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MTH 240 Test II

1. (10 pts.) Solve the initial value problem:

y′ − 3x2y = x2, y(0) = 0

Solution: This is a linear D.E. with p(x) = −3x2 and q(x) = x2.

The integrating factor I(x) is

I(x) = e
∫
−3x2dx = e−x

3

Multiplying both sides of the D.E., we get

e−x
3

y′ − 3x2e−x
3

y = x2e−x
3

That is, (
e−x

3

y
)′

= x2e−x
3

Integrating both sides of the above, we get

e−x
3

y =

∫
x2e−x

3

dx = −1

3
e−x

3

+ C

So, y = Cex
3 − 1

3

To determine C, we use the condition y(0) = 0. So,

0 = Ce0
3 − 1

3

So, C = 1
3
,

and the solution to the above D.E. is y = 1
3
ex

3 − 1
3
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MTH 240 Test II

2. (6+6 pts.) For each series below determine whether it is convergent. Justify your answer.

(a)
∞∑
n=1

2n+1

en

Solution: Let an = 2n+1

en
. Note that

an+1

an
=

2n+2

en+1
÷ 2n+1

en
= 2/e

So, this is a geometric series with r = 2/e.

As r ∈ (−1, 1), this series is convergent.

(b)
∞∑
n=1

(√
n2 + 2n− n

)
Solution: Let an =

√
n2 + 2n− n. Note that

lim
n→∞

(√
n2 + 2n− n

)
= lim

n→∞

((√
n2 + 2n− n

) √n2 + 2n + n√
n2 + 2n + n

)
= lim

n→∞

2n√
n2 + 2n + n

= lim
n→∞

2√
1 + 2/n + 1

= 1/2

6= 0

By the Test for Divergence, this series is divergent.
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MTH 240 Test II

3. (10 pts.) Use the Integral Test or Comparison Test to determine whether the series
∞∑
n=1

n

(2e)n

is convergent. No credit will be given using other methods.

Solution: Method 1: Integral Test
Let an = n

(2e)n
. We can take f(x) = x

(2e)x
. It is easy to see that f(x) is continuous and positive on

[1,∞). As

f ′(x) =
(2e)x − x(2e)x ln(2e)

(2e)2x
< 0,

f(x) is decreasing.

Now we examine whether the improper integral

∫ ∞
1

x

(2e)x
dx is convergent. For that, we consider

the limit lim
t→∞

∫ t

1

x

(2e)x
dx. Let u = x and dv = 1

(2e)x
dx. Then du = dx, v = − 1

(2e)x ln(2e)
. By the

integration by parts,∫ t

1

x

(2e)x
dx =

(
− x

(2e)x ln(2e)

)t

1

+

∫ t

1

1

(2e)x ln(2e)
dx

=

(
1

(2e) ln(2e)
− t

(2e)t ln(2e)

)
+

(
− 1

(2e)x ln2(2e)

)t

1

=

(
1

(2e) ln(2e)
− t

(2e)t ln(2e)

)
+

(
1

(2e) ln2(2e)
− 1

(2e)t ln2(2e)

)

As lim
t→∞

t

(2e)t ln(2e)
= 0 and lim

t→∞

1

(2e)t ln2(2e)
= 0,

lim
t→∞

∫ t

1

x

(2e)x
dx =

1

(2e) ln(2e)
+

1

(2e) ln2(2e)
.

So, the improper integral

∫ ∞
1

x

(2e)x
dx is convergent. By the Integral Test, the series

∞∑
n=1

n

(2e)n
is

convergent.

Method 2: Comparison Test

As n ≤ en, we have an = n
(2e)n

≤ 1
2n

.

As the series
∞∑
n=1

1

2n
is a geometric series with r = 1/2 ∈ (−1, 1). So, it is convergent.

By the Comparison Test, the series
∞∑
n=1

n

(2e)n
is convergent.
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MTH 240 Test II

4. (10 pts.) Does the series converge absolutely, conditionally, or diverge? Justify your answer.

∞∑
n=1

(−1)n−1
1√
n + 5

Solution: This is an alternating series
∞∑
n=1

(−1)n−1bn, where bn = 1√
n+5

.

Note that lim
n→∞

1√
n + 5

= 0, and bn = 1√
n+5

> 1√
n+6

= bn+1 for all n ≥ 1, so {bn} is decreasing.

By the Alternating Series Test, we conclude that the series
∞∑
n=1

(−1)n−1
1√
n + 5

is convergent.

Consider the series
∞∑
n=1

1√
n + 5

. As

lim
n→∞

1√
n + 5

÷ 1√
n

= 1,

and the series
∞∑
n=1

1√
n

is a p-series with p = 1/2 < 1, so is divergent.

By the Limit Comparison Test, the series
∞∑
n=1

1√
n + 5

is divergent.

From the above analysis, we conclude that the series
∞∑
n=1

(−1)n−1
1√
n + 5

is convergent condi-

tionally .
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5. (8 pts.) Determine whether the series is convergent or divergent. Justify your answer.

.-. (nl)2L#
n:L

Solution: Let a,, :'::: .Note thal'n'.',

((n*1 )!)2
,. Qn+l ,. (n+l)2(n -1)
Illft- : ltlrl ^n +oo O^ n-+oo \nl)'-pn

-. n2n: hfn_=..-..._n*- (n I I|'zn

,. 1: jIITI-
n-+oo(I+*)'2,

1

(lim,--(1 + *)")'
1 /-2
\/L

By the Ratio Test, we conclude that the series is convergent.
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