CvG2181 Winter 2016
Assignment #4 - Solutions
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>» det (k)

ans =
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ans =
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P2 a)

>> £ = [1 -3 2 -4 -5 2]

>> roots (L)

ans =
2.9500 4+ 0.00001
0.2918 4+ 1.53511
0.2%18 - 1.53511
-0.8575 + 0.00001
0.3238 + 0.00001
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anzs =
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Problem 2
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Problem 3

a- Jacobi's method: First we convert the system into an iterative form:

( i+1 _ 27-b'=ct

a = —
4

i 36—al—ct

bl+1 —

4

i+1 _ 60—a'-2bt

C - —_
5

Now, we plug the initial values for i = 0 into the right hand side (RHS) of the system to find the results for
first iteration for i = 1.

1% iteration:

a0 2
i -[]
c 7
(a* = 27‘47‘7 = 3.25
{ pl = 36772 _ (o

4
60—2—2%7

kcl =88

al 3.25

i[5

2" jteration:

al 3.25

i <[
a? = %7588 = 2.8625
p2 = 36887325 _ ¢ gg7c

4
CZ _ 60—3.25-2%6.75

5

ai?  [2.8625
[b] = [5.9875]

8.65

= 8.65

b- True error and approximate relative errors are:

[True error] = [Exact | — [Approximation]

el]l [3] [2.8625] [—0.1375
eqrue = |e2| = 6| —5.9875| = | 0.0125
e3l o 8.65 0.35




. . Approximation]?—[Approximation]*
[Approximate relative error] = L4pp I"—l4pp ]

[Approximation]?
2.8625 3.25
o1 139875 = 1675 o 13s
_ _ L 8.65 881 _
eapp = |€2] = > 8E5E =|-0.1273
e3 [5.9875] —0.0173
8.65

The oo - norm of the error vector is the maximum of absolute values of the error vector:

—0.0.1375
0.0125 =0.35

0.35

||etrue||OO = max(abs(esye)) = max (abs

~0.135
||eapp|| = max (abs(eapp)) = max (abs [—0.1273]) —0.135
” —0.0173

c- Gauss-Seidel method: First we convert the system into an iterative form:

i
( i+1 _ 27-bi-c
a = ———
4
. 36_ai+1_ci
bl+1 —
4
it1 60_aL+1_2bl+1

C
5

Now, we plug the initial values for i = 0 into the right hand side (RHS) of the system to find the results for
first iteration for i = 1. Note that we use the most recent value for second and third equations.

1% iteration:
a,9 2
c 7
al = 27‘47‘7 = 3.25
pt =38777325 _ ¢ 4375

o1 = 60-325-2:64375
- 5

ap! 3.25
[b] = [6.4375]
c 8.775

=8.775

2" jteration:

ap! 3.25
[b] = [6.4375]
c 8.775



( a2 = 27—6.4315—8.775 2947
{ b2 — 36—8.7745—2.947 — 6.0695
|c? = 60—2.9475—2*6.0695 — 39828

ay? 2.947
[b] = [6.0695]
8.9828

d- True error and approximate relative errors are:

[True error] = [Exact | — [Approximation]

el] [3] [2.947 0.053
errue = |€2| = |6 — 6.0695| = |—0.0695
e3l lol [8.9828 0.0172

[Approximation]?—[Approximation]*

[Approximate relative error] =

[Approximation]?
[2947] [ 3.25 ]
6.0695 6.4375
8.9828 8.775 —0.103
eaPP 2.947 —0.0606
[6 0695] 0.0231
8.9828

The oo - norm of the error vector is the maximum of absolute values of the error vector:

0.053
—0.0695| | =0.0695

0.0172

||etrue||w = max(abs(egye)) = max (abs

0.103
||€app|| = max (abs(eapp)) = max (abs [—0.0606]) =0.103
* 0.0231

e) The error analysis shows that the Gauss-Seidel method is more accurate.



Problem 4

First, we need to find f; and f, functions, so we re-write the equations:

{ln(x) +e¥—-848=0
x3+x%y?—-63=0

fi =In(x) + e’ —8.48

fo =x3+x%y%2 —63

i
We now are to find the [ii] for the first iteration by solving the following system:

on onY ;

ox oy Ax]l _ fl_

o, | [Ayl —  If2

| 0x ay

% eY ]l [Ax'i _ [ln(x) +e¥ — 848

[x3 + 2xy?  2x%y x® +x%y? — 63
1%jteration:

x1° _ 3.1

_y] - [2.1]

0.3225  8.1662]° [Ax]o 0 8175° [ _ [—0.0924
157.133 40.3621 [Ay 9 1711 —0.0965
X 1 X 0 Ax 0

_y] - [y] + [Ay]

1t 3.1, [—0.09241 _ [3.0076

y] =34+ [—0.0965] = 12.0035
2" jteration:

-x]1 _ [3.0076

y 2.0035

0.3325 7.4150 __Jo. 0361] s [Ax ' —0.0068]
151.351 36.2460 05151 Ay —0.0046

_ 1 1

L =Bl [ii]

2 .

] = 3.0035] * Co.aose] = [15080




b- true error vector and approximate relative error vector:
[True error] = [Exact | — [Approximation]

Ctrue = [ex] = [3] _[3:0008] _ [—0.0008]

€y 2 1.9989 0.0011

[Approximation])?—[Approximation]t

[Approximate relative error]| = Cipproximation]?

3.0008)_13.0076
1 9989 2 0035 [—0 .0022

e 30008
“we [ y] 19989 0.0023

The 15t norm is the summation of absolute elements of the error voctor:

||emw||1 = Y abs(esqye) = |—0.0008] +]0.0011| = 0.0019

||eapp||1 =1-0.0022| + |—0.0023| = 0.0045



Problem 5

*Note: Because all the given points must be used in the interpolation, the order of the x values are also given
in the problem, so we can use orders as given without any change. However, we can also reorder the data
based on the distance from desired point (x = —1.75) and use them based on the new order. Both ways are
correct.

n + 1 = number of points
n+1=4 =>n = 3 the order of the polynomial.
a- Lagrange:

p3(x) = Lo(x)f (xo) + L1 (x)f (x1) + Lo (x)f (x2) + L3 f (x3)

_ (x=x)(x=x)(x=x3) _  (x+2.5)(x+1)(x—0.5) .
Lo = Gy o)) Gro28) (ot Dxg—08) 00101

(x=x0)(x—x3)(x—=x3) __  (x+3)(x+1)(x—0.5)
(c1=x0) (e =x5) (e —x3)  (o1+3) (¢ +1) (1 —0.5)

L (x) = =0.9375

_ (x=x)(x=x)(x—x3) _  (x+2.5)(x+3)(x—-0.5) __
L2 = G o) Gray) — G 28) i+ 9, -08) 04081

Lo(@) = (x(: :;11))(;21?2))%;20) - (x(ax :22.55))(;2111))(&:?3> =0.04464
p3(—1.75) = 1.2111
b- Newton's: (we use table method)
X f L] | flxp xi-4] flxi, xi-1, X 5] flxi, X1, Xi—p, X;-3]
-3 2.2 2.2
25 |18 |18 ifzﬁs—fg —_o8
1o o8 108 —(1'51; J_r ;i = —.6667 —_0'_6?6:; 8 10.0666
. . . 1.25-0.8 0.3 +0.6667 0.3222 - 0.0666
05 125 1125 05+l =0.3 054125 = 0.3222 0513 = 0.0730

p3(x) = ag + a;(x — xp) + az(x — x0) (x — x1) + az(x — x0) (x — x1) (x — x3)
p3(x) =2.2—-0.8(x+3) +0.0666(x + 3)(x + 2.5) + 0.073(x + 3)(x + 2.5)(x + 1)
Py(—1.75) = 1.2111

c- Newton's method is more efficient since we do not need to start from scratch.




d- We just need to add another column to the table on part 2:

X f f[x;] flxp, xi-4] flxp xi-1, %i5] g xi-1, X2, %3] flxp o, 25 4)
S B I R v
25| 18 | 1.8 5t 3- 08
-1 | 08| 08 % = —.6667 % = +0.0666
1.25-10.8 0.3+ 0.6667 0.3222 — 0.0666
05 | 1.25 | 1.25 1@ =0.3 m = 0.3222 Om = 0.0730
125] 15 | 15 m = 0.333 m =0.0148 Tms = -0.0711 w = -0.03391

Pa(x) = ag + a;(x — xp) + az(x — x0)(x — x1) + az(x — x0) (x — x1) (x — x3) + as(x — x0) (x — x7)(x — x3)(x — x3)

pa(x) = 2.2 — 0.8(x + 3) + 0.0666(x + 3)(x + 2.5) + 0.073(x + 3)(x + 2.5)(x + 1) + 0.03391(x + 3)(x +
2.5)(x + 1)(x — 0.5)

P,(—1.75) = 1.2647




