CHAPTER 6

Discounted Cash Flow Valuation

LEARNING OBJECTIVES

LO1  How to determine the future and present value of investments with multiple cash flows.

LO2  How loan payments are calculated and how to find the interest rate on a loan.

LO3  How loans are amortized or paid off.

LO4  How interest rates are quoted (and misquoted).
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6.1
FUTURE AND PRESENT VALUES OF MULTIPLE CASH FLOWS

S6.1:  Key Concepts and Skills

· Be able to compute the future value and present value of multiple cash flows

· Be able to compute loan payments and find the interest rate on a loan

· Understand how loans are amortized or paid off

· Understand how interest rates are quoted

S6.2:  Chapter Outline

· Future and Present Values of Multiple Cash Flows

· Valuing Level Cash Flows: Annuities and Perpetuities

· Comparing Rates: The Effect of Compounding

· Loan Types and Loan Amortization

· Summary and Conclusions
S6.3: Multiple Cash Flows and Examples on FV and PV 6.1 (14 pages)

A. Future Value with Multiple Cash Flows


There are two ways to calculate future values of multiple cash flows:

1. Compound the accumulated balance forward one period at a time, or
2.  calculate the future value of each cash flow and add them up.

B. Present Value with Multiple Cash Flows


There are two ways to calculate present values of multiple cash flows:

1. Discount the last amount back one period and add them up as you go, or
2.  discount each amount to time 0 and then add them all up.

C.
A Note on Cash Flow Timing


In general, we assume that cash flows occur at the end of each time period. It is assumed that this is the case in the annuity formulas presented.

S6.17: Decisions, Decisions

An example requiring the calculation of the discounted value of an investment opportunity.

S6.18: Saving For Retirement (3 pages)

An example of calculating savings for retirement.
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6.2 VALUING LEVEL CASH FLOWS: ANNUITIES AND PERPETUITIES

S6.22: Annuities, Perpetuities and Examples 6.2 (7 pages)

Annuity – finite series of equal payments that occur at regular intervals

· If the first payment occurs at the end of the period, it is called an ordinary annuity

· If the first payment occurs at the beginning of the period, it is called an annuity due

Perpetuity – infinite series of equal payments

A. Present Value for Annuity Cash Flows


Ordinary Annuity—multiple, identical cash flows occurring at the end of each period for a fixed number of periods.


The present value of an annuity of $C per period for t periods at r percent interest is:


Annuity present value = $C × (1 – PVIF(r,t))/r   or 


APV  = $C × (1 – [1/(1 + r)t])/r

	
	Example: 
	If you are willing to make 36 monthly payments of $100 at 1.5% per period, what size loan (APV) can you obtain? PVIFA(1.5%, 36) = 27.66, so $C × PVIFA(r,t) = $100 × 27.66 = $2,766



Finding the payment, C, given APV, r, t.


Since APV = C × PVIFA(r,t), C = APV/PVIFA(r,t).

	
	Example: 
	If you borrow $400, promising to repay in 4 monthly installments at 1% a month, how much are your payments? 



APV
= C × PVIFA(r,t) gives $400 = C ×{1 – [1/(1.01)4]}/r


$400
= C × 3.9, so C = $400/3.9 = $102.56.


Finding the Number of Payments given APV, r, and C.


APV = C × (1 – (1/(1 + r)t))/r   so   1 – (APV/C × r) = [1/(1 + r)t].


The latter is the PVIF(r,t), so proceed as before with logs (take inverses of both sides first) or look in the table under r%.

	
	Example: 
	How many $100 payments will pay off a $5,000 loan at 1% per period?



1 – (APV/C × r) = [1/(1 + r)t] gives 1 – [($5,000/$100)(.01)] = 
[1/(1.01)t] so that 0.5 = 1/(1.01)t. Taking reciprocals of both gives 2 = 
(1.01)t, thus ln(2) = (t)ln(1.01) gives t = 69.66 periods.

S6.29: Quick Quiz – Part II

S6.30: Finding the Payment (2 pages)

An example of finding the payment amount:

$C  = APV /  (1 – [1/(1 + r)t])/r

S6.32: Finding the Number of Payments and Examples (4 pages)


An example of finding the number of time periods:




t = ln{1 / [1 - (APV x r) C]} / ln(1 + r)

S6.36: Finding the Rate (2 pages)

There is no closed form solution to calculate the discount rate, r, from the APV formula.  The value for the discount rate must be found by trial and error, either by using a calculator or by repeated manual calculations.


Finding the rate, r, given APV, C, and t.



Use a financial calculator, tables, or trial and error (no analytic solution). 


Table method—since APV = C × PVIFA(r,t), APV/C = PVIFA(r,t). See Mathematical Table A.3. 
	
	Example: 
	A finance company offers to loan you $1,000 today if you will make 48 monthly payments of $32.60. What rate is implicit in the loan? APV = C × PVIFA(r,t) means $1,000 = $32.60 × PVIFA(r,48) so APV/C = $1,000/$32.60 = 30.67 = PVIFA(r,48). A PV table gives 2% (per month) for r.



 You many find it useful to emphasize that the use of annuity factors to obtain present and future values is actually a short-cut approach in the process of calculating the present value of multiple cash flows. Consider the example:
	
	PV
	= $500/(1.1)1 + 500/(1.1)2 + 500/(1.1)3

	
	
	= $454.55 + $413.22 + $375.66 = $1,243.43

	
	
	

	
	PV
	= $500 × {1/(1.1)1 + 1/(1.1)2 + 1/(1.1)3}

	
	
	= $500 × {[1 – (1/1.1)3]/.1}

	
	
	= $500 × 2.48685 = $1,243.43



It may also be helpful to have the class examine the PVIF tables and recognize that a factor in the PVIFA table is simply an addition of the column in the PVIF table over the time period in which a level cash flow stream is realized.




You wish to purchase a $170,000 home. Putting 10% down, you will borrow $153,000 at 7.75%, with monthly payments for 30 years. How much will each payment be? How much interest will be paid over the life of the loan? How much is owed at the end of year 20? How much interest will be paid in year 20? 



Clearly, we don't want to prepare a 360-period amortization table to find the answers to these questions. Instead, do the following. 


(1)
Find the payment: C = $153,000/PVIFA(.0775/12,360)


= $153,000/139.5844 = $1096.11.


(2)
Find the total interest cost: Interest paid = total payments – principal


= ($1096.11 × 360) - 153,000 


= $394,599.87 - 153,000 = $241,599.87


(Students are usually shocked to find out how much interest is paid on a mortgage!)


(3)
Tip: The outstanding balance of any loan equals the present value of the remaining payments. So, after 240 monthly payments, the outstanding balance equals


$1096.11 × PVIFA(.0775/12,120)


$1096.11 × 83.3259 = $91,334.41


(Students are also surprised to find that, after making 
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 of the scheduled mortgage payments, approximately 60% of the loan remains unpaid.)

(4) Tip: The interest paid in any year is equal to the sum of the payments made over the period less the change in principal. Specifically,


After 228 monthly payments (i.e., 19 years' worth), the outstanding loan balance is


$1096.11 × PVIFA(.0775/12,132) = $1096.11 × 88.6424 = $97,161.79.


The change in principal is $97,161.79 - 91,334.41 = $5827.38; since 12 payments totalling $13,153.32 were made, interest of $13,153.32 - 5827.38 = $7325.94 was paid.



B. Future Value for Annuities


One way—first, discount payments, then find the future value. Annuity future value = Annuity present value × (1 + r)t.


Another—way annuity future value factor is:


(Future value factor – 1)/r, that is, FVIFA(r,t) = [(1 + r)t – 1]/r.


AFV = C × ((1 + r)t – 1)/r

	
	Example: 
	If you make 20 payments of $1,000 at the end of each period at 10% per period, how much will your account grow to be? [(1.10)20 – 1]/.10 = 57.275 so AFV = $1,000 × 57.275 = $57,275.



Annuity due = Ordinary annuity x (1 + r)


C.
Perpetuities

Perpetuity—series of level cash flows forever


Perpetuity present value = C/r, since PPV × r must give payment, C.


Common stock is an important example of a constant growth perpetuity.


Point 1: A dollar at time t has an equivalent value in period t + n and in period t - n.


Point 2: Unless otherwise specified, annuity cash flows occur at the end of each  period.


Point 3: Higher market (opportunity) rates imply lower present values and higher 

future values, cet. par. Lower rates imply the opposite.
Growing perpetuity formula:  PV = C1 / (r – g)

Growing annuity formula:      PV = C1 / (r – g) [1 – {(1 + g) / (1 + r)}t]

An online financial calculator can be found at www.MoneyChimp.com.



The table gives a summary of annuity and perpetuity calculation formulas.
6.3 COMPARING RATES: THE EFFECT OF COMPOUNDING


· The EAR is the actual rate paid (or received) after accounting for compounding that occurs during the year

· If you want to compare two alternative investments with different compounding periods, you need to compute the EAR for both investments and then compare the EAR’s.

A.
Effective Annual Rates and Compounding

Stated or quoted interest rate—rate before considering any compounding effects, such as 10% compounded quarterly.


Effective annual interest rate—rate, on an annual basis, that reflects compounding effects, e.g., 10% compounded quarterly gives an effective rate of 10.38% (from (1.025)4 – 1).

B.
Calculating and Comparing Effective Annual Rates (EAR) 

EAR formula:  EAR = [1 + (APR / M)M - 1
· M is the number of times the interest is compounded in a year
· The APR is the annual rate that is quoted by law

· By definition APR = period rate times the number of periods per year

· Consequently, to get the period rate we rearrange the APR equation:

· Period rate = APR / number of periods per year

· You should NEVER divide the effective rate by the number of periods per year – it will NOT give you the period rate


An example comparing the returns from two bank accounts.



To get the effective rate, divide the quoted annual rate by # of periods in a year (semi-annual = 2, quarterly = 4, monthly = 12, etc.), add 1, raise to the # of periods power, then subtract 1. That is,


EAR = [1 + (quoted rate)/m]m – 1  where m = # of periods per year

	
	Example: 
	18% compounded monthly is [1 + (.18/12)]12 – 1 = 19.56% effective rate.



Use either the effective rate with years or the periodic rate (quoted/m) and appropriate number of periods (years × m) when finding present or future values.

	
	Example: 
	What is the present value of $100 in two years at 10% compounded quarterly? Use either an effective rate of [(1.025)4 – 1] for 2 years or 2.5% for 8 periods to get PVIF(10.38%,2) or PVIF(2.5%,8) = .8207 for PV = $82.07.



An example of future value with compounding that calculates the period rate from the APR.

An example of present value with discounting that calculates the period rate from the APR.

· In Canada, financial institutions are required by law to quote mortgage rates with semi-annual compounding

· Since most people pay their mortgage either monthly (12 payments per year), semi-monthly (24 payments) or bi-weekly (26 payments), you need to remember to convert the interest rate before calculating the mortgage payment!

             C.
Mortgages



Mortgages are loans that are typically repaid monthly.  Hence, payments take the form an annuity. The main complication with Canadian mortgages is that interest is compounded semiannually and we need to be able to calculate a corresponding effective monthly interest rate.

D.
EARs and APRs

To calculate a monthly mortgage payment from an APR requires 3 steps:

1. Calculate the EAR from the APR

2. Calculate the monthly rate from the EAR

3. Calculate the monthly payment using the APV annuity formula



Annual Percentage Rate (APR)—simply the rate per period × #  periods per year, making it a quoted or stated rate.



You are interested in the purchase of a new car. Trust Me Used Car Sales offers you a $25,000 new car for a $903.33 monthly payment over the next five years. Usury laws (interest rate limits established by the state for credit transactions) disallow rates greater than 21%.



The instructor could begin by asking the class to determine, or provide, the EAR on the transaction (IRR = 24%). The instructor might then ask if this transaction is "fair." Many students will have difficulty in establishing what is meant by fair. Responses might range from "if this is the market price, then there is no problem" to "if this is illegal, then we should not do it."


E.
Taking it to the Limit: A Note On Continuous Compounding

As the number of compound periods per year approaches infinity, the EAR approaches 
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, where q is the quoted rate and e is the mathematical constant, 2.71828.


6.4
LOAN TYPES AND LOAN AMORTIZATION


A. Pure Discount Loans


Borrower pays a single lump sum (principal and interest) at maturity. 


Example: A Canadian Treasury bill

B.
Interest-Only Loans


Borrower pays interest only each period and entire principal at maturity.


Example: A typical corporate bond

C.
Amortized Loans


Borrower repays part or all of the principal over the life of the loan. Two methods are 1) fixed amount of principal to be repaid each period, which results in uneven payments, and 2) fixed  payment, which results in uneven principal reduction.


Examples: A traditional auto loan or fixed-rate home mortgage as shown earlier. 


Information on mortgages and buying a house from the Canadian Mortgage and Housing site.


6.5
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