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Chapter 1
[image: ] Fr = µ·N
Case I: If p is constant, then
[image: ]
Case II: If constant wear of the disc is assumed, that is, p·r = constant, then
[image: ]
since rate of wear is proportional to pressure p and radius r.
[image: ]
Note:
(I) β can be greater or less than π.
(II) T2/T1 depends on µ and β only.
(III) T2 is greater than T1.
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Chapter 2
Units of stress: N/mm2 (MPa), N/m2 (Pa), lb/in2 (psi), lb/ft2  
1 MPa = 1 N/mm2 = 1 MN/m2 
1 GPa = 1 GN/m2 = 103 MPa 
1 lb/in2 = 1 psi 
1 ksi = 103 psi
[image: ]1 ft = 12 in
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Chapter 3
[image: ]A statically determinate system is one that can be solved by force equilibrium only, that is, the number of unknowns in the system, e.g., reactions and internal forces, equals the number of equations available from force equilibrium. 
[image: ][image: ]



A statically indeterminate system is one that cannot be solved by force equilibrium only, that is, the number of unknowns in the system, e.g., reactions and internal forces, is greater than the number of equations available from force equilibrium. In this case, deformation of geometry has to be involved.
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Hydrostatic tension Hydrostatic pressure

2.2 Definition of Strain

2.2.1 Normal strain

Consider a bar under uniaxial tension, the length of the bar is increased by Al with the uniaxial
load P.
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2.2.2 Shear strain

An element which is subjected to shear stress experiences deformation. Shear strain is defined as.
the change in the right angle. as shown in the figure below.
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Shear strain 7 = tan ¢

Units: radian

2.2.3 Volume strain

Chapter-39 Volume strain is defined as the ratio of the change in volume to the original volume, expressed
as
Mid-term-Feb.-12%,-20169
@n
AV=V-V,=X-Y-Z-X,'Y,"Z,
=(X, +AX )Y, +AYNZ, +AZ)- X, Y, - Z,
® B - 1 + 100%
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(The terms, Av-Ay, Ay-Az, Av-Az, and Ax-Ay-As are neglected, because they are small or
trivial)

Notes: (1) Velumetric change is only associated with normal strains, not shear strains.
(2) Shear srains cause only distortion of the body, not volumetric change

23 Stress ~ Strain Behavior of Materials

231 Tensile test

Consider metallic materials under uniaxial tension.

I and 4o are the strain gauge range and the cross scctionl arca, respestively, before tension. The

Toad (P) ~ deformation (8) relation and the stress (c) ~ strain () rlation are illustrated in the
following figures.

Stress 0 =
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Volume strain s defined as the ratio of the change in volume to the original volume, expressed
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2.3.3 Linear elastic stress ~ strain relation

Stress ~ strain relation follows the Hook’s Law when materials deform elastically, which is
expressed as

E=Z-tano, (2.10)
B

where E is the slope of the lincar stress ~ strain curve, as shown in the figure below, which is
defined as Young’s modulus. It is a material property.

For steels, E =200 ~ 210 GPa.
For aluminum, E = 70 GPa
For copper, £ = 110 ~ 120 GPa

Nonlinear materials, such as rubber, polymer, ctc., do not follow the Hook’s Law, as shown
below.
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= . 2.4 Thermal Strain

P Thermal strain i induced due to the change i temperature. The change in length of a component
Stress b = e e due to thermal effect is expressed as
1 . .
2 ‘@A, @)
@19
@15

Strain® I

where @ is coefficient of linear cxpansion, 4T is change in temperature, and L, l and | are the
length dimensions in.X, ¥ and Z dircctions, respectively.

o o Y
e OPoisson’s ratio v =

sarnas g o o

Thermal strain is defined as

o =8 gt

1
which is cqual in X, ¥ and Z dircctions, that i,
B —aaT.
Thersfore, the volumetric strain is

Ay =g +ey+e; =3a-AT.
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Consider the deformation in both longitudinal dircction and transverse direction of a bar
subjected to uniaxial loading. Under tension, the bar extends in longitudinal direction but
contracts in transverse dircction, as shown below. Under compression, it is just the opposite.
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Poisson’s ratio v = —— (212)
B

& is the strain in transverse direction. “- sign represents contraction or compression. v is also a
material property. For most metallic materials, v=0.25 ~ 0.33.

Example 24

A long uniform Al alloy bar with the length of 500 mm, cross-sectional area of 20 mm?, is
subjected to a tensile force P = 3 kN. The cross section of the bar is a rectangle with the
dimensions of 4 x 5 mm. Given that E = 69 GPa and v = 033, find the deformation of the bar
and the change in the cross section.
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(The terms, Av-Ay, Ay-Az, Av-Az, and Ax-Ay-Az are neglected, because they are small or
trivial)

Notes: (1) Volumetric change is only associated with normal strains. not shear strans
(2) Shear strains cause ouly distortion of the body, not volumetric change.
2.3 Stress ~ Strain Behavior of Materials
231 Tensile test
Consider metallic materials under uniaxial tension.
Ip and 4o are the strain gauge range and the cross sectional arca, respestively. before tension. The

Toad (P) ~ deformation (&) relation and the stress (o) ~ strain () relation are illustrated in the
following figures.

Stress o =
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2.4 Thermal Strain

Thermal strain is induced due to the change in temperature. The change in length of a component
due to thermal effect is expressed as

Al =1 -a-AT, (2.13)
Al =1, -a-AT, (2.14)
Al =1,-a-AT, (215)

where o is cocfficient of linear expansion, AT is change in temperature, and Iy, Jy and I; are the
Length dimensions in ¥, ¥ and Z dircctions, respectively.

Y

z
X

Thermal strain is defined as

eTZATI:w-ATv (2.16)
which s cqual in X, ¥ and Z directions, that s,

B =a-AT. @17)
Therefore, the volumetric strain is

Ap=ey+oy +8; =30-AT. 218
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The strains in X, ¥ and Z directions are expressed as, respectively,
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(2.19)
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which is defined as Bulk Modulus.

2.6 Shear Stress ~ Shear Strain Relation

In pure shear, there is only shape change and o volume change, as shown in the figure below.

«—
—

Shear strain

Chapter-39]

Mid-term-Feb.-12%,-20169

Shear modulus is defined as G ==, (2.28)
7

which is also a material property.
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£ <<R, typically r< 0.1 R
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<< R, typically 1< 0.1 R
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(3) Stress ~ strain relations of materials, which are linked by the physical properties of a
material.

3.2 Statically Determinate Systems

3.2.1 Definition of statically determinate systems

A statically determinate system is one that can be solved by force equilibrium only, that is, the
number of unknowns in the system, c.g., reactions and internal forces, equals the number of
equations available from force equilibrium.

Example 3-1

A stepped cylinder carries axial loads, as shown in the figure below. The diameters of bar B and
bar C are 25 mm and 50 mm, respectively. Find stresses in the two bars.

5 [+—Pp=5MPa
l—
l—

$60 mm
B B [ B f——> 50kN
< — B

l—

A I A

Solutior

Consider bar B,

Sz =50 kN
S5 _ 50x10°

op=—22

@

=102 MPa (Tensile)
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Example 3-4

Cylinder @ and rod b are made of different materials. They are fitted into rigid ends, as shown in
the figure below. When temperature changes by AT, determine stresses in the cylinder and the

rod, respectively.

and o=

4, 4AE,+4E,

Cylindera

Solution:

The length changes of the cylinder and the rod will be different due to the different thermal
expansion of the materials. Thus one will be in tension and the other will be in compression.

Cylinder a
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Astaticallyindeterminate systemis-onethat-cannot-be-solvectby force-equilibrium-only,thatis,the
numberofunknownsinthe:system, e.g. reactions-andinternal m@; isgreater than-the number-of- Example 35
equations-available-from-force-equilibrium. I this case, deformation-of geometry has to-be-involved g

A symmetrical frame consisting of three pin-connested steel bars (E = 200 GPa) is loaded by a
force P at the joint, see the figure below. The middle bar is 2 m long and its axial strain is
measured to be 0.008. The angle between the inclincd bars and the horizontal is o = 50°.
Determine stress in the inclined bars.

Mid-term-Feb.12",20169

Solution: r
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Astatically-determinate-system-is-one-that-can-be-solved-by-force-equilibrium-only, that-is, the-number-
of-unknowns-in-the-system, .g., reactions-and-internal-forces, equals the-number-of-equations-available-
from-force-equilibrium. 4

1 =

1 - o " A ‘ I

i e ke ¥ lﬁl { Example 3.3
1 .

Astatically-indeterminate-system-is-one-that-cannot-be-solved-by-force-equilibrium-only, that-i, the-
number-of-unknowns-in-the'system, e.g., reactions-and-internal-forces, is-greater-than the-number-of-

A load P is applied on a rigid beam which is supported by two rods a and b, as shown in the
figure below. Find stresses in the rods.

equations-available-from-force-equilibrium. In-this-case,-deformation-of-geometry-has-to-be-involved.q

i b
.
Mid-term-Feb.-12%,-20169
Solutio
PLSI=f,-1+f,-2]
LSP=2f,+f,
fo and fi cannot be solved by force equilibrium only and deformation of the rods has to be
considered.
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A stepped bar is constrained between two walls with a total deformation &, as shown below.
Determine the reaction force.

Chapter31 R——A oo O ——————————————— =

Astatically-determinate-system-is-one-that-can-be-solved-by-force-equilibrium-only, that-is, the-number- N
of-unknowns-in-the-system, .g., reactions-and-internal-forces, equals the-number-of-equations-available- N Ay

from-force-equilibrium.-q Solution:

T ) = The internal forces of bar a and bar b are equal.
A o

a4 o
A =" |

- a [ ——

1

J——
Astatically-indeterminate-system-is-one-that-cannot-be-solved-by-force-equilibrium-only, that-i, the-

number-of-unknowns-in-the'system, e.g., reactions-and-internal-forces, is-greater-than the-number-of-
equations-available-from-force-equilibrium. In-this-case,-deformation-of-geometry-has-to-be-involved.q

1
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Example 3-6

A trimetallic bar is uniformly compressed by an axial force P = 2 KN applicd through a rigid end
plate, as shown in the figure below. The bar consists of a circular steel core surrounded by a
brass fube and a copper fube. The stecl core has diameter 10 mm. the brass tube has outer
diameter 12 mm, and the copper tube has outer diameter 15 man, with the corresponding elastic
constant E; = 200 GPa, E» = 100 GPa and Ec= 120 GPa. Calculate stresses in the stecl, brass and
copper, respectively, due to the force P.

s

€

Solution:

P=fi+ i+l =
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Tension] 1.3 Force Equilibrium
1 A particle is in a state of equilibrium if the resultant force and moment acting on it are zero. This
Compression{] hypothesis can be extended to clusters of particles that interact with each other with equal and
opposite forces but have no overall resultant. Thus it is evident that solid bodies, structures, or
1 any subdivided part, will be in equilibrium if the resultant of all external forces and the resultant
of all moments are zero.
Torsiond]
q For a stable system, both external and internal forces are in equilibrium.
Bending For two-dimensional (2D) states: 3 F, =0, >’ F, =0 and Y, M =0.
L
Forces and moments are vectors and may be replaced by components in x- and y- directions.
1.3+Force-Equilibrium9
Asparticle-is-in-asstate-of-equilibriumif the-resultant-force-and-moment-acting-onit-are-zero. This-
hypothesis-can-be-extended-to-clusters-of-particles thatinteract-with-each-other-with-equal-and-
opposite forces-but-haverno-overallresultant. Thus-itis-evident that-solid-bodies, structures, -or-any- ¥ M
subdivided-part, will-be-in-equilibriumif-the resultant-of-all-external-forces-and-the-resultant-of-all-
moments-are-zero.q
) T o I
For-a-stable-system, both-external-and-internal-forces-are-in-equilibrium. Fx x
For-two-dimensional-(2D)-states:-3F,=0,-5Fy=-0,-sM-=-09
Forces-and-moments-are-vectors-and-may-be-replaced-by-componentsin-x--and-y--directions.q F,=Fcosa and F, = Fsina Mcos ff and M, = Msin 8
f Right-hand rule is applied to determine the moment vectors.
M, =Mcos f§ and M, = Msin f§
< » 3
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. L
Letaxial-force-per-unit-area-(pressure)-at-radius-r-be-p, then the-friction-on-an-infinitesimal-element-of-
the-arearis:q

dE=(mrdrpn, - - - - - - - - - (L1)e

Which-is-tangential-to-the-radius-r.-w-is-the-friction-coefficient-between-the-discs.-The-frictional torque-
on-the-element-is:q

- - - - - - - - - - - 29

For-the-whole-disc, 1]

T=[ 1+ 8F=[r pQurp)dr=2mp [*r? -pdr, +  + - - - - (139
In-general,-p-may-not-be-constant-over-the-disc-surface, that-is,-p-varies-with-r.q
Casel:If-p-is-constant, then]

1
Case-ll:If-constant-wear-of-the-disc-is-assumed, thatis, p:r-=constant, thenq|

1
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Case I: If p is constant, then

T %"//p(yj -r) (1.4)

Case II: If constant wear of the disc is assumed, that is, p-7 = constant, then

7 = mupr)ed - (1.5)

since rate of wear is proportional to pressure p and radius 7.
1.6.4 Flexible belt
Flexible flat belts on cylinders drive to transfer power.

Application: drum brakes and conveyers

FBD — cylinder FBD — belt

‘A
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Then-when-69 - 0,9
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OF, = p-&N

Since 66 is small, cos[ 2

Then when 66— 0,

dT = dF, = 1N,
dN=T-do

Combining eqn (1.9) and eqn (1.10),

Note: (I) /3 can be greater or less than 7.
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Note: (I) /3can be greater or less than 7.
(I) To/T; depends on x and /3 only.
(Il) Tis greater than T

Example 1-5

In the figure below, given that the friction coefficient between the cable and the wheel = 0.3,
determine the value of P needed to (a) keep the block from falling and (b) begin to raise the

block.
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Chapter-29
Units-of stress::N/mm2-(MPa),-N/m2:(Pa), Ib/in2-(psi),-Ib/ft2-q
1-N/mm2-=-1-MN/m2-9
1-GN/m2-=-10%MPa-q
Ov. oy and o; are normal stresses. Positive (+) stress denotes tensile and negative (-) denotes
compressive.
g
q In order to define the plane on which the shear stress acts and the direction of the shear stress, it
is necessary to introduce a Double Suffix Notation, as iy, fx. T s 5z Ty
Chapter-39
(1) The first suffix denotes direction of the outward normal of the plane and the second denotes
Mid-term-Feb.-12",-2016% the direction of the shear stress.

(2) In terms of equilibrium, z = Gz, @z = 7, 4z = 7. They are complementary shear stresses,
respectively. A shear stress on one plane is always accompanied by a complementary shear
stress (same sign and equal magnitude) acting on the perpendicular plane, that is, resultant
moment on the element is zero.

(3) Shear stresses, for example, 7y or 7, are defined positive if the direction of the outward
normal of the plane and the direction of the shear stress are both in positive or both in
negative sense.
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