MATH 2107B TEST 2 March 3, 2016

Duration: 50 minutes.
NAME (in ink): STUDENT NO (in ink):

PART 1: [6] Multiple choice questions. Circle the correct answer in ink.
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3. Let T :M,, — P,be defined by T@j dD =(a-b)+(b-c)x+(c—a)x?
The nullity of T equals to
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PART 11: [24] Long answer questions. Show all your work.

[7] 1. Let T::®* — R* be a linear transformation such that A is the standard matrix of the
transformation. The matrices A and B given below are row equivalent.

1 2 3 4 1200
A=-1 -2 4 5|,B=|0 0 1 O
2 4 57 0 001

()[2] Find a basis for the kernel of T .
ANS: Solve AX =0.

1 2 3 40] [1 2 0 00]
-1 -2 4 50|~|0 0 1 ol0o|(Already givenas A and B are row equivalent)
2 4 5 70 [0 00 10
X | [-2%] [-2]
Xo Xo 1
AX=0=X=|?|= = X €N
X3 0 0
X3 0 LY
-2 -2
1 1. .
ker(T) = span 0 and 0 is a basis of ker(T).
0 | 0
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(i)[2] Find a basis of range of T.

ANS: A basis for range of T is same as a basis for the column space of A.
As columns 1, 3 and 4 of B has pivots, the columns 1, 3, 4 form a basis of range of T.

11[3][4
i.e. {[-1||4/||5|}form a basis of range of T.
2 (|57

(ii)[3] Explain if the transformation is (i) one-to-one (ii) onto (iii) isomorphism.
ANS:

Rank(T) = dim(R*) —dimker(T)) = 4—-1=3=dim(®R°) . So T is onto.

dim(ker(T)) =nullityT) =1=0, T is not one-to-one and not isomorphism.

[17] 2. Let T : P, — P, be a linear transformation given by
T(a+bx+cx®) = (x+5)(a+bx+cx?).
Let B ={L x,x°} be abasis of P,, C ={L x,x*,x*} and D ={1+x*,2+x,x—x*,x*} be
two bases of P, and v =2—x+ x* be a vector inP, .
(i) [2] Find[v], , the coordinate vector of v with respect to the basis B .

2
ANS: [V]B = |:1:l

1

(i1)[6] Find the change-of-basis matrix P, ...

ANS:

Need to find [i]y, [x]. [ . [®]-

Any linear combination of vectors in D is given by

G0+ X2) +Cp (24 X) +C3(X— X2) 4, X% = (C) + 2C,) +(Cy +C3) X+ (G, — C3)X? +C,X°
So need to solve simultaneously 4 linear systems

(€, +2C,) + (Cy +C3)x+ (¢, —Cg)x% +¢,x3 =1

(Cy +2C,) + (G, +C3)X+ (€ — C3) X% +¢,x° = X

(€, +2C,) + (Cy +C3) X+ (¢ — Cg) X% +¢,x° = X?

(€, +2C,) + (Cy +C3)x+ (¢ —Cg) X% +¢,x° = x°

12 001000 1 2 0901 000
01 1 00100 , 01 1 00 100
2110 10001 o BRI 5 1 d101 0
00 o0 10001 0o 0 0 10 001
12001 000 12001 0 0 0
CRy—Riazry® T L 90 100 oo 01001 -1 10
0010-1210 0010-12 10
00010 001 00010 0 o0 1
1000-12 2 0
C(Ri—R_2my0 L 0 01 110
0010-12 10
00010 0 0 1
12 2 0
1 -1 -10

P, o=
PC™ 1 2 1 0
0 0 0 1
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(iii)[6] Find M (T), the matrix of T corresponding to the ordered bases B and D .
ANS:
Need to find [r@]o. [F 0], [T i-€. [5+x]o, [px+x2 [, [5x2 + x5 -
Any linear combination of vectors in D is given by
G0+ X2) +Cy (24 X) +C3 (X — X2) +C,X3 = (C) +2C,) +(Cy +C3) X+ (G, —C3)X2 +C4X°
So need to solve simultaneously 3 linear systems
(Cy +2C,) +(Cy +C3)X+ (G —C3)x% +¢,x2 =5+ X
(C,+2C,) +(Cy +Ca)X + (¢ — C3) X% +¢,x% =5x + x?
(Cy +2C,) +(Cy +C3) X+ (G —C3)x% +¢,x3 =5x% + X3
NOTE: see the similarity with solution of (ii)
12 0 05 00| (100 0-3 12 10
01 1 0150 |01004 -6 -5
“l10 10015/ |0010-31 5
00 0 200 1/ 00020 0 1

(Using the exact same row operations in (b)

-3 12 10
4 -6 -5
MDB(T): _3 11 5
o 0 1

(iv)[3] Use M4 (T) and [v], to compute[T (V)] -

ANS:
-3 12 10 -8
4 -6 -5 9
Tl =MoeMh=| , | {1] b
0 0 1 1



