Solution to Assignment 5 (4001)
1. (Part b in Problem 1 on page 338) Find the only possible solutions to the following

variable final time

maxfo [ 9 — 1u2()} dt

:%:(t) u(t) eU(t) =R
z(0) =0, z(T) = 16.

Step 1: For any given T" > 0, define the Hamiltonian
1
H(t,z,u,\) = -9 — ZU2 + Au.
Step 2: Solve for u* from

1
max H (t,z,u /\)——9—1u2+)\u.

ueR!
From u
H, (t,z,u,\) = ~3 +A=0,
we have
u =2\
Since

1
32 (t,x,u, )\) = —5 < 0,

H is concave in u. Thus, u = 2\ solves

1
max H (t,z,u A)——9—1u2+)\u.

ueR1

Step 3: Derive
Since H. =0,

Step 4: Solve for x*, u*, \*.

0
u, z(0) =0, z(T) = 16.

From \ = 0,

A" = ( (constant to be decided)
w = 2C.



From & =u =2C, 2 (0) =0, = (T") = 16,

z(t) = 20t+ A
z(0) = 20x04+4A=0=A=0

8
o(I) = 20T=16—C=—
(t) = 162
x = —
T
That is,
2
* = 16—
v T
.16
vt o= =
T
8
A= o
T

Step 5: Decide if the possible solution is the solution.

Since

1
H(t,z,u,\) = -9 — 1&2 + A'u

is concave in (z,u) , thus the possible solution it the optimal solution for given terminal time

T.
Step 6. Decide T™* from

H (T, 2* (T) ,u* (T), N (T)) = 0.

Since
T
(T = 16— =1
z* (T) 6T 6
16
*T - -
w(T) =
8
N (T) = —
() T?
1
H(T,z" (1) ,u" (1), \" (1)) = —9—Z(u*(T))2+/\*(T)U*(T)
_ g Ll(16) 8 16
B 4\T T T
4%x16 8x16 64—97?
= —-9-— T + T2 = T2 =0



That 1s

N G
9 3
Finally, the possible solution is
. 98
L
3
and
t 8
rt = 165 =6t 0<t< 5
3 3
16
* —_ _— 6
U T
8
A= — =6
T*

&) =u(t),z(0) =4, (1) free
u(t) e U(t) =10, 1]

Step 1: Define the Hamiltonian
H(t,z,u,\) =z —u+ M.

Step 2: Solve
max H (t,z,u,\) =z — u+ Au.

ue[0,1]
From
H(t,z,uN)=z—u+u=x+u(A—1),
we have
1 A1
1 0 ifAa<1
Step 3: Derive .
A=—H..
Since H., =1, .
A=—1.
Since
1 , 1
SEW) = Q). 9 @)=
1
Al = S'(z(1) = 5



Step 4: Solve for x*, u*, \*.

{1 ifA>1
u =

0 ifAx<l1
: 1
A= L A1) ==
) () 2
1
b= (0) =2
From}\:—l,)\(l):%,
) 1 3
N= D
2
and
L1 A>T [T i -t>1 1 ift<g
TTlo A<l Tlo0 i<l 0 i1
From & = u, z (0) = 4,
) t+A ift<;
Tr = . 1
B lft>§
From z (0) = 3, A = 3. Since x (t) is continuous at 3,
1 1
— — = =1
2+2
That is,
1 1
= t+§ lft<?
1 lfﬁ>§
Step 5. Verify if (z*,u*) is the solution.
From (1 ) )
H(t,z,u",\") =z 4+ u" (A 1)_{x o> 1,

H (t,z,u*, \*) is concave in z. Thus, the only possible solution is the solution.
. (Problem 4 on page 353) Solve the problem

max, [ [z () — u ()] e tdt
i(t)=u(t)e t,z(—1) =0, z(400) free
w(t)eU(t) =10, 1].

Step 1: Define the current value Hamiltonian

HE(t,z,u,\) = 2 — u+ N ue .

4



Step 2: Solve
t

max H (t,z,u,A\) = —u+ Aue "
u€(0,1]
From
He(t,z,uN) =z —u+Xue "=z+u(Xe'—1),
we have

1 if Aet>1 1 if A6 > ¢t
YTV 0 ifxet<l T) 0 N <el

Step 3: Derive .
A= =—H.
Since HY =1, _
A" =X =—Tand lim e ‘\(¢) =0.

t—+oo
Step 4: Solve for z*,u*, \*.
1 AT >E
T 0 i<
A=A = —land lim e A°(t) =0

t—-+o0
i(t) = u(t)e?, z(—1)=0, z(+00) free
From A" — \° = —1,
2= Ae' + 1.
From lim; 4 € *A°(t) = 0,

lim e ‘A (t)e ‘A= lim e " [Ade' +1] = A+ lim e '=0= A=0.
t——+o0 t—+o0 t—+o0
That is,
A* =1
Thus,
L[ 1 ifl>et (1 if-1<t<0
T 0 ifl<e T 0 ift>0
From & (t) = u (t) et 2 (—1) =0,

B(t) = u(t)et:{et if —1<t<0

0 ift>0
2 (1) = —ette if-1<t<0
- e—1 ift > 0.

Step 5. Verify if (z*,u*, \*) is the solution.
From
c £ oyexy _ et o Jr+et=1 if-1<t<0
HE G, A7) = o (e 1>_{$ it >0,

He (t, z,u*, A°) is concave in z. Thus, the only possible solution is the solution.



