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Instructions: -

e This is an 80-minute closed-book exam; no notes are allowed. Calculators are not allowed.

o The exam consists of 11 questions on 9 pages. Page 9 is for additional work. Please do not
detach it.

o Questions 1-4 are multiple-choice. You must enter the letter corresponding to each correct
answer in the table preceding Question 1. No partial marks will be given for other work.

o Questions 5-9 are short-answer. You must write your final answer in the answer box and show
your work below, justifying the answer.

e Questions 10-11 are long-answer. You must clearly show all relevant steps and justify your
solution to receive full marks. Clearly indicate the final answer.

e Be sure to read carefully and follow the instructions for the individual problems.
e For rough work, you may use the back pages. Do not use scrap paper of your own.

e Use proper mathematical notation and terminology.
Note: for functions, injective = one-to-one, surjective = onto.

o If you require clarification, raise your hand.

e Good luck! ; 2 «H"@ﬂg
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Questions 1-4 are multiple choice. Enter the letter corresponding to each correct answer
in the appropriate box below.

Question | 1 2 3 4

Answer | D 'F ’D ”b

[2pts] 1. Let A and B be finite non-empty sets. Which of the following statements are false?

(i) If |A| > | B, then no function f: A — B is one-to-one. T

(ii) If there exists a bijection f : A — B, then |4| = |B]. T

(iii) If |A| > |B| > 1, then every function f: A — B is onto. “F

(iv) If |A| > | B|, then no function f : A — B is onto. F

(v) If there exists a one-to-one function f : A — B, then |A[ < |B |. T

A.only (iv) B. (i) and (i) C. only(ii) @iii) and (iv)

E. (iv) and (v)  F. (ii) and (v) G. None of the previous answers is correct.

2. Let P be a complex proposition, and consider a complete truth tree with P in the root.
[2pts] Which of the following statements are true?
(i) If the truth tree for P has no active (open) paths, then P is a tautology. "\:
(ii) If the truth tree for P has no active (open) paths, then —P is a tautology. T
(iii) If the truth tree for P has no inactive (closed) paths, then P is a tautology. | F

(iv) The number of complete active paths is equal to the number of counterexamples to
the statement —P is a tautology. :F

(v) Each complete active path corresponds to one or more counterexamples to the state-
ment P is a contradiction. ' T

A. (i) and (v) B. (i) and (i)  C.only (i)  D. (ii) and (iv)

E. (iv) and (v) @(ii) and (v) G. None of the previous answers is correct.



3. Consider the following three compound propositions:
P: (a—b) —c Q:a—(b—c), and R:(aAb)—c
[2pts] Which of the propositions P, @, and R are equivalent?

A. None of them. B. only P and @ C.only Pand R only @ and R
E. All of them.
/

(a-»b)ac E'\@&Ub\\/Q_kE [ A Aquc

afo =) z1a V (AbVeY = qa vab Ve
({?&Ab\ -c = ’)(G/Ho\ Ve = qa qu v o

4. The truth table of a compound proposition p with atomic propositions A, B, and C'is as

follows:
A|B|C|p
T|T|T|T|&
T|T|F|T|&
TIF|T|F
T|F|F|F
FIT|T|F
F|T|F|T e
F|IF|T|F
FIF|F|F

[2pts] Which of the following propositions %are disjunctive normal forms of p?
(i) AVBVC

W) {AABAC)V(BA-C)
@?))(A/\B/\C)v(A/\B/\ﬁC)\/(ﬁA/\B/\—uC)
(iv) (AV BV C) A (AV BV —=C) A (=AY BV —C)
(DA B)V(~ANBAC)

(vi) (ANBAC)V(AANBA-C)

A. (i), (iil), and (v) @(ii), (iii), and (v)  C.only (ili)  D. (iii), (iv), and (v)

E. only (iii) and (v) F. None of the previous answers is correct.

(AABACNY (AR AV (1A A A C)

kY
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—
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In each of the following five questions, write your final answer in the answer box.

To recewve full marks, you must show your work below the boz, justifying the answer.

5. Let A = {0,1,{0,1}} and B = {0, {0, {#}}}. What is the cardinality of the power
[2pts| set of A x B?

PaxBl=  GY

14l= S
Itole 2
Axpl=52=6
1AX S [
\PA) = 2 « 2" =64
6. On the Island of Knights and Knaves, as you know, there are two types of natives,

indistinguishable by sight: knights, who always tell the truth, and knaves, who always
lie. '

Strolling on the island, we meet two inhabitants A and B. Person A says: “B is a knave
[2pts] if and only if I am a knight.” What is person B?

Answer: B is a ‘KV\O«‘J'C .

%M ?(Womk\omﬁ M\\&\ol{”s ;

"A(Sa“'v%"/\f‘
b:* " S A k"’w‘){

Asaﬂg‘. ab & o

) | -
mv\ ﬂlg & A {‘)T ‘aA’\O’\ 4o ba"'

—

Casc 2% a=t
Yew —b&So s ¥, & W =T at b=t



[2pts]

[3pts]

7. Define the following atomic propositions:

S: “Parking regulations are very strict.”

(Q: "Parisians question parking regulations.”

M: "Michel is the mayor of Paris.”

T “Traffic in Paris is improved.”

Translate the following sentence into a compound proposition using propositional vari-

ables S5, @, M, and T:

Traffic in Paris improves and
if and only if

Parisians do not question parkmg regulations

parking requlations not being very strict is necessary for Michel to be the mayor of Paris.

Compound proposition: ( ’

TA “‘Q\ S (‘M«‘% i 63

8. Is the following argument valid? If not, give a counterexample.

a<b
—Q <> C
bee

Counterexample (if applicable):

Answer: The argument is (circle):

valid invalid

a<=T b=T ,c=F
W Q”:F !O"”IF C = '

a<>p v
A SV

1 (b@c\’

Q/ \0\
A
b A b

7N /N

10 Q g A

c e C ’\c,,

X N e

L me e 1C,,




[4pts] 9. Consider the following functions:
f: Q% — Q? defined by f(z,y) = (z + y, )
g : R™ — R defined by g(z) = 2a:2‘ -5
h:Z x Z* — R defined by h(z,y) = %
¢:A— A, where A =1{1,2,3,4}, defined by £(1) =3, £(2) =1, £(3) = 2, £(4) = 3

Which of these functions are one-to-one? Which are onto?

One-to-one functions: %‘ %

Onto functions: f

J? s o | |
;f(mé\v_,ffq(‘a\ = (X"Aélx\‘“ (asb a) = { X=0\
s -

%(,(\z,até\ o5 LGNS D Xyt D (x=y o x=-)

= X< d «.4,1\:& f{:aos*ﬁ Ll

h te et =0
V\(h‘\g 2 - V\(‘Qll\

£ s vt 1. 2 l\ %@ wf@m
;«;g%}; ;. :f-Qf ol {a.b\e@&’ e orAets (Xﬁ\ el sd.
f(%\‘a\: (C\\b\ ) V\Q%' X’b(O OAI\Dk 3 T a—b
9 it odo 1 ET > -5 so ket is he X€ et st
%()(\ = -5
h e net odo C e 1s wo [md
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Ne Z 2% s Mma\<ﬁ‘



10. Let ¢ be a rational number and  an irrational number. Using a proof by contradiction,
[4pts] show that ¢? — 5r is irrational.

Suppose =5« 1o ahowl.
Yan Yae exist nkgue a and b ba0o,

gncbh ok 6"-5« '-'%

Hewvce (3“&(57’-*%\\

Shce g \s @Hol, Jaue ordst (nbegus
e amol A, d40, sunch ok 5\"‘5(@
s e ad”
e —
- J: ( (c')(—\ 0&\ 5‘5&[2‘ “
Snce  Aloc d are inkegtls | 5o are
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M awh n, 1+ 0. It fol(/ﬁwg el ¢ s
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11. Let A and B be two sets. Consider the following two statements; each one is either true
or false. If a statement is true, give a rigorous proof. If a statement is false, give a
counterexample, using the universal set i = {1,2,3,4,5,6,7,8,9,10}. Fully justify your

[5pts] answers.

() AnNB=4UB
False .
COumWexau%»\e oAU B 10
Yen A0 = BEhY
ke AuB = pUB = ) 2,104

(b) AC Bimplies A C AN B.

Tcne.,
Assuing. ASB.

“Talke aw\a x €A .
Gaex Aebh, ,@otfcows Htat xe®.

Ciee XEA Gmd Xes, ik Gave  x €AOE
Homee A ¢ A0l
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Questions 1-4 are multiple choice. Enter the letter corresponding to each correct answer
in the appropriate box below.

Question | 1 2 3 4

Answer ‘b A C D

[2pts] 1. Let A and B be finite non-empty sets. Which of the following statements are false?
(i) If |A| > | B|, then no function f: A — B is onto. F
(ii) If there exists a bijection f : A — B, then |A| = |B|. T
(iii) If |A| > |B| > 1, then every function f : A — B is onto. F
(iv) If |A| > | B|, then no function f : A — B is one-to-one. |
(v) If there exists a one-to-one function f : A — B, then [A] < |B|. T

A.only i) (B)()and (i) C.only(ii) D. (i) and (iv)

E. (i) and (v)  F. (ii) and (v) G. None of the previous answers is correct.

2. Let P be a complex proposition, and consider a complete truth tree with P in the root.
[2pts] Which of the following statements are true? '

(i) If the truth tree for P has no active (open) paths, then P is a tautology. T
(i) If the truth tree for P has no active (open) paths, then —P is a tautology. |
(iii) If the truth tree for P has no inactive (closed) paths, then P is a tautology. ¥

(iv) Each complete active path corresponds to one or more counterexamples to the state- -T
ment P is a contradiction.

(v) The number of complete active paths is equal to the number of counterexamples to F
the statement —P is a tautology.

(ii) and (iv) B. (i) and (iii) C.only (ii) D. (ii) and (v)

E. (iv) and (v) F. (iii) and (iv) G. None of the previous answers is correct.



3. Consider the following three compound propositions:
P: (zAy) >z, Q: (x—y) — 2 and R:z— (y—2)
[2pts] Which of the propositions P, @, and R are equivalent?
A.only Pand Q@ B. only @ and R @only P and R D. all of them

E. none of them

4. The truth table of a compound proposition p with atomic propositions A, B, and C is as

follows:
A|lB|C|p
TIT|T|T|e
T|T|F|T|¢e
TIF|T|F
TIF|F|F
FIT|T|F
FIT|F|T|<
FI|F|T|F
FIF|F|F
[2pts] Which of the following propositions){are disjunctive normal forms of p?

) (AABAC)V(AABA-C)

(A/\B/\C)v(B/\ﬂC)

(ili) AVBVC)A(AVBV-C)A(-AV BV -C)

@(A/\B/\C V(ANBA-C)V(-AABA-C)
(AANB)V (-AABA-C)

(iv) AvVBVC

A. (iv), (v), and (vi)  B. (iii), (iv), and (v)  C. only (iv) (ii), (iv), and (v)

E. only (iv) and (v) F. None of the previous answers is correct.



In each of the following five questions, write your final answer in the answer box.

To receive full marks, you must show your work below the boz, justifying the answer.

5. Let A = {0,{0},{0,{0}}} and B = {0,{0,{1}}}. What is the cardinality of the
[2pts] power set of A x B? '

PaxBi- 2° = 4

A=
nl=2
|Ax®l=6

6. On the Island of Knights and Knaves, as you know, there are two types of natives,
indistinguishable by sight: knights, who always tell the truth, and knaves, who always

lie.
Strolling on the island, we meet two inhabitants A and B. Person B says: “A is a knight
[2pts] if and only if I am not.” What is person A?

Answer: A'is a b((/\am,

P

(aee | v b=T |

Yom Oe>-b isT jand siace ~b=F, a=F
Cbase%". b=F
N‘{MV\ o> Al 1o T el slaceo =T , a=F



[2pts] 7. Define the following atomic propositions:

N: “Parking regulations allow no exceptions.”

P: "Parisians question parking regulations.”

Y: "Yves is the mayor of Paris.”

I: “Traffic in Paris is improved.”

Translate the following sentence into a compound proposition using propositional vari-
ables N, P, Y, and I:

Traffic in Paris improves and Parisians do not question parking requlations

if and only if

parking requlations allowing exceptions is a necessary condition for Yves to be the mayor
of Paris.

Compound proposition: ( TA k% \ > ( Y= 9 IU)

[3pts] 8. Is the following argument valid? If not, give a counterexample.

T <>y
z2y

Answer: The argument is (circle): valid @

Counterexample (if applicable): X=TH ﬁ =t 2= +
_ od  x=T, 4=T, 2=T

X&B'l\g\/
7 & % v/
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[4pts] 9. Consider the following functions:

f:A— A where A={0,1,2,3}, defined by f(0) =3, f(1) =3, f(2) =1, f(3) =2
g : Q? — Q? defined by g(z,y) = (y,z@y) ‘
h :R* — R defined by h(z) = 32> — 2
£:Z x Z* — R defined by £(z,y) = ‘%

Which of these functions are one-to-one? Which are onto?

One-to-one functions: % \ h

Onto functions: %

s net e flol=f(0=3
%Cs -1 - | | o | 3"5‘
N [X(d\ - N«a')

h v 10 . .
h(x) Z-[n(d\ =) Xt = %d-—l = Xz::‘t& =)

( th\a o¢ Xs,_/a\ =) )(t'% (stace XL() 70)
£ 0s et H1 200 - 22D

zf is v:ovﬁ— OV\J“ON‘. :f(x\ + 0 ,[Z@Lrgﬂwxe»A
g 1s odo " ;(?m ol (ab) & ({RZ' Yoot orAGYS
et 8“‘8\ < (ab) | V\au\e%‘ [;(\J\z(mb, a)

+
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10. Let g be a rational number and r an irrational number. Using a proof by contradiction,
[4pts] show that 2¢% + 3r is irrational.

e \ecdon X



11. Let S and T be two sets. Consider the two statements below; each one is either true
or false. If a statement is true, give a rigorous proof. If a statement is false, give a
counterexample, using the universal set 4 = {1,2,3,4,5,6,7,8,9,10}. Fully Justify your

[5pts]| answers.

() SNT=SUT

(b) S C T implies SC SNT.



