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MTH 240 Test I

1. (5+5 pts.) Evaluate the following indefinite integrals.

(a)

∫
sin(
√
x) dx

Soln: Make a substitution: y =
√
x. So, dy = 1

2
√
x
dx.∫

sin(
√
x) dx =

∫
2y sin y dy

Let u = 2y, dv = sin ydy. Then du = 2dy, v = − cos y

∫
2y sin y dy = (2y)(− cos y)−

∫
(− cos y)(2dy)

= −2y cos y + 2 sin y + C

So, ∫
sin(
√
x) dx = −2

√
x cos(

√
x) + 2 sin(

√
x) + C

(b)

∫
(secx)4 dx

Soln: ∫
(secx)4 dx =

∫ (
tan2 x+ 1

)
sec2 xdx

=

∫
(tan2 x)(sec2 x)dx+

∫
sec2 xdx

=

∫
(tan2 x)(sec2 x)dx+ tanx

For

∫
(tan2 x)(sec2 x)dx, we let u = tanx. So du = sec2 xdx, and

∫
(tan2 x)(sec2 x)dx =

∫
u2du

=
1

3
u3 + C

=
1

3
tan3 x+ C

So, ∫
(secx)4 dx =

1

3
tan3 x+ tanx+ C
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MTH 240 Test I

2. (5+5 pts.) Evaluate the following limits.

(a) lim
x→0+

xx

Soln:

lim
x→0+

xx = lim
x→0+

elnx
x

= lim
x→0+

ex lnx

= elimx→0+ x lnx

For lim
x→0+

x lnx, we apply L’Hospital’s Rule as follows:

lim
x→0+

x lnx = lim
x→0+

lnx

1/x

= lim
x→0+

1/x

−1/x2

= lim
x→0+

−x

= 0

So,
lim
x→0+

xx = e0 = 1

(b) lim
x→0

∫ 1

cosx
sin(
√
t) dt

x tanx

Soln: It is 0
0

type. We apply L’Hospital’s Rule as follows:

lim
x→0

∫ 1

cosx
sin(
√
t) dt

x tanx
= lim

x→0

sin(
√

cosx) sinx

tanx+ x sec2 x

= lim
x→0

sin(
√

cosx)

secx+ x
sinx

sec2 x

=
sin(1)

2
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MTH 240 Test I

3. (6+4 pts.) Determine if the improper integrals below are convergent or divergent. If divergent,
justify your answer; if convergent, evaluate it.

(a)

∫ ∞

1

(lnx)2

x2
dx

Soln: Let u = (lnx)2 and dv = 1
x2
dx. So, du = 2 ln x · 1

x
dx and v = − 1

x
.∫ t

1

(lnx)2

x2
dx =

(
(lnx)2

(
−1

x

))t
1

−
∫ t

1

(
−1

x

)(
2 lnx · 1

x
dx

)
= − ln2 t

t
+

∫ t

1

2 lnx

x2
dx

To evaluate

∫ t

1

2 lnx

x2
dx, we let u = 2 ln x and dv = 1

x2
dx. So, du = 2

x
dx and v = − 1

x
.∫ t

1

2 lnx

x2
dx =

(
2 lnx

(
−1

x

))t
1

−
∫ t

1

(
−1

x

)(
2

x
dx

)
= −2 ln t

t
+

∫ t

1

2

x2
dx

= −2 ln t

t
+

(
−2

x

)t
1

= −2 ln t

t
− 2

t
+ 2

So,

∫ t

1

(lnx)2

x2
dx = − ln2 t

t
− 2 ln t

t
− 2

t
+ 2

Using L’Hospital’s Rule, we have lim
t→∞

ln2 t

t
= 0 and lim

t→∞

2 ln t

t
= 0.

lim
t→∞

∫ t

1

(lnx)2

x2
dx = lim

t→∞

(
− ln2 t

t
− 2 ln t

t
− 2

t
+ 2

)
= 2

(b)

∫ 1/2

0

47√
1− 4x2

dx

Soln: Let y = 2x. Then dy = 3dx, and∫
47√

1− 4x2
dx =

∫
47√

1− y2

(
1

2
dy

)
=

47

2
arcsin y + C =

47

2
arcsin(2x) + C

lim
t→ 1

2

−

∫ t

0

47√
1− 4x2

dx = lim
t→ 1

2

−

(
47

2
arcsin(2x)

)t
0

= lim
t→ 1

2

−

47

2
arcsin(2t) =

47π

4

So,

∫ 1/2

0

47√
1− 4x2

dx = lim
t→ 1

2

−

∫ t

0

47√
1− 4x2

dx =
47π

4
.
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MTH 240 Test I

4. (10 pts.) Evaluate the following integral (Hint:
∫

sec θdθ = ln | sec θ + tan θ|+ C).∫ 2

1

dx√
x2 − 2x+ 4

.

Soln: Make a substitution: y = x− 1. Then dy = dx, and y : 0→ 1.∫ 2

1

dx√
x2 − 2x+ 4

=

∫ 1

0

1√
y2 + 3

dy

Make a trigonometric substitution: y =
√

3 tan θ. Then√
y2 + 3 =

√
3 sec θ

and
dy =

√
3 sec2 θdθ.

∫ 1

0

1√
y2 + 3

dy =

∫ π/6

0

(
1√

3 sec θ

)√
3 sec2 θdθ

=

∫ π/6

0

sec θdθ

= (ln | sec θ + tan θ|) |π/60

= ln(
√

3)
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MTH 240 Test I

5. (10 pts.) Evaluate the following integral.∫
x3 + x+ 1

x4 + 4x2
dx

Soln: As x4 + x2 = x2(x2 + 4),

x3 + x+ 1

x4 + 4x2
=
A

x
+
B

x2
+
Cx+D

x2 + 4

So,

x3 + x+ 1 = Ax(x2 + 4) +B(x2 + 4) + (Cx+D)x2

= (A+ C)x3 + (B +D)x2 + 4Ax+ 4B

So,

A+ C = 1

B +D = 0

4A = 1

4B = 1

So,

A = 1/4

B = 1/4

C = 3/4

D = −1/4

∫
x3 + x+ 1

x4 + x2
dx =

∫ ( 1
4

x
+

1
4

x2
+

3
4
x− 1

4

x2 + 4

)
dx

=

∫ ( 1
4

x
+

1
4

x2

)
dx+

∫ 3
4
x

x2 + 4
dx−

∫ 1
4

x2 + 4
dx

=
1

4
ln |x| − 1

4
· 1

x
+

3

8
ln(x2 + 4)− 1

8
arctan

(x
2

)
+ C
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