suppose that f is odd and 2-periodic, \iyith f(z) = 2% on [0,1]. Find the Fourier series of f.
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18. The solution of the heat equation u,, = ;lzut, 0 < z < L, which satisfies the boundarjr
conditions u(0,t) = 0, u(L,t) = 0, has the form :

u(z,t) = Zb sm( ) B

Find the solution of u,, = u;, 0 < z < 7, which satisfies the boundary conditions |

u(0,t) = 0, u(m,t) = 7, and the initial condition u(lr,0) =: z + 1. Write down the complete
solution u(z, t). ,
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19. The bounded solution of Laplace’s equation u,, + lu, + Sug = 0 outside the circle r = a has
the form ;

o0
ao - .
u(r,8) = ¥y -+ ,?=1 r~"[a, cos(nb) + b, sin(nh)].
Find the bounded solution of Laplace’s equation outside the circle r = 2, which satisfies thé

boundary condition u(2,8) = 3 — 2cos(36) + 4sin(20). Write down the complete solution
u(r, ). '
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20. Find all eigenvalues and corresponding eigenfunctions of the Sturm-Liouville problem
¥ +2y + Ay =0, y(0) +¢/(0) =0, y(1) =0.
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Table of Laplace Transforms

F(s) = L{f(t)} = / fOetdt, s> 0
0
L{t*} = P(fpi_ll), p>—1, and L{t"} = S%:'T if n > 0 is an integer
a
P
S
pee

L{e"f(t)} =F(s—a), s>a

L{sin(at)} =

L{cos(at)} =

L{u(t—a)f(t—a)} =e*F(s), s>a>0
LSOO} = LU O) = 1(0) = 52(0) = -+~ s1ED(0) - £0-D0), 2 0

LB} = ()"FO(e) = (1)L F(s), n 20

E{I-gﬂ} == [mF(x)d!x
c { /0 ' Ha) dx} = 2F(s)

cts@ s} = £ { [ 16~ 2ote) e} = F)G(5), where G1s) = £00(0)
L{6(t—a)}=e",a>0

w
7 1 . / e™* f(t) dt whenever f is periodic with period w

L{f(®)} =
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Summary of Fourier Series

L. The Fourier sine series of a function f defined on [0, L] is given by

gaﬂ sin (”—1”5) :

B %f:f{m) sin (-’“g—z

2. The Fourier cosine series of a function f defined on [0, L] is given by

+Zancus( “_f flz

)d:.:, n=1.

)d:n n>0.

3. The full Fourier series of a function f defined on [~L, L] is given by

™

dg
=4

oncos () + tusin (°F°

n=1

L
ﬂnzéiﬂf{mj

m(ﬂ?)dz, n=0,

nmwrT

)]
1[0

4. The full Fourier series of a function f defined on [0, 2L] is given by

%+i[ﬂnm(nz$)+bnsm (nzz
ﬂ-n=% { f(z)cos (L )dﬂ:, n =0, bp = szLf

5. The Fourier series of an w-periodic function f on R

—+E[ﬂncc}s(

n =

- f f(z)c (211#1:) de w0

* f(@)sin (U12) -2 [t

=ﬁ/u f(z) ( )d:s.nl“:l,

where L = % and a is any real number.

)l

(S

2nmz

)d:i: n > 1.

)dm n>1,

= (—00,00) is given by

TRt ()] 2 +i s (2222 - sin (222,

f f{m}cus nﬂ':c dr = — /“f{.'f: (

Em'rm) pe

)as
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Table of Fourier Transforms

FU@=F0 = [ s e

FHFA)} = — / F(\) e gy
F{u(z~a) —u(z—b)} = a [ — €], a<b
f{e—lz'} = 1 _f/\z

F{o(z — a)} = eia
F{e*f(@)} = f(A +a)
F{f(z = a)} = ePf())
F{f'(z)} = —irF(N)

Flof@) =~
Fiftea) = (3), a0
Flet'} = % &, t>0

FUU @y =F{ [~ fls)ato - s} = T, where 503) = F(o(e)}

Vi
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