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1. (10 pts.) Solve the initial value problem:
y —3z'y =2’ y(0)=0
Solution: This is a linear D.E. with p(z) = —3z? and ¢(z) = 2°.

The integrating factor I(x) is

I(lL‘) _ €f —3zdz _ 6—z3

Multiplying both sides of the D.E., we get
3

23 2 —x

— 3 _
ey — 3%y = a’e

That is,
/
(e*ﬁy) = g%
Integrating both sides of the above, we get
—z3 2 —z3 1 —z3
e y= [ xe T dx = —3¢€ +C

So, y = Ce®’ — 1
To determine C', we use the condition y(0) = 0. So,

1
0=Ce” — =
© 73

So, C' =

Y

W=

and the solution to the above D.E. is y = %exs — %
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2. (646 pts.) For each series below determine whether it is convergent. Justify your answer.

o0
2n+1
(2 —
n=1
Solution: Let a, = 2”“ . Note that
a 2n+2 2n+1
ntl == - = 2/6
. entl en

So, this is a geometric series with r = 2/e.

As r € (—1,1), this series is convergent.

(b) i( n2+2n—n)

n=1

Solution: Let a, = vn? + 2n — n. Note that

lim (M—n) = lim ((M—n) M)

. 2n
= lim ——
n—o0 4/n? —|— 2n+n
= lim ———

n—>oo\/1+2/n+1
= B
# 0

By the Test for Divergence, this series is divergent.
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= n
3. (10 pts.) Use the Integral Test or Comparison Test to determine whether the series E (2¢)
e n
n=1

is convergent. No credit will be given using other methods.

Solution: Method 1: Integral Test

Let an = g7 We can take f(z) = o 1t 1s easy to see that f(z) is continuous and positive on

[1,00). As

(2€)* — x(2e)* In(2¢)

f’(l’) = (26)237

<0,

f(z) is decreasing.

Now we examine whether the improper integral / (;) dx is convergent. For that, we consider
1 e)*
t
.. . € o o 1 o _ 1
the limit tlgilo 1 (26)xdx. Let u = z and dv = Bor dzx. Then du = dx,v = [CBETenE By the

integration by parts,

[t = (o), | arma® |
(~@ree),

- <(2e) lln(26) B (Qe)tfn(Ze)) * ((26) 11112(26) B (2e)t112(26)>

_|_

- <<2e> ﬁa@e) - <2e>tfn<2e>)

t
As lim ————— = lim —————— =
¥ e (2e)tIn(2e) 0 and i (2€)" In*(2e) &
im [ g L, 1
im T = .
t—oo J; (2€)* (2e)In(2e)  (2¢)1n?(2e¢)

< x . n
So, the improper integral / 20) dx is convergent. By the Integral Test, the series Z (2—) is
1 €)* n=1 e)"

convergent.

Method 2: Comparison Test

n 1

As n <e", we have a, = <

(2e)r = 2n-
— 1
As the series on is a geometric series with r = 1/2 € (—1,1). So, it is convergent.
n=1
o0
By the Comparison Test, the series Z P i convergent
’ (2¢)" '

n=1
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4. (10 pts.) Does the series converge absolutely, conditionally, or diverge? Justify your answer.

o0

1
vVn+5

(-1t

n=1

Solution: This is an alternating series Z(—l)”’lbn, where b, = ﬁ

n=1

1
Note that lim

=0, and b, = \/%% > \/ﬁ = b,y for all n > 1, so {b,} is decreasing.

1
vVn+5

By the Alternating Series Test, we conclude that the series Z(—l)”_1

n=1

is convergent.

1

oo
Counsider the series Z =
n

n=1

. As

:

1 1
lim ———— = — —
n—oo v/n + 5 \/ﬁ

L,

oo
and the series Z is a p-series with p = 1/2 < 1, so is divergent.
n=1

1
Vi

o]

1
By the Limit Comparison Test, the series Z
=1

n+5

(e 9]

is divergent.

1
vVn+5

n—1

From the above analysis, we conclude that the series Z(—l) is convergent condi-

n=1
tionally.
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5. (8 pts.) Determine whether the series is convergent or divergent. Justify your answer.

= (n!)2
>

n=1

Solution: Let a, = (:2!12. Note that

((n+1)!)2)
2(n+1
= ljm 02

n—oo n—o0 (:21212

. Ap41
lim

n2n
= |
o (n+1)%n

1
= lim
n—0o (1+ )

1
(limy oo (1 4+ 2)7)°
= 1/’
<1

By the Ratio Test, we conclude that the series is convergent.
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