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MTH 240 Test I
1. (5+5 pts.)  Evaluate the following indefinite integrals.
(a) / in(+/7) da
Soln: Make a substitution: y = y/z. So, dy = #de.
/SiIl(\/E) dx = /2ysinydy

Let u = 2y, dv = sinydy. Then du = 2dy,v = — cosy

/ dysingdy = (2y)(— cosy) — / (— cos y)(2dy)

= —2ycosy+ 2siny + C

So,
/Sin(\/E) dx = —2v/x cos(y/x) + 2sin(v/z) + C

(b) / (sec )" dx
Soln:
/ (secx)tdr = / (tan®z + 1) sec® wdx
= /(tan2 ) (sec® r)dx + /SGC2 xdx

= /(tan2 ) (sec® r)dx + tan

For /(tan2 r)(sec’ r)dx, we let u = tanx. So du = sec? vdxr, and

/(tam2 r)(sec’ z)dr = /quu
1
= §U3 + C

1
= gtang’x—i-C

So,
1
/(secx)4dx = gtang’x + tanx + C
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2. (5b+5 pts.) Evaluate the following limits.

(a) lim z°
z—0t
Soln:
. . x
lim z° = lim e"°
z—0t z—0t
— lim exlnx
z—0t
— elimx_)0+ zlnx

For lim+ xInx, we apply L’Hospital’s Rule as follows:
z—0

) . Inz
Iim zlnx = lim —
20+ e—0t 1/x
1
—  lim RCE
r—0t —]_/1’2
= lim —=xz
r—0t
=0
So,
lim 2° =e =1
z—0+
1.
(b) fim fcosxsm(\/f) dt

z—0 ztanx
Soln: It is 8 type. We apply L’Hospital’s Rule as follows:

i fclosx sin(v/t) dt . sin(y/cos ) sin x
11m = 1m
z—0 rtanw z—0 tanx + rsec? x

sin(+/cos z)

L _sec?z

sinx

= lim
z—0 secx +

sin(1)
2
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3. (644 pts.) Determine if the improper integrals below are convergent or divergent. If divergent,
justify your answer; if convergent, evaluate it.

(2) /100 (Inz)” .

xr2

Soln: Let u = (Inz)? and dv = dz. So, du =2Inz - 2dz and v = —1.

/j (h;f)z dr = ((lnx)2 <_£>)Z_/j (—%) (meédx)

ln2t+/t 2lnxd
= —— T
t . x?

t
21
To evaluate / r;:c
.

[t (e () () G

dx, we let u=2Inz and dv = %dx. So, du = %dx and v = —%.

t z), t ot
b (lnz)? In®t 2lnt 2
So,/ (nf) do = ——— 220 249
L t t ot
In%t 2Int
Using L’Hospital’s Rule, we have lim 2t 0 and lim L 0.
t—o0 t—o0
b (Inz)? %t  2Int 2
lim (ny;) dr = lim —n———n——+2 =2
t—oo [y T t—o0 t t t
1/2 47

(b) i Ny dx

Soln: Let y = 2x. Then dy = 3dz, and
47 47 1
——dx = — | =dy
ioio Ji—p \2

47 47
= 5 arcsiny + C = 5 arcsin(2z) + C

b4t 47 )t
lim / ———dx = lim | — arcsin(2zx
t—=1"Jo V1 — 422 t—>;<2 ( ) 0
47
= lim — arcsin(2t) = kil
t—17

2

g /1/2 47 p . /t 47 p 4T
0, ——dr = lm T = .
0 vV 1 —4z? t—>%_ 0oV 1 —4z2 4
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4. (10 pts.) Evaluate the following integral (Hint: [ secfdf = In|sec + tan 6| + C).

/2 dx
L V2 =2z +4

Soln: Make a substitution: y = x — 1. Then dy = dx, and y : 0 — 1.

/2 dx /1 1 4
—_— — J— y
1 Va2 =2r+4  Jo Jy?+3

Make a trigonometric substitution: y = v/3tan#. Then

V2 +3=1V3sech

and

dy = /3 sec? 0db.

1 1 /6 1 \/_ )
—dy = T 3sec” 0do
/0 y>+3 Y /o (\/gsec 6)

/6
= / sec 6df
0
w/6

(In|secd + tan b)) |,

= In(V3)
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5. (10 pts.) Evaluate the following integral.
/ z? + x4+ 1 p
——dx
x4 + 4a?

Soln: As z* + 2% = 2%(2* + 4),
?+x+1 A B Czx+D
e R 2+ 4

So,

P rar+1 = Ax(z?+4)+ B(x* +4)+ (Cx + D)a?
= (A+C)2* + (B+ D)2* +4Ax + 4B

So,

A+C

B+D
4A =
4B =

= = O =

So,

TSAaQwm e
Nl
@£ Z
NN

1 1 3 1
/—$3+x+1d1‘ = / i, 4 ) gy
x4 + 22 r  x?2 x?2+4

+
11 3, 1
= L4+ 2)d 4 d—/ i _d
/(m+x2> x+/x2+4w 24

1 1 1 3 1
= Zln|x|—Z-;+§ln(x2+4)—§arctan<§> +C




